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We control parameter distortion in the generalized renormalization pro-
cedure provided a certain set of starting conditions is satisfied. This allows
us to prove that for a C*°—open set of unimodal families, almost all parame-
ters inside an interval present either stochastic dynamics or a renormalization
(in the classical sense). Moreover, easy consequences are that renormalization
happens densely on this interval and stochastic behaviour with positive mea-
sure. A wide range use of this approach would rely mostly on proving that the
starting conditions are satisfied for general families.
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1. INTRODUCTION AND RESULTS.

1.1. Introduction

The main purpose of this work is to discuss the distortion of parameter
derivatives in the onset of generalized renormalization or inducing (names
vary according to the authors), a concept which first appeared in the be-
ginning of the 80’s with a paper of Jacobson [5] and underwent many de-
velopments in the last two decades as a tool for the study of the quadratic
family and, more generally, families of unimodal functions (see definitions
in Subsection 1.4).

* Partially supported by CNPq, Grant #201118/96-3, and FAPESP, Grant
#98/10239-9.
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The use of generalized renormalization has proven to be fruitful, but the
main assertions were achieved only by enlargement to the complex setting,
motivated, among others, by the lack of estimates on the distortion of
parameter derivatives. The importance of this kind of estimates is that
once they are obtained conclusions on the parameter space follow almost
automatically from results on the configuration space.

With this in mind Jacobson proved that in the quadratic family param-
eters with stochastic behavior have positive Lebesgue measure, but at the
expense of some excluded set of parameters for which distortion could not
be controlled.

Here we intend to show that distortion control is possible even without
parameter exclusions. The price to pay is to show that for some stage of
the generalized renormalization procedure a set of conditions is satisfied,
in order that for subsequent steps the induction works. This kind of ap-
proach resembles very much how the decay of geometry (see Subsection 1.6)
has been proven for a class of unimodal functions (called quasi—quadratic),
in the beginning of the 90’s. First ([6], [7]) decay of geometry was ob-
tained provided a certain starting condition was satisfied. Secondly, one
had to show that for every map in this class the starting condition could
be achieved for some stage of the generalized renormalization ([7], [4]).

In this analogy, the present work corresponds to the first part: we give a
starting condition set of bounds on certain parameter derivatives that can
be kept by induction for every subsequent step of the generalized renor-
malization. It is not clear yet in what generality this approach can be
used or, in other words, what do we need to arrive at a step for which the
starting condition is valid. However we are able to show its potentiality, by
applying it to some families of unimodal functions specially constructed to
satisfy the starting condition at the first step of the induction. These fam-
ilies, which we call special, contain a C'*°—open set of the space of families
of quasi—quadratic functions, but the parameters are taken only near the
usual last bifurcating value of unimodal families.

We prove that for these special families almost all parameters are renor-
malizable or stochastic, a result related to the one proven by Lyubich [9] for
the quadratic family or, more generally, to families of functions which ad-
mit a quadratic—like extension to the complex plane. Moreover, we are able
to recover a Jacobson-like assertion, showing that parameters with stochas-
tic behavior have positive measure, and also to obtain that renormalizable
parameters are dense.

All the undefined expressions of this introduction will be clarified along
the text. In the remaining of Section 1 we tell what is generalized renor-
malization, who are the special families for which we apply our techniques
(its existence is postponed to Subsection 2.2) and the results above men-
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FIG. 1. Maps in which generalized renormalization is applied.

tioned. Moreover, we discuss a criterion for stochasticity due to Martens
and Nowicki [12] which is also used by Lyubich in [9].

Up until this point generalized renormalization is performed for a fized
parameter. We show still in this Section how to do it for (one-parameter)
families, although the procedure will only make sense after the control
of parameter distortion. In the sequel, we precisely state the bounds on
parameter and mixed derivatives we need to control distortion. These
bounds are much more than what is necessary to applications, but the only
set, of inequalities we found that could be kept independently by induction.

We also prove in this Section the applications mentioned above, assum-
ing that our special families satisfy the starting conditions and that the
induction procedure is true. In between, we explain generalized renormal-
ization in more detail, taking profit to introduce the technical notation to
be used in the rest of the paper.

Section 2 is dedicated to show the starting conditions for the special
families and also the existence of such families. Finally, in Section 3 the
induction step is proven.

A comment about notation. We use the symbols “~", “>" and “<”,
meaning that equality or inequality is true up to a small multiplicative
factor, whenever there is no danger of accumulation of small errors. In the
same way C' and ¢ will denote sufficiently large constants, all independent
of the remaining specific constants that appear along the text.

1.2. Generalized renormalization

Generalized renormalization is a concept whose precise definition may
vary according to the specific needing or results one is looking for. Here
we apply it for maps ® of the following kind (see Figure 1). There is an
interval 4 which contains the (disconnected) domain of ® and a central
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interval v/ C v such that ®(y') C v, ®(97') C 9y and |y’ is a unimodal
function, i.e. a function with one and only one turning point c¢ in its
interval of definition. The remaining of dom(®) is a union of pairwise
disjoint intervals from a collection B, all of them contained in the interior
of v (there could be nonempty open sets in the complement of the closure
of this union, but here this will never be the case). For each 8 € B, we have
that ®(5) = 7' and ®|8 : f — 4 is a diffeomorphism. We may suppose
that ® is C> inside each connected component of its domain, although C?
is enough to our considerations.

Let 1 < esc < oo be the first positive integer such that ®*=¢(¢) € v\ 7.
The renormalized function &' = Ren(®) will be defined if and only if esc <
oo and ®°(¢) € int([), for some G € B. In this case we set

,yll — @—esc(ﬂ)

as the central interval of dom(®’) and ®'|y" = &|FoP°|y”. Besides 7", the
domain of ®' is composed by the union of all preimages of v/ under ® taken
outside 4" and contained in 4/. This collection of intervals will be called
B'. For each ' € B’ there is a power of ® which sends 3’ diffeomorphically
onto 7", and this will be exactly the definition of ®'|3’.

This scheme is described with more details in Subsection 1.13. For the
moment, we observe that starting from a map ® = ®q, having

dom(®0) =y U |J BC v
BEBo

(where 7o corresponds to 4" and «v_; corresponds to 7), we obtain a se-
quence of maps {®,},>0, where ®,, = Ren(®,_1), n > 1. The only a
priori assumption is that for each n the critical value position implies that
®,, is renormalizable in this sense. This procedure generates a decreasing
nested sequence of intervals v_1 D 79 D 71 D ... and collections B,, of
pairwise disjoint intervals inside ~y,,_1 for all n > 0.

For the sake of clarity and later use, we call

Hn = (Dnh/n ;

the central branch of ~,, and for each g € B,, we let B : § — ~,, be the
diffeomorphism B = ®,,|0.

1.3. The quadratic family
This whole procedure arises naturally for families of unimodal functions
of the interval, as for example the quadratic family. The quadratic family
is the family of functions (¢4)a, ¢ : IR — IR, where ¢,(z) = a — 2.
Although the parameter « is intended to vary along the real line, there is
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FIG. 2. First return map to vq.

a special range, the interval [—i, 2], with the following property: “there is
an interval I, symmetric with respect to the origin, such that ¢,(1,) C I,
and ¢,(01,) C 0I,”. The interval I, is defined by [—zq,x,], where —z,
is the leftmost fixed point of ¢, (by a parameter dependent affine change
of coordinates the interval I, could be sent onto [0, 1], and in this case the
family would be written as « — ra(1 — x), with r varying between 1 and 4
as a runs through [—1,2]).

For a > 0 we define the interval v, = [—qq, qa], Where g, is the rightmost
fixed point of ¢, and consider the first return map @ in Ya, as depicted
in Figure 2. We call ajp(= 7o) and af, k=2,...,M — 1, the closure of
the connected components of the domain of continuity of ® and consider
the (continuous) extensions of ® to these intervals, giving the names Af =
dlaf = ¢Flai and Hy = ®|lay = ¢M|anr (of course all the functions
depend on a, but we omit the index to avoid a cumbersome notation).

To obtain a map ®( like the ones described above, we look at the col-
lection By of all preimages 3 of 4o = s under ® which are taken outside
~Yo. Then, for each 5 € By, ®o|f is defined as the power of ® which sends
$ diffeomorphically onto 9. The interval v_; is v, and ®g|yo = ®|y0.

The same construction can be done for other unimodal families, as for
example the special families we describe in the sequel. These families will
be important here since for them our methods can be easily applied, as it
was stressed in the introduction.
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1.4. Special families

We start by some definitions. The Schwarzian derivative of a C* function
¢ is given by

So() = De9@) _3 [Dm(x)r 7

Do() Do()
except for the points where the derivative vanishes. We say that ¢ is
S—unimodal in I if S¢ < 0 and ¢ is unimodal in I (i.e. ¢ has one and
only one turning point in I), and quasi—quadratic if moreover the critical
point is non—degenerate. It is easy to verify that the functions of the
quadratic family are quasi-quadratic. We refer the reader to [13], Chap.IV,
for the distortion properties resulting from the assumption of non—positive
Schwarzian derivative.

Let € > 0 (which will be made small accordingly), 3 > A>2, I =1, =
[—2,42] and @, : T — I satisfy:

®a€2—e2;
o ¢o(I) C I and ¢,(dI) C DI, Va, i.e. I is a restrictive interval for ¢,;
o (a,x) — ¢q(x) is C;
o ¢o(x) = =24 Nz +2) for = € [-2, —x,], where ) = 2(/\)‘7_;11);
o ¢u(x) = =2+ Nz —2) for z € [z, 2];
o oz ) =a— 4a? for x € [-1, 1], for some p > A;

e D¢a( ) is monotone in I and Dy¢,(z) is monotone (separately) in
I'n{z <0}and IN{z >0} )
e D3d,(x) <0 for z <0 and D3pa(x) >0 for z > 0.

In Subsection 2.2 we prove that such a family does exist, but in fact
we have to restrict the possible range of \’s to certain values be:cween 2.3
and 2.4. From the definition it is easy to verify that (D¢q)2S¢, < 0 in
I, hence d)a is always quasi—quadratic. We now say that a C°° family of
quasi—quadratic functions (¢, ), for which [—2,+42] is a restrictive interval
(ie. @a([—2,+2]) C [-2,+2] and ¢,({—2,+2}) C {—2,+2}) is special if
it is C §-near (@q), in [—2,+2] for some § > 0 that we will specify
later in Section 2. It is clear that there exist open sets of special families
(among the families of maps having [—2,+2] as a restrictive interval). In
fact our results are essentially true for C® families which are C® near (qza)a,
but we adopt infinite differentiability and C'*° topology to avoid technical
difficulties in Subsection 3.2.

The definition of (¢,), resembles the family of unimodal functions stud-
ied in [1], where a Jacobson-like theorem is proven, but there the coefficient
of the quadratic part varies with the parameter.

We can use the same notation as for the quadratic family. If (¢,), is a
special family, there is an interval 7, whose boundary points are the two
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preimages of the rightmost fixed point of ¢, (equal to zy if ¢, = &a), and
also the intervals ap; = o and aki, k=2,...,M —1, which are the closure
of the components where the return time to v, is constant. We can also
suppose without loss of generality that 0 is the critical point for all a.

1.5. Results for special families

We say that ¢, is renormalizable if there is an interval I= fa C int(I,)
containing 0 and a number n > 1 such that I, is a restrictive interval for
the n—th power of ¢, and ¢”|I, is a unimodal function. Let

R ={a; ¢, is renormalizable} .

We say that ¢, is stochastic if there is an absolutely continuous ¢,—invariant
probability measure (a.c.p.i.m) and define

E ={a; ¢, is stochastic} .

As a Corollary of [11] (see also [13],Chap.IIL.5), if ¢, is renormalizable in an
interval I, then for almost all z € I, there is n = n(z) such that ¢7*(z) €
I,. If not, then according to [7] for almost all € I, we have w(z) =
[#2(0), $4(0)]. If moreover ¢, is stochastic and v, is the corresponding
a.c.p.im. then suppi = [¢2(0), ¢4 (0)]. We prove the following Theorem.

THEOREM 1. If (¢a)a 18 a special family, then there is € > 0 such that
¢a 18 renormalizable or stochastic for almost all a € [2 — €, 2].

Despite being a ‘bifurcation—like’ result, it is of the same kind as the one
which appears in [9] (and we make use as well of the result in [12], see
Subsection 1.7), but there the quasi—quadratic families considered admit
a quadratic—like extension (see [13], Chap.VL.1, for a definition) and no
parameter restriction is made. As the quasi-quadratic families coming
from the renormalizations are also in the same class, the analysis can go
beyond any finite number of renormalizations, and the conclusion is that
almost all finitely renormalizable parameters are stochastic. In the present
case the analysis is no longer valid for the renormalizations, since neither
they are in the same class as the original family nor all parameters can be
embraced.

On the other hand, our result is valid for an open set of families (in the
C* topology), while the class of families in [9] has empty interior among
C° families.

Notwithstanding, besides the discussion above, the important fact to re-
tain in this work is that control of parameter distortion can be achieved
inductively provided some starting condition is satisfied (see Subsection
1.9). As the special families are constructed to satisfy these starting con-
ditions, the theorems of this section can be derived as easy corollaries.
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We will be also able to prove Jacobson’s Theorem [5] for these special
families, as a consequence of our methods and [12].

THEOREM 2. If (¢4)a is a special family then Leb(E) > 0.

We say that ¢, is Misiurewicz if the critical point is neither recurrent
nor attracted to a periodic orbit, and denote by M the set of Misiurewicz
parameters. It turns out (see [14] or [13], Chap.V.3) that if a € M NR®
then ¢, is stochastic. These parameters however are rare, as stated in the
following Theorem.

THEOREM 3. If (¢a)a is a special family and € > 0 is sufficiently small,
then

Leb(MNRN[2—¢€2])=0.

This result is a restricted version of a result obtained by Sands [16] for
general S—unimodal real-analytic families.
Finally, another Corollary of our methods will be

THEOREM 4. If (¢a)a is a special family then R is dense in [2 — €,2],
for e > 0 sufficiently small.

This result goes, with the limitations exposed above as well, in the same
direction as [4] and [8].

1.6. Decay of geometry

We add some data to the renormalization scheme and carry this infor-
mation throughout the induction. Suppose that we have defined a se-
quence (®,)n>0, where &, = Ren(®,_1), for all n > 1. Assume that
the Schwarzian derivative of ®( is non—positive in every component of its
domain. Moreover, for each 3 € By, the corresponding diffeomorphism
B : 8 — 7 admits a diffeomorphic extension from B D [ to v—1 with
negative Schwarzian derivative, which implies small distortion of DB in g,
if the ratio |yo|/|y—1| is small (see [13],Chap.IV).

For each § € B,, define

_ 18 _ 18
P8 = GG o P = G
Let
Tp = sup il ,Pn = sup sup pp(f), ¢n =sup sup qn(0) .
a |[Yn-1] a BeB, a BeB,

The supremum is taken among the parameters a for which renormalization
is defined up to the n—th stage, inside the parameter interval of definition
of @ (see Subsection 1.8 below). We use the following Theorem.
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TueoreM 5 ([6],[7]). If ro, po and qo are small enough, then r.,, p,
and q, tend to zero as n — oo, and in particular r, do it exponentially.
Although they may not decrease monotonically, given r, p and q sufficiently
small (and greater than zero), if ro, po and qo are sufficiently small then
™ <7, pp < p and g, < q for all n > 0. Moreover, for each 8 € B, the
diffeomorphism B : 8 — 7y, is extendible to a 6, 1|3|-neighborhood of 3
as the same power j such that B = ®}|3, diffeomorphically onto its image
(which is contained in v,—1), where 0, = 0(¢n,mn) and 6 goes to zero as
its arguments go to zero.

The exponential decrease of r,, is called decay of geometry of the general-
ized renormalization. The growth of the extendibility neighborhood of the
B’s, together with a negative Schwarzian derivative of the iterates imply
that the distortion of the B : 8 — =, is becoming smaller with n, or in
other words these functions are becoming ‘linear’.

We also obtain some expansion on the functions B.

THEOREM 6. There is 7 > 0 such that if ro, po and qo are sufficiently
small and |DB| > 1+ 7 for all B € By then |DB| > 1+ 1 for all 8 € B,,
n>1.

This result cannot be explicitly used in our applications, but the expan-
sion we get along iterates underlies the distortion control which is central
in this work.

1.7. A sufficient condition for stochasticity

If (¢q)q is the quadratic family or one of the special families defined in
Subsection 1.4 then the corresponding initial map ®y we have defined satis-
fies the hypotheses in Subsection 1.6. The Schwarzian derivative property
is immediate, by its invariance under compositions. Also, the construc-
tion of @, from @ gives the extendibility property of the diffeomorphisms
B : (3 — 7, for § € By.

In addition, 9 = |y0|/|7-1] can be made as small as we wish (and also
po and qo, which depend directly on rg), provided that a is sufficiently
near 2 (or equivalently M is sufficiently big), and moreover the expanding
property of the functions B : 3 — ~q is assured. This will be shown in
Section 2 for the special families, although for the quadratic family the
reasoning is analogous.

Therefore, for a near 2 we can apply Theorems 4 and 5, in particular to
conclude that in these cases there is decay of geometry. In fact the decay
of geometry turns out to be valid in a much larger extent, even if rq is
not sufficiently small. This can be proven if one shows, for example, that
there is a quasi—symmetric conjugacy between &y and a map ®, such that
7o = |[%o|/|¥—1| is sufficiently small (see [7]), or by direct means (see [3]).
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We continue to suppose that (®,,),>0 is well defined. This is guaranteed
if and only if ¢, is neither renormalizable nor Misiurewicz (since |y,| — 0,
by Theorem 5).

As in Subsection 1.2, for each n > 0 there is a number esc,, > 1 which
is the first integer such that ®°"(0) € ~,,—1 \ V». Following [7], we say
that ®,, has a central return if esc,, > 1, i.e. ®,,(0) € 7, and a non—central
return otherwise. Martens and Nowicki prove

THEOREM 7 ([12]). If (¢pa)a is a quasi—quadratic family and
#{n; esc, = escy(a) > 1} < 400

then ¢, is stochastic.

This result is used in [9] applied to families which admit a complex
quadratic-like extension to a neighborhood of their original interval of def-
inition. Here we use it for the special families constructed above, with real
techniques, to show

THEOREM 8. If (¢a)a s a special family, then for almost all a € R®
either ¢q is Misiurewicz or §{n; esc, = escp(a) > 1} < +oo.

Clearly Theorem 8 implies Theorem 1, by Theorem 7, and the fact that
Misiurewicz parameters are automatically stochastic.

1.8. Generalized renormalization in families
Let us now describe the renormalization procedure for families, instead of
fixing a parameter. We start with a parameter interval Jy where ®, = ®¢ ,
is defined. If (¢q)q is the quadratic family or a special family then we
choose Jy = Ajs, where

Ay ={a; ¢3(0) € 7o, Y0 < j <M and ¢} (0) € 74} -

Although the domain of &y may vary with a, each connected component of
dom(®p) has a continuation defined for all a € Jy. The next generation &4
is defined only for the parameters a such that H;*°(0) € int(3) for some
B € By. Therefore the family ®; is defined for parameters in a union of
intervals and inside each interval the connected components of the domain
always admit a continuation. All connected components of dom(®;) shrink
to a point as H{“°(0) approaches one of the boundary points of 3.
Precisely speaking, we proceed by induction. Let ®,, = (®y, 4)act, i,
be the n—th renormalization of ®g = (P 4)acs,, Where 7, is a collection
of intervals, each one inside some interval of the collection 7,,_1, for n >
1 (and Jo = {Jo}). For each J € J, there is a central interval -, =
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yn—l, a
an(a,O)
yn,a
" Ba
Jo - y : - 1
J; ’ J; a
T J3 ..... R e | J; \]2+\n‘

FIG. 3. Parameter dependence of the critical value and the domain of ®,,.

n(J) which varies continuously with a € J, a collection B, = B,(J)
of preimages of the central branch, varying continuously with a € J, a—
dependent diffeomorphisms B : 8 — 7, and a central branch H, : v, —
Yn—1 with the property that H,(0) completely crosses v,_1 as a varies
inside J.

At this point of the exposition we may assume that ®,, is well behaved
in both space and parameter. For example, the central branch is approxi-
mately quadratic, the velocity of the critical value is almost constant and
the elements 8 = (3, move themselves with much smaller velocities. These
assumptions are justified by induction and we show they are preserved un-
der generalized renormalization. In fact, they are exactly what we want
to prove! Moreover, without loss of generality we suppose that Do H,, < 0
and |ImH,,| grows with a (see Figure 3).

We divide the parameter interval J € J,, in the following way. First, let
R = R(J) be the closed interval of parameters for which H,, is renormaliz-
able (similarly to the interval [—%, 2] for the quadratic family). It is easy to
see that @ € R if and only if esc = esc(a) = +oo (see for example the explicit
descriptions in Subsection 1.13). Secondly, let o(a) = — if 0 ¢ ImH,, and
o(a) = + otherwise, and define J* = {a € J ; o(a) = +,esc,(a) < +oo},
in such a way that J = J~ U RUJ*. For each k > 1 define

JE={a € J*; escn(a) = k}.
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Therefore {R, {J}x>1} defines a partition of J (see Figure 3) and as a
varies along Ji¥ the point H’(0) crosses the left connected component of
Y1\ Vn (except for J;t, where H,,(0) crosses the right one).

The next step is to define the collection J;,41(J) of the elements of 7,1
contained in J. Each J' € J,,41(J) can be written as

J =J(0,k,8) ={a € J;o(a) = 0,esc,(a) = k, H'(0) € 5.}

for some 0 = £, k > 1 and § € B,,. Of course J'(o,k,5) C J7 and if 3
belongs to the right component of v,_1 \ v, then J'(+, k, ) is not empty
only if k = 1.

1.9. Parameter distortion in generalized renormalization

The main contribution of this work is to add and control some new
data about ®,, related to its derivatives involving space and parameter.
We establish the following notation. For fixed n > 0 and J € J,, each
B = (Ba)acs (OF ¥n = (Vn,a)acs) is a continuous family of intervals. Note
that [ is used to denote both the family and a particular 8 = g, if a is fixed
(we believe that this ambiguity will not cause confusion). The function
B:fB8 — v, (resp. H= H, : 7, — vn—1) can be regarded as a two—
variable real function in z and in a, with domain {(a,z) ; a € J,z € .}
(resp. {(a,z); a € J,& € Yna}), such that B(a, S,) = Yn,q, for a fixed
a € J. However, we keep the old notation when dealing with compositions:
for example, B o H means B(a, H(a,x)), H? means H(a, H(a,r)) and
B~! = B7!(a, z) is the function such that B(a, B~'(a,z)) = 2. Moreover,
whenever we write B(z) we mean B(a, ), if there is no reason for doubt.
The partial derivatives are written as B,, B,, H.q, etc. If j is an integer,
HJ will mean (H7), and (H,)? is H, to the j—th power.

We will say that the sub-family ®,, = (®y, 4)aes, for J € T, n > 0,
satisfies the inequalities (Py)s, if the central branch H = H,, : v, — Yn—1
obeys

|Hpw| >0, |Hy| >0
and

H,

wal ax
H,

Hﬂf%‘

Haa Ha:a:a
Ha Ha:x

< g

,|J-\

,J|-]

|vn|-\ , mw\

forall x € v, = Yo and all a € J.
Let us see what these conditions imply. Integrating a% log |H.| we get,
for sufficiently small g,

Hyy
- < <
1-Ch < 59 <1+ Cdo
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for all x € ~, and for some constant S = S,, where C is a universal
constant. By integration of this last inequality we obtain

(1—-Cbp)-2Sx < H, <(1+Cd)-2Sx,

(1—C8)- S22 < H(z) — H(0) < (1 + Cdp) - Sa? ,

that is, H is nearly quadratic for all a € J, but the curvature S = S, may
(in principle) vary with a. By integration of a% log |H,| we get

H,
1—(}50§7§1+050

for all x € ~,, and for some constant v = v,. In other words, the velocity of
H(a,x) with respect to a is approximately equal to the velocity of H(a,0),
for any x € ~,. Similarly, using the other two inequalities we show that
v, and S, are almost constants along a € J, justifying the definition of
constants v, = v,(J) and S, = S,(J), which approximate the values of
H,(a,z) and Hyy(a,z) for all a € J and = € v, = Y 0.

Let us observe that generalized renormalization preserves the sign of the
product vy, -+ S,,. In Subsection 1.8 we supposed it to be negative, and it is
indeed negative in the way we have defined the quadratic family and the
special families.

We now define a second set of derivative inequalities. We say that ®,, =
(Pna)acs, J € Tn, n > 0, satisfies the inequalities (Py)s, if for all g €
B, = B, (J) and the corresponding function B : # — -, the quotients

Bg; Ha b 771 (Bx)z ) 771/ (Bx)zHa )

B... B.. B

2. Trrx 2' rra . aa
Pl ‘(Bm ] ’(BmHa [l ‘(B@?(Ha)?

are smaller than d; for all z € 8, and a € J such that |ImH,| > %\’yn,l\ or
ImH,, NU(B) # D for a certain neighborhood U(B) of 3 (for the induction
we only need Im N 3 # 0, the U(B) is used in Subsection 1.14). Here H,
means H,(a,0), not H,(a,x) since z lies inside 8 (or else v, = v,(J), if
inequalities (FPp)s, are already satisfied). The condition

B:Cﬂ’,‘

|7n| : ‘(31)2 < 1

assures us small distortion in 3, since for x1,z9 €

B,.(B~'y)

BP0

llog | B (a1)| — log | Ba(22)]|| < /

n
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This quotient, in particular, can be controlled in two ways: by direct cal-
culation (as for the others) or by extendibility properties, with the use
of Koebe’s Lemma (see [13],Chap. IV). It stands as an open question if
there is a method other than direct calculation to control the remaining
quotients.

The condition

B,
’ < 01

B, H,

can be easily understood if we translate it into the form
B | < 61[Ha(0)]

that is to say, the velocity of 3, is much smaller than the velocity of H:*¢(0).
This is valid for values of a which include the moment when 3 is crossed
by H¢(0).

Let us remark that the final goal is to keep under control the velocity of
the critical value: it has to be almost constant along any interval J € 7,,
n > 0. This corresponds to the quotient in H,,. But it turns out that to
control this quotient we need also the others involving the function H and,
as a consequence, all the ones involving the functions B.

THEOREM 9. If ®¢ = (Po.q)acs, Satisfies inequalities (Py)s, and (P1)s,
for sufficiently small §p,01 > 0, then ®, = (Pp,q)acs also satisfies the
inequalities for oll J € T, n > 0, provided rp,, pm and g, are sufficiently
small for allm > 0 (which is the same as requiring ro, po and qo sufficiently
small, by Theorem 5).

The proof of Theorem 9 is the content of Section 3. The following The-
orem, which will be proven in Subsection 2.1 , guarantees that Theorem 9
can be used for the special families: they satisfy the starting condition in
the hypotheses of Theorem 9.

THEOREM 10. Let (¢q)a be a special family. Given dg,01 > 0, if M is
large enough then ®g = (P4 )aca,, satisfies inequalities (Po)s, and (Py)s, -

As we have already observed, also ry (and hence py and ¢p) can be made
sufficiently small by choosing M large. The conclusion is that Theorem
9 can be applied for the special families. Unfortunately, the same cannot
be said for the quadratic family: H,, and H, have a fixed amount of
distortion along z € v9 and a € Ay, for arbitrarily large M. Inequalities
(P1)s,, however, can be proven in the same way as for the special families.

1.10. Infinitely many central returns are rare: proof of
Theorem 8.
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We assume that (¢4), is a special family and Jy = Ay, with M suffi-
ciently large, so that by Theorem 10 (®g 4)qec, satisfies properties (Pp)s,
and (Py)s, for sufficiently small §y and §;. The constants §p and d; will be
chosen in the proof of Theorem 9, and M is taken accordingly. Therefore
Theorem 9 is applied, and in particular a good control of the critical value
velocity is attained.

To use this consequence we first remark the following fact: “for any J €
Tn, 1 >0, |vn—1.4| is approzimately constant”. This can be easily proven
by induction, using the quadratic approximation of the central branch and
the fact that the distance between each g € B,, and the boundary of v,,_1
is much larger than §. For each J € J,,, n > 0, let

Cent(J) ={a € J; Hy(0) € vn} .
By the above considerations,

|Cent(J)|
— <Cry,
7]

for some universal constant C' > 0.

Let C be the parameter subset such that if a € C then ¢, is not renor-
malizable and the critical point is recurrent (shortly, C = R¢\ M), corre-
sponding exactly to the set of parameters for which (®,,),>¢ is well defined.
We restrict ourselves to

CﬂAMZH U J,

n>0J€E€Tn

where Jo = Ay and Jo = {Jo}. For each J € J,, n > 0, the collection
Tn1(J) ={J" € Tni1; J' C J} can be decomposed into two parts:

Tn1(J) = TZH () U T34 ()

where J' € J(J) if and only if J' = J'(0, k, 3) for some k > 1, 0 = £
and 3 € By, and J' € J&(J) if and only if J' = J'(0,1,5) for some
o==and § € B,.

Hence for any a € C N Ay there is a sequence Jp D J; D ... D J, D ...
converging to a (since |J,| < 1|J,—1], Vn > 1), such that for each n > 1
either J, € J(J,—1) or J, € JTZ%(J,—1), thus defining a function
6, : N — {cent,ext}. According to Theorem 7, if 0, ({cent}) contains only
finitely many elements then a € £. We will prove that the set of a € Ay
such that 6 !({cent}) is infinite has Lebesgue measure zero, consequently
proving Theorem 8.

For this purpose we use the so—called Borel-Cantelli Lemma: “if {I;};>0
is a collection of intervals I; C [0, 1] such that y .-, |I;| < oo then the set of
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x € [0,1] such that x belongs to infinitely many I;’s has Lebesgue measure
zero”.
For us, 0, *({cent}) is infinite if and only if a belongs to infinitely many

intervals of the set
U U 7550
n>0JeTn

For any J € J,, n > 0, the intervals of the collection J$(J) are pairwise

disjoint and contained in the interval Cent(J). Hence
1 /. ! cent
mZﬂJ‘ ’ J' e n+1(J)}§C7"n,
as we remarked above. Since > {|J|; J € T} < |Jo| we get

SO AT € TN} < CLIol Y -

n>0JeTn n>0
By Theorem 5 r,, decreases exponentially and therefore the sum is finite.

1.11. Abundance of stochasticity: proof of Theorem 2
Let n > 0, J € Jn, Sp = Sp(J) and v, = v,(J). As H, is almost
quadratic and the velocity of the critical value is almost constant, we can
estimate the size of the renormalization interval R(.J):

3

R(J -
<RI < g

|Sn 'Un|

But we want to express |R(J)| as a fraction of |J|. Note that if a = sup J,
then

1
Sn(§|'7n|)2 ~ |[Yn—1]-
On the other hand,

~ h’nfl‘
Un = |J| )

taking into account that |y,_1| is almost constant. Hence

[R(T)| <3l J].

As r, <1,Vn >0, and (r,), decreases exponentially, there is A < 1 such
that r2 < A", ¥n > 0. Then, for some C'(\) > 0,

o0 o0

Leb(Ap \R) > [Ap|- [T = A") > [Ap| - exp{-C(X) > _ A"} > 0.

n=1 n=1
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FIG. 4. Two possibilities for the position of the critical value.

<

By Theorem 1, almost all parameters in Ap; \ R are stochastic, proving
Theorem 2.

Observe that without any additional cost if one shows that the series
> 5072 is dominated by 73, this would imply Leb(R N A)M) < [Aum|?,
since 1o < 2|Apr|*/? (see Subsection 2.1, just before Lemma 12), and there-
fore we would have Leb(RN[2—¢,2]) < Ce? (a slightly weaker estimate was
obtained by Tsujii in [17] using other methods). This is the best superior
bound possible, since |R(Aps)| is of the order of [Ap|.

1.12. Denseness of renormalization: proof of Theorem 4

If R was not dense in Ap; = Jy then there would be an infinite sequence
JoD Ji1 D Jy D ---J,--- of nested intervals, J, € J,, Vn > 0, such that
N,,>0 J» is an interval. On the other hand, as the velocity of the critical
value is almost constant for every J € J,, n > 0, then it is easy to see that
| Jns1] << %|Jn\, implying that the intersection must be a single point.

1.13. Generalized renormalization in detail: notation

We explain a bit more how ®,,; = Ren(®,,) is obtained, taking profit
to establish the notation which will be used in Section 3. We will suppose
that ®,, is well behaved, for example that it satisfies inequalities (Pp)s, and
(P1)s, for small dg,01 > 0. In particular, H = H,, : v, — Yn—1 is almost
quadratic. We suppose without loss of generality that Dy H,, < 0.

There are essentially two cases to consider, as shown in Figure 4: (a)
beneath renormalization or o(a) = — and (b) beyond renormalization or
o(a) = 4. Observe that situation (b) always occurs after (a) in the param-
eter line, since in our setting S, - v, < 0.
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FIG. 5. Fundamental domains beneath renormalization.

Beneath renormalization. We establish a division of the configuration
space into fundamental domains. Define first D] as the left connected
component of v,_1 \ v, and Df as the right one. Then by induction
define D; (resp. Dj") as the left (resp. right) connected component of
H=Y(D; ), for t > 2. This definition must stop at ¢t = esc, since H(0) €

D.. The extremal points of D are defined by Df = [di |,di] for t > 1
and we also define a central domain D, = [d_.,d}.] (see Figure 5 with
esc =4).

Let P = P,,+1 be the set of preimages of elements of 5, under H. That
is to say, for every m € P there is 1 < ¢ < esc such that H'(w) = 3, for
B € By,. It means that m# C D/f,; UD, , if t < esc and m C D, if t = esc.

To this element m € P we associate the diffeomorphism P : 7 — 7,
given by P = B o Ht, where B : 8 — 7, is the diffeomorphism associated
to 8 = H'(w). Now it is clear that B, is the set of preimages of v,11
under compositions Pjo---o P, for m,...,7m; € P. The interval vy, itself
can be defined as 7,1 = H~!(7*), where 7* € P is the element in D, to
which H(0) belongs.

If z € ~y, then there is t > 1 such that H*(z) € 7,1 \ 7n. These iterates
can be decomposed, in general, as

Ht:FEOFSOF()OFH.
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H rHoLHON

FIG. 6. Detail of the critical region beneath renormalization.

This decomposition will be made in the same way for both beneath and
beyond renormalization. In the case we treat here, beneath renormaliza-
tion, Fy = Id. If x € H-*([H?(0), H(0)]) (see Figure 6) or esc = 1 then
Fy = H, otherwise Fy = Id. Observe that |H(z)| and |DH(H'z)| are
growing with i. Let ig be the first integer such that |DH(H® (Fyx))| > 4
and define Fls = H%. It may happen that |[DH (Fyx)| > 4, in this case set
Fs =1d. Finally, Fg is defined by the remaining powers of H.

Beyond renormalization. Let 2~ be the leftmost fixed point of H and
¥ # x~ such that H(z%) = 2. As in the other case, we divide the space
outside [z~, 27| into fundamental domains. Let D] (resp. D;") be the
left (resp. right) connected component of v,_1 \ 7,. By induction, define
D; and D; as the left and right connected components of H~1(D,_,), for
t > 2. Differently from before, this induction never stops, and the D; and
D} accumulate, respectively, on = and z+. For t > 1, let Dti = [dtifl, dti]
(see Figure 7).

Also inside [z7,2"] we make subdivisions. Let [p~,p"T] = H '({z >
x¥}), ¢7 be the rightmost fixed point of H and ¢~ # ¢* be such that
H(q ) = q*. We divide the interval [x~, ¢~ | (resp. [¢",2T]) into intervals
wy =g g5 ] (resp. wi” = [g |, q;]), for k > 1, such that the functions
HF - w,f — [q7, ¢T] are diffeomorphisms. In addition, we divide [¢~,p~]
(resp. [pT,¢"]) into intervals a;, (resp. ), for k > 2, such that H(aj) =
w,:l (analogously to the definitions in Subsections 1.3 and Subsection 1.4,
but we keep the same notation since there is no danger of confusion).

Let BX 1 C Bny1 be the set of direct preimages of 7,1 under pow-
ers of H. These preimages are located in the gaps of the Cantor set
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FIG. 7. Fundamental domains beyond renormalization.

A = Voo H ([, 2*]) and if By € B, then its corresponding dif-
feomorphism By : S — Yni1 is given by By = H' for some i > 1.

As in the previous case we also produce a set P = P,,;1 of preimages of
Yn, taking all possible preimages of the elements of 5,, under iterates of H.
These preimages spread around in the domains Dti, inside the central gap
[p~,p"] and between the gaps of the Cantor set Ay.

The set B,41 is the union of B ; with all the preimages of {v,,+1}}UB,
under all possible compositions Pjo---o Py, for 71,...,m; € P. Therefore
to each 3 € B,,+1 the diffeomorphism B:f— Yn+1 18 given either by the
composition By o Pj_io0---0P; or by the composition PjoP;_jo---0 P,
for some By € B, |, mi,...,m; € P, j > 1.

If x € ,, either x € Ay or there is ¢ > 1 such that H!(z) € yp_1 \ Y-
The latter is the only possibility if 2 € 3 for some 3 € B+1. We decompose
the orbit as H* = Fg o Fg o Fy o Fyy, where this time Fg = Id. If x belongs
to [x7,q7] or [¢T, 2] then Fiy = H*, where i is the first integer such that
Hi(z) € [p~,p*], otherwise Fyy = Id. If Fy(x) € [p~,p™| then Fy = H,
otherwise Fy = Id. And Fg = H' if Fg o Fyo Fy(z) € Dijj_l, for some
i > 1, otherwise Fs o Fyo Fy(z) € Df‘ and Fg = Id.

Notation remark. For coherence, we define the set Py as the set

- - - + + o+
{og a5 ,...,ay 1, am, oy q,...,05,05 },
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in the sense of the definitions in Subsections 1.3 and 1.4.

1.14. Misiurewicz are rare: proof of Theorem 3

We only sketch the main ideas involved and let the details to the reader,
using the notation introduced until now.

As we have already observed before, ¢, is Misiurewicz if and only if ¢,
is not renormalizable and ®,,41 is not defined for some n > 0. This will
happen if and only if H$¢(0) € T',,, where

c
r,=| |J int(8)
BeEBy
The set T';, (which clearly depends on a) admits a decomposition

I,=r'urlurlu...urn

defined in the following way. For each n > 0, let

F_i = 805]::: 9
f‘:ll: m U (PjO"'OPI)_l (anl\lnt(’yn)) ’

Ag = ﬂ H' ([z~,2™]) ,
i>0
(Ag =0if o = —), and
" =T"UAp .

By induction on n, for each —1 < m < n define

= U (Pjo--oP) ' [ | JH, (7))

j=0 {771,...,773-}6733; i1
The sets fﬁ, n > 1 and Ay are called dynamically defined Cantor sets
(see [15], Chap. 4), the former with infinitely many branches. They clearly
have measure zero since for each 7 > 1 a hole with a definite fraction
of the total remaining measure is suppressed. This is guaranteed by the
non—positive Schwarzian derivative and the resulting distortion properties.
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The suppressed fraction is given by, up to a constant factor, the ratio
|Yn—1|/]7n|- The sets I';, have as well measure zero, for they are formed by
countable preimages of the I'], 0 < m < n.

To each point x in fﬁ it is naturally assigned a code, which is given by the
sequence T = {my, T2, ...} € Pg such that x € my and Pjo---oP;(z) € mj41
for all j > 1. As each m € P,, has a continuation # = 7, defined for all
a € J, then also x € f‘ﬁ has a continuation z = z, defined for all @ € J.
The same idea can be applied to the Cantor set Ay.

Moreover, a code can be also assigned to each point y € I',,, by determin-
ing how it is obtained by successive preimages of a point = € I']" for some
m < n. Anyway, as a varies along J the escaping image of the critical point
H°(0), esc = esc(a) crosses a countable intertwined union of (pre-)images
of dynamically defined Cantor sets T in v,_1 \ 7. It turns out that this
crossing is always transverse. This can be proven directly in the same way
as we calculate the quotients |B, /B, H,| for each 8 € B,,.

We want to show that

M(J) ={a € J;H7(0) € Iy}

has Lebesgue measure zero. However, the informations we have above are,
at least in principle, not enough to prove it. We illustrate the idea of the
proof by showing that the set

M*(J) = {a € J; Ha(0) € '}

has Lebesgue measure zero. The ideas can be easily applied to M(J),
remarking in addition that |[H¢(0)| > |H,(0)| (see Lemma 62).

If we admit Theorem 9 to be valid, then inequalities (Py)s, are satisfied
for some d; > 0 small. In particular, this implies that

B,
’ - <0

By H,

for all € B, and a € J such that ImH,| > |yn—1| or InH, NU(B) # 0
for a certain neighborhood U(3) of 3. The neighborhood U(3) can be
specified at this point (see Subsection 3.6). If 3 = (Pjo---0P;)~!(y,), for
some collection {m,...,7;} C Pp, thenU(B) = (Pjo---0Py) " (y,-1). As
remarked above, by distortion properties,

Bl 1l

@B~ el

for some universal constant C' > 0. If we take the parameter intervals

J(B)={ae J;H,(0) € .} € J(B) ={a e J;Hy(0) € U(B.)}
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FIG. 8. Partition of I,.

then
J n,a
B
|J(ﬁ)| a€J(B) |7n—l,a|
The right hand side of this last inequality constitutes in fact an inferior

bound for the proportion suppressed after each step j + 4, ¢ > 0, inside
J(B). The result is a zero Lebesgue measure set.

2. THE STARTING CONDITION
2.1. Proof of Theorem 10.

In this Section we prove that inequalities (Py)s, and (Py)s, are satisfied
for (®o,4)aca, With dg, d1 small, provided that M is sufficiently large. For
this purpose, we will need to evaluate all the mixed derivatives listed in
Subsection 1.9. Some problems arising here and their solutions give us a
clue of the proof of Theorem 9, postponed to Section 3.

We have already defined the intervals v, = [q,,¢]] C I, = [z, ,z}],
where ¢,(qF) = qf and ¢o(z¥) = x;, a partition {anr, {ay te=2, v—1}
of v4, as well as the diffeomorphisms A,f : a,f — 7, and the unimodal
function H : apr — 4. As we wish to study these functions, we also need
some terminology for iterates outside 7,. Let

Wi =wi, =6, (7a) N {£z > 0}
and by induction define, for all £ > 1,
+ _ -1/ -
Wipr = ¢ (wy ) N {Ez > 0}

(see Figure 8). We remark that a € cl(Ay,) if and only if ¢4(0) € wi, ;.
With these definitions, we have

am = ¢ (Wii_1) ap = o3 (W) N{Zz > 0}.

For each w,f, k > 1, there is a diffeomorphism I/Vki : w,:f — a4, Where
WE = ¢k|lwE. To avoid confusion, we define F(a,-) = ¢, so that now F,
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must be understood as the derivative of F' with respect to the parameter.
In this way, we have

H:W&_10F|QM, Af:W,;t_lome.

Observe that by our construction, F' is nearly quadratic in aj; ; U apn U

0‘&)17 if M islarge (it might be exactly quadratic if ¢, = ba, see Subsection
1.4).

As (¢a)q is C3 near (<£a)a7 we assume that there is 6 > 0 and C > 0 such
that

L |Fy = 1), |Fon +p| <8 if x € [-2,+1];

2- |Fa|; |Fww|; |Faw|; |Fwwx|a |Faa|7 |Fwwa| < C lf.’L‘ € ’Ya;

3. |Fal, [ Faa| < 0 if @ & ya;

4. |Fyul, |Fzzm|7 |Faa|a |Frza| <0 if 2 &y, orwe [_%7"_%}'

LeEMMA 11. Let W = W, for k> 1. Then

1.the absolute values of the quotients

% Wll Wwa Waa lel Wwwa
Wy o (W) 7 (We)?2 7 (We)? 7 (W) 7 (W)

are smaller than §, for all x € w,f ;
2Wo = —|yal -l |7

Proof. The proof is straightforward, using the Appendix and the uni-
form expansion of nearly A\ along the iterates. |

Before continuing, we observe that

8 1/2
o] < (lew) 7

lwi,_,| is almost constant for a € Ay (by Lemma 11) and |Aps| =~ |wi; |-
LEMMA 12. For all x € ap; and a € Ay,
1.|Ho| = |7al - ‘w&—lrl;
2| Hag| = ploiy |7

3.the absolute values of the quotients

H H
Cma gy Haa g
learl - Al | Aw]

H:vwa
sz

rrxr

HII

laar| -

are smaller than 6.
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Proof. 1) Write W = W,;_,. Then H =W, o F and H, = F,W, +
W,. By Lemma 11, |W,| < §|W,|, hence |H,| ~ |W,|; 2) As H,, =
W (Fy)? + W, Fyp, we deduce that |H,,| ~ |Fpe| - |[We], since

2

W,Fp  p|(W,)2

(use Lemma 11 and |Fy| < (2u|w}}_1\)1/2, for x € ayy); 3) Appendix plus
the previous estimates; note that M does not need to be very large. |

LEMMA 13. Let A = A;;L, 2<k<M-—1. There is C > 0 such that for
all z € a,f and a € Ay,

lwdy 4l
[Fal

A
Llx

<
Arg

C
Ay | <ot mED

A + . 1
(Ax)zzaHa‘ < Clwpr_4| (\FI| + \AIFI\) )
lwh 12

<CFy

Arpz 1 1
Aes| < 6+ C (kg + o)

Azea + 1 1 1 1
Gt | < Clwsyal (7 + ey + e + \(Amm) )

where F, = Fy(a,z) and H, = H,(a,0).

2.
3.

Aga
4| @yetmye
5.
6.

Proof. Appendix and evaluations on F. |

Ai
COROLLARY 14. ﬁ <|wi; 4 |Y2, forallk=2,...,M — 2.
The functions AijE are uniformly expanding for i = 2,..., M — 2, but for

i = M — 1 there may be contracting regions near the boundary of oy, for
low values of a € Ayy.

LevmmMa 15, [Af | >25 forallk=2,...,M —2.

Proof. We do the proof for (qga)a and sufficiently large M. With small
effort one easy generalizes to any special family (¢,)q, 6—C? near (éa)a, for
0 sufficiently small. We use that 2 < A < 3 and p < 2\ (see Subsection
2.2, just after Lemma 31).

Consider F(a,z) = ¢q(z) and F(a,z) = a — £a?. By the definition of
(¢a)a, F' coincides with F for small 2. Moreover, as | Dy F ()| < p for every
z €1, then F(a,z) < F(a, ), Yz € I.

Let g be the right endpoint of w,j, for k > 1. For the family ((;Sa)a, these
points do not depend on the parameter. We have

|DAE(x)| > M DF(a, F~Y(a, qr—1))
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for all 2 < k < M — 1. But |DF(a,z)| must be greater than ﬁ|$|, ie.
greater than A|z| (since z) < 1), hence |DA§($)\ > A F~(a, gr_1)|-
On the other hand,

- 2
[F~Ha, qe—1)| > [FH(a,qx1)| = ;(a—qkq) :
We compare this last value with [F~(2, qx_1)| = ,/%(2 —qr-1). Ask <

M —2and a € wi,_y, then a — qp—1 > |wji | + w4 + ... + |lwi;_,| and
2 — qr—1 > wif |+ |wif |+ ... s0

V2 Gkl [T gae M
Va = qk—1

Therefore, as 2 — g, = A7%(2 — x)) > A7k,

+ E (A/2)%
|DA; ()] > 22 1 oNE—MFT

We claim that (%)k > 1422\ M+ for all 2 < k < M —2, if M is sufficiently
large, and then the Lemma follows. Note that (3)* > 1+ 23" and
(3)M72 > 14 2X71 if M is big. Ast— (3)" and ¢t — 14 2X\"M+1 are
convex functions, they do not intersect and the claim is valid. |

LemMA 16. If z € ai, | and dist(F(z),wl; ;) > lwiir_o| then we

have |[DF'(x)| > 3*12‘WJJ\F472|1/2 and |A;\r471,z| > %|WJJ\F/172|_1/2-

Proof. If M is big then aj,_; C [~1,1], where F(z) ~ a — 4% and

|DF(z)| ~ p|x|. Let 2’ be the nearest point to z such that F(z) € dwi,
and Max be the maximum value of |DF|in aj; ; Uan U oz')\'/[_l. Then

41
o] 2 o — '] = (Max) ™ eyl

On the other hand

2
Max < M 2 ol + il

hence

1 7
DF > - f_ .+ 1/2 )
| (1')‘ ~ 16 2(1 i )\_1) “")M72|
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+ — (vt + ~ + -1
As Ay, = (WM—2,m oF)-F, and |WM_27$| ~ 2z |wy;_o| " then

1 H -1/2
|A—]\’—471,m| > 6V 131 Wiz ol /2.

A rough estimate on A and p based on their definition in the Appendix
implies the Lemma. |

To distinguish between low and high values of a € A we define
d=d(a) = ImF Nwyi, | |wf_,|7".
By Lemma 11, the distortion of WA"/}_l , is small, so

ImH|
IYal

LEMMA 17. If d > 278 then, for all x € a]j\[/[_l and M large enough we
have |Fy| > %|WL—1|1/2 and |A}4—1 ol 2 4|W1T4—1|71/2-

Proof. If d > 278 then for all x & aps

1
|Fe| > \ 20 - 278|W1T4—1| > 6V 2N|WJT4—1|1/2 .
+
As Ay, = WJ\+4—2 o F', then
|A$I—17w| Z 2$/\|WJJ\F4—2|_1 : |W1T4—1|1/2 > 2)\|W1T/1—1|_1/2 )

since [wi, o] ~ Aol (- 1

COROLLARY 18. There is a constant C > 0 such that in any one of the
following hypotheses (compatible with a € Apr): a) i =2,...,M — 2 and
anzi, b)i=2,....,M—1,d>278 anda:Eaii, c)izM—l,meaAi/[_l

and dist(F(x),wy;_,) > f=|wi;_o|, if we call A = AT then

1. A?Iaia’ < C|WJJ\F471|1/2a
2|45 | <0+ plwi_al V2,
3. (Af)iz‘fm‘ < Clwi;_ V2,

4. (AI)AQW < Clwi;_4l,

5.\ G | < 0+ piylwns o712,
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(A, H,

A
6.| —Axga .
]

Proof. Appendix and the previous Lemmas. |
+

LEMMA 19. Foralli=2,...,M —1 and x € o,

?

AT
A%Ha

_11
4147,

Proof. Appendix plus the facts that F, ~ 1 for z € ozii, i large, and M
is large enough. |

Having already the estimates for the A;’s, we can now consider their
compositions. The next lemma is the easiest situation.

LEMMA 20. Let d =d(a) >278. Given 6; > 0, then

B,
’ - < 0

B,H,

for every B € By and x € 3, if M is sufficiently large.

Proof. Write B = Pjo...o P, where P, = A7’ 0; € {+,—} and
ki €2,...,M — 1. Then, using the Appendix,

. P 1
i—1 Pi,wHa Pi—l,I~-~Pla:

s

‘1/2

< C’|cu]t[_1

B,
‘ < 513

B.H,

if M is sufficiently large, using Corollary 18 with hypothesis b) and Lemma
15. 1

Now we look at the more difficult situation where d = d(a) < 275.
Remark that we are only interested in the case where S NImH # () (to
be precise, U(5) N ImH # ), for some neighborhood U(3) of 3), following
the requirements of inequalities (Py)s, (Subsection 1.9). First we state a
simple Lemma.

LeEMMA 21, |ai| > 3724l

Proof. As Af(af) =7, Af = F?|af and |DF| <\ < 3 the Lemma
follows. |

If d = d(a) < 278 and SN ImH # @ then in particular 8 C af, by
Lemma 21. More than that, we have

dist(5, ga) < d.
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As a consequence, the first iterates of z € 3 are done inside aj, near
Ga- For x € [, define ng = no(x) > 1 as the minimal number such that
(A" (z) & o

Let at = a® (M) (resp. @~ = a~(M)) be the interval contained in af,
(resp. aj;_,) such that if z € at (resp. x € a™) then dist(F(z),w}, ;) <
25lwis_o| (in particular, such an x must satisfy AT, (%) € aF ). As re-
marked above, this is the region of possible ‘loss’ of derivative.

Assuming that Pjo---o Py(8) = 7o = au, where P; = A7?, 0 € {+,—},
kie€2,...,M—1,i=1,...,j, we propose the following decomposition of
orbits. For xz € 8, let 1 < i1 < iy < ... < i, < j be the maximal sequence
such that

P, 10P, g0---0P(z)eatUa’,

foralll=1,...,r.

By the definitions above, i;(x) > ng(z). Lemma 22 below says that
eventual losses when the orbit of x € 3 visits the ‘bad’ region a™ U a™
are compensated by the ng(z) first iterates. This kind of compensation
is used only for the last visit to the bad region. The previous visits are
compensated by iterates in the way stated by Lemma 23. From Lemma 25
on both Lemmas are put together to control inequalities (Py)s, -

LEMMA 22. Foranyl=1,...,r,

-Pil,a

PPy Pyt
‘ b > 07| Pi JJHCL

Ly

and

~ - 11\ "
\PLoPoy...Puyal ™ - |Pial 1<C<> wiz_1"? .

Proof. By Lemma 13,

Pil,a

|WJT/[71‘1/2
Hl,mHa

Vd

On the other hand, for any y,z € af we have |A§Ex(y)| <1+ 6)|A§x(z)|,

for some 6 > 0 small (since D¢~>a is monotone and ¢, is C® near qga)
Observe that P; = A;r foralli=1,...,n9. We have, for z € 3,

<C

|Pn077«'P7l0—1,1‘ e 'P277«'P1,$(x)| ’ Ix - q+| > c! )

since P, o---o Pi(z) ¢ af and the distortion of the derivative of P, o
---0 Py is controlled in [z, q*"], by the expansivity for each iterate. We get
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(assuming ng even, without loss of generality)

Pro oo PryPrg| - (1408)"/* > a2,

€T

Hence

|P P |>C—1d—1/2 LM "
no,x - -4 1x (1+5)1/4 )

by Lemma 15. |

The following Lemma says that |P;, .|~! can be compensated by the
subsequent iterates before ;1.

LEMMA 23. There is ¢ < t;41 — i; such that

- - 1\ "
|Piy ol [Pt Pit2a - PiyialH < C (10) wiz_ol"? .

Proof. The idea is the following. If |P;, ;| is small it means that y =
P;,_1 00 Pi(z) is very near aps. But this implies that P, (y) is in aj
and very near ¢7. The subsequent iterates, all done near ¢, compensate
the loss of derivative coming from |P;, ..

First we put P, » = Al\i/[—l,;c in relation with |P;, (y) — ¢*|:

+ Val el dist(F(y),wl;_,) 1/2
|AM—1,¢| = ot |F(y)| > \/ﬂ " 7

wir—2 | JJ\F/1—2| |WL—2|
hence, by the small distortion of WAJZ&,
_ _ + _
|Pu(y) - q+| 1/2 > |w5\~_4—2| 1/2|AM—1,9C| ! .

Choose the first integer ¢ satisfying

(A (P ) — a7 > o

As in the proof of Lemma 22, using the Mean Value Theorem and bounded
distortion properties to obtain

[D(AZ) (P ()] - 1Py (y) = ¢F| > C7F

and

ID(AZ)2(Py ()] - (1+8)* > C7Y Py (y) — ¢+ 7Y/
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and the Lemma follows. |

In the decomposition of orbits, add the following definitions: iy = 0,
20 = ng and %l = i; + 4, where 7 is given by the previous Lemma, for each
1> 1.

For the next Lemmas, let 8 € By be given by 8 = (Pjo---0 P;)"' ()
and let B:Pjon-oPlW, where 1 < j < j.

All the results are valid for € 8 and a € Ay, with the condition that
BNImH # (). In fact, this restriction in the parameter is only needed when
d = d(a) < 27% and when Lemma 22 must be used.

Let us remark at this point that the same idea underlies the proof of
Theorem 9, in Section 3. Every loss of derivative must be compensated,
if possible, by subsequent iterates, otherwise by the first iterates, which
is only guaranteed with a restriction on the parameter. It is to be noted,
however, that this restriction on the parameter is not a problem when one
passes to the next stage of the induction (only preimages of v, intersected
by H are used to generate preimages of vy,41).

For some of the proofs we will use the following simple Corollary of
Lemma 22. It means that when the orbit of 8 hits 7, all previous losses in
the derivative are already compensated, and a definite expansion is indeed
obtained. This kind of reasoning is also behind the proof of Theorem 6,
which we do in Section 3. This Corollary gives us, indeed, the assumption
of Theorem 6.

COROLLARY 24. For everyx € fand1<i<j

1\’
|Pja - Pip1,a] > (10> ,

if M is sufficiently large.
LEMMA 25. Given 61 > 0, if M is sufficiently large then

a

= < (51
B, H,

for allx € 3, B € By, and a such that d = d(a) > 278 or ImH N 3 # ().

Proof. In view of Lemma 20 we can suppose d < 2~8. We consider two
cases: © =14 or ) < ¢ < i;41, for some [ > 0. If ¢ =4;, I > 1, we write

B,a 1 o Pi,a 1 «
Pz’,xHa IDi—l,x~-~P1,x Pi,xHa Pl,a:-“j:)%mm
-1 -1
1 1 1
155 7 1l & 2
s=1  tso istla oLy p gt i+l lsti— L
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which, by Lemmas 22 and 23, is bounded by

(Cluiy_o/72) G(l)) -

If 4 < i < 4;41 for some [ > 0 then the reasoning is analogous, but one has
to use that

~ ~ 11\ 7"
Pacl ™ P Pl < 0 (3g) T2,

from the second inequality of Lemma 22. |

LEMMA 26.

|’70|

x

)2

. <6 .
|Pja -

B,
(Ba

c Pj+1,z|

Proof. Write, using the Appendix,

j

Bza: —Z Pi,:cw

(B Pi o Prria(Pa)?
By Lemma 13,

ol [ 2z | < ol (64

P S T PR

We have two cases: i = 4;, for some [ > 1 or 4; < i < 441, for some [ > 0.
If ¢ = 4; then the i—th term is bounded by

1 C
1) wt
ol B P ( T ER “’M-2'>

.y 1 1
< 8]70[277 + Chyol - lwiy s : ;
M2 P Py gl 1Py Pip1al(Fe)?

using Corollary 24. The last fraction is bounded by a constant, since
lwi;_o|(F,)~2 is bounded by 3|P;, — ¢*|~! and the fifth inequality of the
proof of Lemma 23 applies, by the definition of 1;. Therefore for i = 4; the
i~th term is bounded by C|yol(15) 7"

If 4 <@ < 441 then the i—th term is bounded by

C 11\ 7"
—_—— < (| = ,
P Pip1 (10> ol
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by Corollaries 18 and 24.
Therefore the Lemma follows provided |yo| is sufficiently small, i.e. M
is sufficiently large. |

We omit the proof of the following Lemma, as they follow the same ideas
of Lemmas 25 and 26. Lemmas 25, 26 and 27 are stated for B, since their
quotients appear in the proof of Lemmas 27, 28, 29 and 30.

LEMMA 27.
|'70‘ ) ~Bma < 6
|Pj’517"‘P3+1,;v ( x)2Ha
LEMMA 28.
Baa
170 5 g 2 <01 -
(B:)*(Ha)
LEMMA 29.
B
2 TIrT
|70‘ : (BI)?’ 61 .
LEMMA 30.
mea
I70|? = | < 01 -
(B:)*Haq

2.2. Existence of special families

We show here that the family (¢, )q referred in Subsection 1.4 does ac-
tually exist. This task will be split into two parts: find a suitable A and
then define the family. )

We consider only the negative axis and force ¢, to be an even func-
tion. Take two (continuous, piecewise linear) functions, which later will be
related to Dgy,, called fy and gy, defined in the following way:

L fa(@) =\, Vo € [-2,—zx + 5],

2. falz) = —px , Vo € [-zx + 5,0],

3. gxn(z) = fu(x), Vo € [-2,—x\ + 1—10] Ul—xx + %,O] ,
4. ga(@) = —fz+d, Vo € [~axr+ 15, —2r + 5],

where p = p(\) = ﬁ and ft > 0, d > 0 are such that g\(—z) + Tlo) =\
and gx(—zx + &) = —pu(—zx + =) (note that fi < p).
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LEMMA 31. If X\ € [2.36,2.37] then

/_02 o(@)dz < 4 < /_02 F(@)de

Proof. The functions fEQ g and fi)Q fx grow with A\, for A > 2. By

straightforward calculation, fEQ fr=4for \=12.359... and fi)z gx = 4 for
A=2374.... 1

Now pick a fixed A as in Lemma 31 (for example A = 2.365) and call f =
fx, g = g (this implies, in particular, p € [3.8,3.9]). Let ¢ be a positive
even C'*° bump function with support in [—1,+1] and fjll o(z)dr =1 and
define the associated family ¢s(z) = $¢(%). Observe that if

Ys(z) = / ' es(y)dy

— 00

then, by the symmetry of ¢, fjll ¥s(x)dx is independent of ¢ and always

equal to 1. Let x; = —x) + 1—%, 1 =1,2,3, and consider the following two
families of functions,

hys(x) = —pps(r — 2),

hgs(x) = —fips(x —x1) — (0 — i) ps(x — x3),

for < 5. Observe that hy s =9 Dy f and hg s =9 D5g in the sense of
dlstrlbutlons

Let qbf s and ¢g5 be defined by D3¢f5 = hys and ngbg(; = hg.s, with
constants of integration given by ¢s5(—2) = —2 = ¢,.5(—2), Ds.s(—2) =
A =Dgg,5(=2) and Dagys(-2) =0 = D2¢fg,5( 2).

Some properties are verified: i fo Dy¢rs(x)de = f D2¢g7 (z)dx =
—, since ¢ is even; in other Words we have D¢ 5(0 ) = D¢, 5(0) = 0; ii)

Do s(x) = Doy s(x) = X for all z € [~2, —xy]; iii) Doys.s(x) = Dégé(x):

—pz, for all z € [— x,\ + %,O]; iv) f_02Dggf5 )dx =9 f f(z)dz and

ffz D¢~>g75 (z)dz =9 , 9(x)dz.
By property iv) and Lemma 31, we can choose g sufficiently small in
such a way that

o 0o
/ D¢y 5(x)de < 4 < / D¢y s(x)dx
-2 -2
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and then let ¢~5f = éﬁgo, ég = (259750.
Finally, take the family of convex combinations

o = (1- t)ng + t¢~5f-

Then ¢, satisfies, for all ¢ € [0, 1],

1. D3~¢~5t($) <0, for x < 0; i

2. D¢i(x) = Mor x € [-2, —x)] and D¢y (z) = —pa for x € [—x,\—l—%,O];

3. @(0) <2 fort=0and ét(o) > 2 for t = 1, hence equal to 2 for some
0<ty<l.

By an affine coordinate change in the parameter ¢ +— a, given by a(t) =
¢+(0), we have

q?)a(a:) =q— ng

for z € [~ax + 15,01 D (—1, 1)

3. PARAMETER DISTORTION BY INDUCTION
3.1. Coordinates, extendibility and subordination.

In this Section, we aim at proving Theorem 9. First we introduce coor-
dinate changes both in space and parameter to obtain uniform estimates
along the induction, independent of n. Recalling the notation presented
in Section 1, we look at some J € 7, and the correspondent sub-family
D, = (Pp.0)acs, with its central branch H = H,, : 7, — Y,—1 and its
preimages of the central branch B : f — ~,, f € B,. Let ag = ao(J)
be such that H(ag,0) =0, S = S(J) be the “mean” curvature of H and
v = v(J) the “mean” velocity of the critical value, as defined in Subsection
1.9. Then define w = —Sz and b = —Sv(a—ag) and let T be the expression
of H = H(a,z) in these new coordinates, i.e.

T(b,w) = —SH(ag — S v™'b, —S1w) .

It is easy to see that such a coordinate change does not affect inequalities
(Po)s,, and the same is true for the new expressions of the functions B :
8 — 7. The main feature of the particular coordinate change above is
that T is near the quadratic family b —w? (for b varying along the interval
—SvJ + Svap and w along Sv, ), in the sense that [Ty, + 2| < & and
Ty, — 1] < do.

However it will be easier to keep the old notation, with H, a and x
instead of T', b and w, i.e. from now on we suppose that the coordinate
change is already done. Moreover, based on Theorem 5 we assume that
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there are small numbers » > 0, p > 0 and ¢ > 0 such that r, <7, p, <p
and ¢, < ¢, for all n > 0.

First we state two simple quantitative facts which are consequence of the
linear coordinate change above.

LEMMA 32. In the new coordinates, |J| ~ |yn—1| and if H(0) € ~,, then
V| > 77t

Proof. The first assertion follows from H, ~ 1 and that |v,,_1]| is approx-
imately constant for a € J, as remarked in Subsection 1.10. If H(0) € ~,

then (%\’yn|)2 ~ %|7n—1|, which implies |y,| > 2r=t >r=1. |

Now we recall the definition of fundamental domains in Subsection 1.13,
in the case where esc = esc,, > 1 (or in other words H(0) € ~,, a central
return). The following Lemma is a standard application of the distortion
properties of H, which has negative Schwarzian derivative (this follows
from the inequalities (Pp)s,, together with the monotonicity of its deriva-
tive). We skip the proof and refer the reader to [13], Chap.IV, for standard
techniques.

LEMMmA 33. Let B € B,, 8 C Dy, t > 2 and n C Dti such that
H*Y(n) = B. Then

|| 1]
—— < 10p,, , - < qn(0).
distln, a= ) = PO it aEy) <)

From the statement of Theorem 5 we know that for every 8 € B,, there is
a concentric ;,1|3|-neighborhood of 3 where B : 3 — =, can be extended
diffeomorphically as the same power of the original return map ® : v_; —
-1, where 0, = en(""naQn—l)-

This fact is simple to prove by induction, so let us show it for n + 1.
Following the notation of Subsection 1.13, for each B e B,+1 the corre-
sponding diffeomorphism B:3— Yn+1 is given either by P;jo---o P or by
BHOPj,l o---0 Py, where P; : m; — vy,,1=1,...,7, m; a preimage of some
Bi € B, under iterates of H (hence P; = B;o H' where B; : 3; — ~y,) and
By is an iterate of H landing on Vr+1-

In the first case, B is extendible to B : (Pjo---0 P1)~ (7,) — 7n. As
B=(Pjo---0P) " (yus1) and |yni1] - [Yn| " < rny1 then the domain has
been at least enlarged by C'~'r, 1, where C is a universal constant, by the
distortion properties coming from the negative Schwarzian derivative ([13],
Chap.IV).

In the other case the extendibility is determined by a (universal) constant
factor of the codomain extendibility of By, by two reasons: first, Pj_q0
---0 P1(/3) must be an element of BY "1, the set of preimages of 41 under
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iterates of H, each one placed inside a gap of the Cantor set Ay, so that By
extends (in the codomain) at most to the boundary of 7n by one side and
at most to the critical point by the other; second, P. -0 P extends in
such a way that its codomain is the whole ~,,, hence contalnlng the possible
extension of the domain of B 1. Now the codomain extendibility of B o is
at least |p* — p~| - |yma1|™t, which is approximately greater than ¢, 1 2,
by Lemma 33. Once more the negative Schwarzian derivative implies our
claim.

We can define for each 8 € B,, a neighborhood U(3) to which B : § — ~,
is extendible with small distortion. Here “small distortion” means that
there is some small § > 0 such that B, (z1)/B,(xz2) < 146 for any z1,z2 €
3. This neighborhood is still much greater than 3, by a factor C~16, 1, for
a universal constant C' > 0.

If 51,02 € B, then we say (following [6]) that (1 is subordinated to
Bo if 81 C U(B2), and that (1 and [ are independent if neither 5y is
subordinated to By nor (s is subordinated to ;.

Observe that the 6, !|3|-neighborhood of a preimage 3 € B, is always
contained in the connected component of ¥, 1 \ v, to which 8 belongs (this
can be seen in the arguments above). Therefore to each 5 € B,,, t > 2 and
n C D such that H*='(n) = 8 we also assure a 6! || neighborhood of ex-
tendibility contained in D and a neighborhood (7)) where this extension
has small distortion. This allows us to define the notion of subordination
anf independence for a pair 71,79 inside the same fundamental domain
D;i~.

The following Lemma is valid as well for n;, 7, as above.

LEMMA 34. If B1 € B, is subordinated to B2 € B, then

|ﬂl| < q
dZSt(Bl? /82) ~

Proof.  As U(B2) is mapped with small distortion on a neighborhood
of v, and the image of 3, is also a preimage of v, say (3, which satisfies
|83| < gndist(Bs,vn), the Lemma follows. ||

3.2. Iterates near the saddle—node bifurcation

For some estimates in the parameter region “beneath renormalization”
(a € J~ or o(a) = —) we will proceed in a slightly different way according
to the value of k. First we take ko such that if & < ko and a € J,~
then |H(a,0)| > 2, maximal with this property. The value of & is big
if |y,| is big, so that it can be controlled directly by r (see Lemma 32).
Then we define the following partition of J=: J, = J;, Jp = Uz(’ZQ i s
J. = k kot 1 Jp, Ja= Uk>k1 Ji. , where k; will be defined below.
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Let a, = sup, J, , corresponding to the lower boundary point of the
renormalization interval R(.J), which is the parameter where the saddle-
node bifurcation occurs. We can assume that as, = f% by a linear parame-
ter change of coordinates very near the identity, in view of the §p—proximity
of H to the true quadratic family. Analogously we can suppose that xg,
the saddle-node point for ay, is equal to —%. The higher order differential
estimates of H are invariant under these changes, although not the absolute
values of H,, and H,. But the factor of the linear change of coordinates is
near 1, for example between 1 — 105y and 1 4 10dp, so that for all practical
purposes the new values of H,, and H, are still very near respectively to
—2 and 1 and do not affect the estimates.

According to [18] (see also [2]) there are points x; < zg < z, and a
parameter value @ < as such that for all a € [a,as] and = € [z, x,] the
map H is the time—one map of the flow determined by a vector field X. In
fact, x;, z,» and @ can be chosen fixed with respect to any family H suffi-
ciently near the quadratic family. Hence the constant dy, which determines
this proximity, is chosen accordingly to the choice of x;, x,- and a for the
quadratic family. Moreover, if §q is sufficiently small, all the bounds on the
derivatives of X can be supposed to be uniform over all such H. We can
write

H(a,z) = = — A(as —a) — Bz — $0)2
+ D(as — a)(z — x0) + Eas — a)? + ¢(a, )

where A, B > 0 and

v(a, x)

(@) — (an )P

as (a,z) tends to (as,xo). Analogously,

X(a,z) = —~/I(as —a)— Bz — ;150)2 i
+ D(as —a)(xz — x0) + E(as — a)* + ¢(a, )

where /I, B >0 and

V(a,z)

(@) — (a0

as (a,z) tends to (as,xp).
We choose z; and z, sufficiently near zy and a sufficiently near as so
that the following two Lemmas are satisfied.

LemMmA 35. |X(a,z)| > %fl(as —a) for all x € [z, 2,] and @ < a < as.
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Proof. Straightforward, using the expressions above. |

LEMMA 36. There is C > 0 such that |H(a,z) — z| < C|X(a,y)| for all
v € [Hz,x], x € [H 'z, 2] and a < a < as.

Proof. 1f x;, x, and a are conveniently chosen, then
|H(a,z)| < 24(as — a) + 2B(x — x0)?
and

| X (a,z)| > B(:v —20)?

N~

Alas —a) +

N =

implying
|H(a,z) —z| < C|X(a,z)).

Let M, = min{| X (a,y)|;v € [Hz,z]}. There are only three possibilities for
the point where M, is attained: 1. M, = |X(a,z)|, 2. M, = |X(a, Hx)|,
and 3. M, = |X(a,yo)| for some yg € (Hz,x). If 1. is valid then the
Lemma is proven with C' = C. In case 2., we observe that X (a, Hz) =
DH(x) - X(a,x), hence | X (a,z)| < 2|X(a, Hz)| if v; = xy = z, and @ =~ as,
proving the Lemma with C' = 2C. Finally in case 3. we observe that

‘X(aay0)| < |X(a,x)| < |X(a7H_1yO)|

since Do X < 0. By the previous argument
1 _1 1
|X(a,y0)|>§|X(a,H yo)\>§|X(a,x)|

and the Lemma is also proven with C' = 2C. |

From now on we fix x;, x,, and a and define a new parameter value a;
between a and as. The parameter a; will be sufficiently near as to validate
the following assertions and will define the number k7 of the beginning of
this section in the following way:

ki =min{k ; J  C [a1, a4}

Define

T 1
F =
@= [ Sm
so that

Ty = \I]I‘(a) (a7 ),
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where U is the flow of X. We will also use the notation ¥ (¢, a,z) = U(a, )
for this flow.

For as > a > a; the function I" is C* and strictly increasing (see [2]).
Therefore for each [ bigger than some [y there is a unique a] satisfying
I'(a;) = 1. If we write I'(a) = | + oy(a) then oy : [a],a;, ] — [0,1] is
an increasing C'* diffeomorphism onto [0, 1]. So we can define the inverse
maps

—1
ar = (otliraz, )+ 10,1] — [af, aia )
The proof of the following Lemma is contained in [2].
LEMMA 37.

1limy_ o l(as — a7)1/2 = M, so that for large l

1 M? M
3z S (as —a) SQZT;
2.for a € [a},a},,] and large |
(1))C~11? < DiT(a) < CI%;
(i1)C~115 < DoT'(a) < CI5.

Let = € |1, x,] and let j be the integer such that H'*'x; < Hix < H'z,.
We are interested in the derivatives of H”. For that, define first the function

r 1
T(G,Z,.T) = / mdu

which satisfies x = ¥(7(a, 2, ), a, z) and for each 0 <4 <[ the function
ti(a,z) = 7(a, H (a, x,), r).

The number ¢;(a, x) is positive and smaller than one if Hitly, <z < Hz,.
In this case ¢ + j = [ and

HI(a,z) = U(—0y(a) + ti(a, x),a,z;). (1)
This expression will be used for derivatives of H7 involving the parameter,
but only when i is such that H,(a, Hz,) < 1. The other cases can be

recovered if we write

Hi(a,z) = V(r(a, H % (a, 1), x), a,2;) (2)
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and work with estimates on H~! instead of H.
For the first parameter derivative of ¢;(a, z) we apply the chain rule

d
%ti(az J)) =

e 1 9x 1 d o,
- — P wdu- ——— L Hi(a,2).
/w X(a,u)? da (a, u)du X(a, Hiz,) da (@,2r)- (3)

LEMMA 38. Let i be such that Hy(a, H*z,) < 1 for all s < i. Then
|- L H'(a,z,)| <2l and ‘%Hi(a,mr) < CIP.

Proof. As, for each 1 < s <14

d _ o1 d o
%Hs(avxr) :Ha(aaHs 1)+Hx(a7H 1)%}[ 1(a,x,)

then, using the hypothesis and H, ~ 1,

d
)

d
<2+ ‘daHSI(a,xT) .

The result follows by induction. For the other derivative the reasoning is
analogous. |

LEMMA 39. There is C > 0 such that for all i such that Hy(a,z) < 1,
x € [H* w,, H'x,] and a > ay then

iti(a,x) < CP.

‘da

If i = 0 the derivative is simply bounded by C'.

Proof. The minimum of | X (a,x)| in [H" 2, H'z,] is attained for some
up. By Lemma 36, |[H'z, — H"™'z,.| < C|X(a,up)|. So the first term of
the R.H.S. of Equation (2) is bounded by CI?, according to Lemma 35
and Lemma 37.1.. Also by these Lemmas and Lemma 38, the second term
is bounded by CI3. For i = 0 observe only that |X(a,z)| > C~! for all
x € [Her, 2], a>ay. |

LEMMA 40. There is C > 0 such that for all i such that Hy(a,z) < 1,
x € [H* w,, H'x,] and a > ay then

< CP.

2
‘ d Z-((L,(E)

a2
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Proof. Write

d? d i i
Wti(a,x) = {A(a,m,H (a,2)) — —————H'(a,x,)

where

Ala,z,y) = /y[X(a,u)]_Q%—)a((a,u)du.

and proceed as in Lemma 39. |
LEMMA 41. There is C' > 0 such that for a > aq

1.C7Y <|HI| < CI? for all x € [z, 2,);
2.071 <|HI| < C for all z € [Hzy, x,);
3|HI| < CPB for all x € [z, z,);

4.|HI| > C7113 for all z € [Hx,, x,];
5.|Hi,| < CI° for all x € [my, x,);
6.|HI,| < C|HI|? for all x € [z, x,);
7.HI,.| < C|HI|? for all x € 21, 2,);
8.|Hi,| < C|HI|IB for all x € [z, 2,);
9.|HI,.| < C|HI?B for all x € [2;,7,].

Proof. The proof is carried on with the help of the formula in the
Appendix. We use Equation (1), assuming that = € [H'"'x,., Hiz,], for
i such that H, o H'z, < 1. Otherwise a similar procedure can be done
using Equation (2) for H’/ and adapting Lemmas 39 and 40 for H ! and
x; instead of H and z,.

1. |HI| < Cmin{|X(a,2)|" ;2 € [z, 7,]}, according to (A.1) (see Ap-
pendix). So |HZ| < CI? using Lemmas 35 and 37.1. As |X| > C~!in
[Hx;, H 'z)] and | X| < C in |2, 2,] the other inequality follows easily;

2. |X|>C in [Hx,, z,);

3. the first term of (A.4) is bounded by CI?, by Lemmas 37.2(i) and
39. The function ¥ is evaluated in a bounded domain, since | — o; +
t;| < 2 and X € [ag,as], so %—‘i’ is bounded by some constant C (if one
wants to be more precise, it is enough to observe that 8 = %—i’ satisfies the
differential equation 0" = by, ;(t)+dq o (¢)0, where b, 5 (t) = X,(a, U(t,a, z))
and d, ,(t) = Xy (a, ¥ (¢, a,2)));

4. by Lemma 39, if = 0 then |2%| < C, and |&;] > C7'1% by Lemma
37.2(1). As [X o H7| > C~' and |9%| < C the result follows;
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5. by Lemmas 37.2(ii) and 40, the dominant term of (A.6) is

HI - X,o0H- {—dl—&-atl} ,
Oa
which is smaller than C1° by item (3), Lemma 37.2(i) and Lemma 39;
6. using (A.2), with |X o H/| > C~1;
7. using (A.3);
8. [Hi,| < C|IX|7! + CIX|71 - [H]| + |X|7 < C|X|71(1° + |X]71) by
(A.5); but | X|~t < CI2, s0 |HI,| < C|X |73 < C|HI|B,
9. [Hiyo| < CIX|72 + C1X|72 - |Hj| < CIHI"E, by (A5).
1

LEMMA 42. Let x € [-2,H(0)]U [-H(0),2] and Fs be the least power
of H such that Fg(z) < —2. Then

Fg Fs
P . o ,LTT Cl:
| S,;p| 9 (FS,QC)Q Y (FS,TI:)B — 1y
Fs 20 Fs za Fsoaa
. . , , wza | o
‘ S,a| N | S,z| ) st ) st ’ (FS,QS)Q — 2,
|FS,aa| < CS ’

where (Cy,Cy,C3) = (C,CI3,CI%) if a € Jy and (C1,C,C3) = (C,C, C)
if a € J.. Moreover if x € [H*(0), H(0)] then |Fs,| > C713 if a € Jg,
|Fso| > C7 Y ifae J. and |Fsal, |Fszz| < C in both cases.

Proof. When a € J; it suffices to divide the orbit of = into three parts:
to the right of .., inside [z;,z,] and to the left of x;. The first and third
parts have all the derivatives bounded by constants, the second is dealt
with Lemma 41 and the composition of the three gives the result. For
a € J. we bound all the derivatives by some constant which may depend
on the choice of a;. |

Remark. The constant C' > 0 that appear in the lemmas of this subsection
depends mostly on the estimates for Fg when a € J. U Jy and is directly
affected by the choice of a; (as well as x; and x,.). However this constant
can be ‘killed’ by the small constants 7, p, q, o and d; (and even |H}| for
s > ko) since by their dependence on € (or M) they can be made small
after the choice of a1, x; and z,.

3.3. Horseshoe estimates
Consider now the parameter region “beyond renormalization”, i.e. o = +
(or else a € JT), recalling the definitions given in Subsection 1.13. There
we have defined a partition of the interval [z~,zT]: (a) the central interval
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[p~,pT], which is the preimage of {z > z™}; (b) the point ¢* € (p*,z™),
fixed point of H, and its preimage ¢~ € (z7,p~); (c) a partition {w;” =
la", a1 ]}iz1 (vesp. {w; = [g;_1,4; [}iz1) of [¢F,27] (resp. [27,¢7]) such
that H'(w*) = [¢7,¢"]; and (d) a partition {«; = [¢;, G ,]}i>1 (vesp.
{a; =131, 1}iz2) of [p", ¢™] (resp. [q7,p7]) such that H'(a;") = w;" ;.
Observe that ¢ = ¢+ and G, = ¢.

The following two Lemmas are easily proven by straightforward calcula-
tions.

LEMMA 43. Let x # y be such that H(a,z) = H(a,y). Then |z|/|y| <
1 —20q, if 6 is small.

LEMMA 44. |zT| > 2(1 — 8g) if do is small.

Define d = d, = H(a,0) —x} and for x € [x7,z7|\ [p~,p"] let | =
I(z) > 1 be such that H'xz € [p—,pT]. With these hypothesis we state the
following Lemmas.

Lenvia 45, Ifd > L then |H| > (3) for all1 < j <.
Proof. For all z & [p~,p*], |Hy| 2 2d"2 > 4. |

LEMMA 46. Ifd < 1/2 there is C > 0 such that the following assertions
are valid.

1HI| > C—1d"/2(4/3)7, for all 1 < j < I;

2.HL| > (4/3);

3.5 [Hi|™Y < Cd=V/2;

43 HL o HIZH™L < Cd™Y2, for all 1 < j <1;
5.5y |HL o HIZ"L < C.

Proof. Immediate consequence of Lemma 47, that we state in the se-
quel. |

LEMMA 47. Let d < 1/2 and 0 < ng <n3 < ng < ... < ng <1 be such
that H™ € [q~,q"] and H? & [q=,q"] if j # ny, for allt =0,...,s. Then,
for all t,

1.|H, 0 H™| > 342,

2.|H3 o H™| > 277 |H, o H™|, for all 2 < j < myi1 — ny;

FIHZ T o B > (2)" T

4.|H3| > 27, for j < ng.

Proof. For 0 <t < s, the point H"™* of the orbit belongs to [¢—,p~] U
[pt, ¢*], hence to some o, for i > 2. If t < s then H™*+! is the first return
to [¢7,q"], and in this case nyy1 — ny = i. The Lemma follows from the
estimates below.
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i 2(14+4%—cdp) <zt <2(1+d+cdp) and 14+ 4 —cdy < ¢* < 1+2d+cd,
for some constant ¢ > 0;

ii. ifx <gq orz>gq then |H,| > 3;

iii. if d < 1/2 and &y is small then |H,| <5 for all z € [z, z7];

iv. as a consequence of the previous item, z+ — qj > 57% for all 4 > 0;

v. letz € af,i>2;then |H,| > |Hy(G" )| ~2¢/d+at — g 5 >2(xt—

4" 5)Y? > 10 x 57%/2. Hence, for z € o, i > 2,
i —i/2  ai-2 4\
|H.| >10 x5 X 37X 2> 3

using that |H,| > 2 for = € ¢, q7 ] U (¢, ¢/ ]-
1

LEMMA 48. Letd < 1/2, z € [z~, 2]\ [p~,p*] andl be the first integer
such that H'z € [p~,p*]. Then there is C > 0 such that

1. % <Cd™'? forall1 <j<lI;

2\ o (fzi§2 <Cd™Y? forall1 < j<I;
3. H;le'on (ﬁé)z <Cdtforalll <j<lI;
5. {}Z < Cd

6. (I}[;l) < Cd3/?

Proof. The proof is a straightforward application of the Appendix, the
properties of H, the preceding Lemmas and also items (1), (2) and (3),
which are used to prove (3), (4), (5) and (6). |

LEMMA 49. Let d > 1,z € [27,2%]\ [p~,pT] and j > 1 such that
Hix € [x=,xT]. Then

o <.

HJ —1/2.
1. H < 2d ;

HJ -
| <2d L

Hj, —1.
e < 3d™;

2
3
4 Hi, < 10d-3/2;
)

(H2)?

Hyoo —3/2.
G < 25d7°/=;
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Hiy —3/2.
. (Hi)g‘ < 25d-3/2;

Proof. 1If d > % all iterates are expanded by M = 2d'/2. We use the
Appendix, together with the following facts: jM 7 < % for all j > 1 and
d < 5lm-1l, hence |y, |7t <M~

3.4. Estimates on expanding regions

In this subsection we will be dealing with the properties of powers of
H taken far away from the origin. To be more specific, we consider as
hypothesis an initial point zq outside [z, 2] if 0 = +, or outside [—2,2]U
H=1([H?*(0), H(0)]) if o = — (see Figures 6 and 7). We denote z; = H'(x)
for 0 <t < j, where x; € Dy and j > 1. The following two lemmas relate
x¢ and x4y for subsequent use in Lemma 52.

LEMMA 50. If o = + then |14]? > |z4y1| for all 0 <t <j —1.

Proof. As xz; < 0forallt > 1, a+ |z4r1| = |74]? together with a > 0
implies the Lemma. |

LemMMA 51. If o = — then |xo|* 2 2|21| and |z¢|? 2 8|weq1] for all 1 <
t<j—1.

Proof. Forallt >0

(@il [HOI+ el ) [H(O)]

N |zf*

We consider two cases: if |H(0)| > 2 we use |x¢| = |H(0)| and if |H(0)| < 2
we use |z > 2. In both cases

and, for t > 1,
[HO) _ [H(0)] < [H(0)]
|z¢]? [z1> [l

<1
~8
proving the Lemma. |

In what follows we consider an additional hypothesis. We suppose that
z; € (3 for some 3 € B, and let n) be such that zo € n and H(n) = 3.

LEMMA 52. Following the notation above,
J
1
18| - —
2 HE™ () [Ho (wr1))?

t=1

<gq.
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Proof. First we verify that the sum is geometric, with the dominant
term given by ¢t = j. Dividing the (¢ 4+ 1)-term by the {—term we obtain,
approximately,

[He(zi1)]* _ 4lzea]?
Hy(l’t) 2|1’t|

By Lemmas 50 and 51 (in fact 51 gives the worst estimate) this quotient

is greater than % for t > 2 and greater than g for ¢ = 1, characterizing

the geometric growth with ¢t. The dominant term is given by ¢t = 5 and is
approximately equal to

1 1 < 21 .
dlzjal? ™ 9l
The Lemma follows since 3] - |z;| 7! < ¢q. |

Remark. As a Corollary of the proof of Lemma 52 we also have

2 - 1 2
8- 2 [HL (20))2 - [Hy(24-1)]* =

t=1
and, for 1 < s < j,

S

1
|Hs(n)| : Z ng—t(mt) . [Hm(xtfl)]Q

t=1

<gq,

using also Lemma 33 for this inequality. Moreover we observe that by
distortion properties we have |H*(n)| ~ |B] - |HZ=*(x)| 7 .

We call Fp = H7 and, using the Appendix together with the estimates
above and the induction hypotheses, we obtain the following Lemma.

LEMMA 53.

1|Fee] 4

216] - |2 | < 24;

9181 | crezss| < 20;

4181 | tree | < 24

51817 - | s | < 4g?;
6181 - | == | < 5¢2.
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Proof. Observe also that 8]« |vu| ™! [Fe.|' <q |

The following Lemma is about the expansion in the critical value’s orbit
when o = + and d < 1/2.

’Yn—l‘d*l >
[l =

LEMMA 54. If o =+ and d < § then [HZ*71(H(0))| >

%r‘ld_l, where d was defined in Subsection 3.3.

N[

Proof. Write k = esc to avoid a cumbersome notation. Let & € D,L_l
be such that [HF(2)| - |D,,| = |Dy|. We have

_ Dl

~1pT
1Dyl

[H ™ (H(0)] = [Hy ' (2)] | Ho (H12)| 7

We have \D,j+1| < d and |H,(H*'%)| < |H.(d])|. Moreover, |Dy| =~
1[¥n—1| and also |H,(dy)| < |ynl, so that

_ 11|yl
HY(H —gtine=t
|Hy ™ ( (0))\>2d o]

3.5. Tools to prove differential conditions

We set now all the notational convention needed to the following two
sections, in such a way that all the statements and symbols have to be
addressed to this introduction or to previous definitions (mainly Subsection
1.13).

Let 0* € B, be the preimage of the central branch which contains
He*°(0), esc = esc(a), and let B* : §* — =, be its associated func-
tion. We write H' = B*o FfoF;o0oH : 41 — 7, if 0 = —, and
H' = B*oFfoH :vyy41 — 7 if 0 =+, according to the decomposition
of orbits explained in Subsection 1.13. Here v, 1 = H~!(n*), where n* is
the connected component of H~¢°T1(3*) to the left of the origin if o = —,
to the right of the origin if o = + (and n* = * if esc = 1). The function
associated to n* is denoted by G* : n* — 7, and |G%| =~ |[n*|7L - |yal, by
usual distortion properties.

For each m € P,41 in 7, there is an associated diffeomorphism P :
T — Yp given by the composition P = Bo Fgo Fso Fy if 0 = — or
P =BoFgoFyoFy if c =+, where B :  — 7, is the function associated
to an element 3 € B, contained in Dy . ~

Moreover, for each 8y € B " 1 the associated function By : By — Ynt1
is a power of H whose corresponding orbit is done inside [x~,2T]. This
kind of preimage only occurs for o = + as it has been stressed in Subsection
1.13.
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For each (3 € B, +1 there are two ways of writing its associated function
B: B — Va1t B = PjoPj_y0---0P; or B = Fon_lo---oPl, for
some j > 1, where each P; : m; — =, is associated to m; € P41, for all
1 =1,...,j. The second decomposition is allowed only if o = +. By the
definition of m; € P,y1 there is an element §; € B,, such that m; is sent
onto G; by some power of H. To be more specific, we can formally write,
taking together cases 0 = + and ¢ = — and in the same way as described
before,

P, =DB;o0 FEz © FS,i o FO,i © FH@

where each one of the functions, except B;, can be the identity, depending
on the sign of ¢ or the position of ;. We call n; = (Fop,; o Fui)(m),
& = FH,i(']Ti) and G; = Bj o FE,i © FS,i i = Yn-

Following Subsection 3.1 we can also define a concentric C =16, *|n;|-
neighborhood U(n;) of n; such that G : 1; — 7, is extendible with §—
distortion to U(n;), so that we can use the notion of subordination for the
pair (n;,n*) (n; and n* will be automatically independent if 7; does not
belong to the same fundamental domain that n* belongs).

For 1 < i < j — 1 define the compositions A; = Po P,_y0---0 Py,
Aj = 37 and B; = Pjo---0P;or B; = Fon,lo~-~oPi, according to
the case considered, and the intervals §; = B (Yny1). In the first case,
B; C 7 = B;l('yn) C m;. Also the definition W; = Fp ;41 0 A; will be
important for our purposes.

The following Lemma collects a few small tricks which will be used in
the proof of many other Lemmas.

LEMMA 55.

Llg*| - |yl t < 1

2.10%| - |vm| 72 < p (and other assertions involving [3;’s, n;’s, etc);

gl - 3IWi TS 1 fori=0,...,5—1;

4-|Buw| = |yn| - 18I for € Bn;

5.4f Fs; # Id then |Fs(n;)| < 10q, if F& # Id then |n*| < 10q and
"Yn+1|2 < 40q.

Proof. 1. By induction, |Bj| > 1 and Fj,, F}, o F§ are expanding;
2. for 0 = — use Lemma 33, the expansion of F}; and the geometry; for
o = + analogous, taking into account that now dist(n*, dvy,—_1) is always
smaller than [ImH]|; 3. for W; does not belong to y,11; 4. by the small
distortion property of the preimages of the central branch; 5. if Fg; is
non-trivial, Fg;(n;) C ng (D7) and we apply Lemma 33 to the fact that
|F Ei (D7)| is not much bigger than one; the other two inequalities follow
similar reasonings. |
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LEMMA 56.

1.CTIB < |H.| |G|t < CB ifae Jy;
2C7Y<|H.|-|G:|7* < Cifae J.;
SIS |HL - |Gal7t < 2 ifae Jy;

4JHL - |GET =1 ifae J, .

Proof. We write, using the Appendix:

e Fi, 1 Fp, 1 B
“_ [+ S, T FE . Za
G Fse Fse Fp. TI5.tE. B

Lemma 42 says that C—! < |F§m| < Cforae JUJy, C7H3 < |F§a| < CP?
ifacJ;, C71 < |F§a| <Cifae J.and F§ =1dif a € J, U J,. Moreover
|Fp ol - |1Fp .l 7' < § by Lemma 53 and |B| - [B;|~" < & by induction,
and the Lemma follows. ||

LEMMA 57. Ifo =+ then 2 < |HJ|-|G3|7! S 1.

Proof. By an analogous development as in the proof of Lemma 56, but
now paying attention to signals. |
COROLLARY 58. Ifo =+ and d < § then |H}| > i%d—l.

Proof. Combine Lemmas 57 and 54. |

LEMMA 59. Ifo = —, let G = Bo Fgo Fg at a point x that does not
belong to H=1[H?(0), H(0)] or, if 0 = +, let G = Bo Fg at a point x that
does not belong to [x~, x|, where B : 3 — 7, is the function associated to
some 3 € By,. Then

Ga
1. W
Gm
Gv2

In"l .
<C"Yn|7

< 261|’7n|_1;

x
x

—~

)

Goza
Gg)3

< 251|’Yn|72;
|
< 051 "Yn|2 ’
Gaa In*|? .
et | < OOy

<08

[vnl

—~|

Gga
| (G2)?HY,

D v N L

Gaza
1 (G=)3H,,
Proof. With the Appendix and almost all the previous Lemmas, pro-
vided ¢ is sufficiently small with respect to é;. |

As an immediate application of Lemma 59 we can prove the differential
conditions of H' = G* o H, since G* satisfies the hypothesis of Lemma 59.
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LEMMA 60. |H.,|=~2|G%o H| in vpi1-
Proof. We write

As [Hy|? = 4|2 < [yn41]?, [Hao| ~ 2 and |G| = 7] - 77| then

<1 2_|'Yn|_‘ G;Z‘Q .
7l 1(G2)

By Lemma 59 and since |v,+1]? < 4|n*| we conclude that |H. | ~ |H,,| -
|G| and the Lemma is proven. ||

LEMMA 61. Forx € yp41

-H'
1|5 < 6g;

x
’
IH;na

2.4,

< dp;

< (50,’

H/
3.1m] - \m

< 6p.

Hiva
417l - ‘m

Proof. We use the Appendix, Lemma 59 for G* and many other lem-
mas. |

In Subsection 1.14 we used the following Lemma.
LEMMA 62. Whenever esc > 1 then |H*¢(0)| > H,(0)|.

Proof. We write H*® = FgoFso H if c = — and H®® = Fgpo H
if 0 = +. In the latter case, H;* = Fgq + Fg 4, with Fg, < 0 and
|Fg.al |Fg2|™" < %, by Lemma 53. But |Fg ;| > 4 and the Lemma follows
in this case. In the former case, HS*® = Fg o + Fg o (Fs,q + Fs,oHg). Since
in this case all x—derivatives are positive on iterates of the critical value
and H, ~ 1, this number is positive. The Lemma follows since Fg , > H,
(use the Appendix and the fact that in expanding regions the derivatives

are bigger than one). |

3.6. Mean expansion
The main goal of this subsection is to obtain some properties for the
z—derivative of the functions P; that enter in the composition of B. This
is will be the main ingredient to control distortion of mixed derivatives.
Let Y be the distance between the center of H(() and H(0), let Z =
ImH| and X = Z — Y. Define w = X/Z and 7 = X/Y. The variables X,

Y, Z, w and 7 are functions of 3.
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H(B)
T " N
Y
z |
J T
X -~
L B
CaseA:oo<% CaseB:m;%
_X
©=Zz

FIG. 9. Two cases for the position of 3.

We say that /3’ isin Case Aifw < % and in Case B otherwise (see Figure
9).
Here we determine once and for all the neighbourhood U (5) of 3 referred
to in Subsection 1.9. Writing B= Pjo---0P or B=Fo Pi_jo0---0P,
as in the beginning of the previous Subsection, we observe in particular
that, in Case A, P, = By o H, and therefore U(3) C 7. In Case B it
will be useful to note that there are basically two cases to consider: (a)

dist (8, dyn) > 2 > 1 and (b) otherwise. The latter situation also obliges
P, = By o H and U(B) C .

LEMMA 63. In Case B, if ImH' NU(B) # O then

* 1 *
|[ImH Nn*| > §|77 |

Proof. If dist(3,9v,) > 2 then the Lemma is immediate. Otherwise

U(B) C m and as G* has small distortion,

ImH Nn*|  |[ImH’'|
Il

Since ImH’ Ny # () then |ImH’ Ny,| > dist(7y, Oy, ). But dist(my, 0yy) =~
dist (8, dyn) > (1 — §)|ImH|1/2 > &|vn| and the Lemma follows. ||

LEMMA 64. In Case A, if InH' Nm # 0 then

| Z w22
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Proof. As dist(51,0vn-1) ~ w|ImH| and |H;| < |y, | then
dist (71, 0vn) = |yn| w|ImH|

Therefore

«111/2
n*|1"

[Yn]

>w1/2|n*‘1/2.

~

|’Yn+1| 2 2 dist(m,@vn)

|
LEMMA 65. In Case A, if ImH' Ny # 0 then

-1 -1

|P1,ac b w

N | =

2

Proof. InCase A, P, = BioH, hence |P; ;| = |B1.|-|Hz| 2 %ghﬂ
But |81] < pw|vn|? by Lemma 55. |

LEMMA 66. Foralli=1,...,j, if n; is subordinated to n* then |P; ;| >
(GioH)y| > qV/2p~1/2.

Proof. As P, = G, 0 H o Fy,; and Fp, is an expansion (if it is
not the identity), by Lemmas 45 and 46, then |P; ;| > |(G; o H),| >
g Y?p~1/2. We have |G; | =~ |va| - |n:| ™" and since dist(n;, n*) > ¢~ |nil,
then |H,| > 2¢~'/?|n;|'/2. Hence

(Gi0 H)o| > 2q7 2|l - Ins| 7% > 7 /2p7 /2
by Lemma 55. |
LEMMA 67. Ifn* is subordinated to n; or n* and n; are independent then
#|1/2

|Hﬂz<@oﬂm>plﬁwl'

Proof. In both cases dist(n;,n*) >> |n*|, so that |H,| >> |n*|'/2.
Hence

*|1/2

2
IYul [l

and the Lemma follows using Lemma 55. |
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LEMMA 68. Let & be the point in & = Fu(m;) at the greatest distance
from the origin. Then

(Gio H)o()] 2 max|(Gio H)a(x)]
Proof. As the distortion of G; is small any eventual big non—uniformity

of (G;0 H), is due to H. In other words, as |G, ;| is almost constant in 7;
and |Hgle,| attains its maximum at Z, the Lemma follows. ||

LEMMA 69. Let x € & and let
O =O(Hzx) = |n| =t - dist(Hz, boundary point of n; nearest n*).
Then | P o (Fii(2)| 2 [(Gi 0 H)a(x)| = p~/201/2.

Proof. We have

1 |Vn ] ~1/2
— [(Gio H)ylde = = = 2p /
il Je, |74

hence |(G; o H), ()| > 2p~'/2, where 7 is defined as in Lemma 68. Write

GfL',m (H.Z‘)
G;(HZ)

m —1/2

(G0 H),(0)] = 1(Gro 1,0 2,

| ‘ch(z)
H, ()

It is easy to see that |£| > &'/2, proving the Lemma. |
COROLLARY 70.

1IfB=Pjo---0P then |P; .| > (4p)~'/? for all x € P{l('ynﬂ);
2.if B= FoPj_jo---0P then |P;_y .| > (10p)~'/? for allx € Pjill(BH),'

3.more generally, if Fy ;41 # Id for some i =1,...,5 —1 then |P; ;| >
(10p)~Y/2 for all x € P (mit1)-

Proof. Use Lemma 69, with & ~ % in the first case and & > %0 in the
second and third cases. |

Remark. The conclusion for the P; ;’s in the Corollary 70 are exactly the
same for the corresponding (G; o H),’s.

LEMMA 71. Foralli=1,...,j

Pi,a
P o H,

codml b

Wi Y,
|’7n—1| |'7n| '
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or even smaller than C%VV[_l1 if Frr, = 1Id.
Proof. Write P; = G; o H o F; and use the Appendix with Lemmas
56, 57, 59, 48 and 49. If Fy,; # Id but d > % then also in this case the

bound can be taken as C%Wi__ll. |

LeMMA 72. In Case A

)

P H)

P4
‘ ! <C(r+p).

Proof. 1Tt is enough to apply Lemma 71 after observing that in Case A,
[Wo| =t < 2p"/2|n*|~1/2, and since |n*|*/2 - |y,|~' < p'/?, by Lemma 55. |

LEMMA 73. In Case B, if ImH' NU(B) # O then

C |’Yn+1|
7]

Pi,a
P H]

foralli=1,...,5.

Proof. By Lemma 63, |W;_1| > %|77*|1/2 for all i = 1,...,7, hence by
Lemmas 63 (implying |[y,11| > Z[n* |'/2) and 71 we obtain the inequality. |

LEMMA 74. In Case A, if ImH' Ny # 0 then

_ P;
|P1,:1:| 1" Gl <p

P, H,

a

foranyi=1,...,5.

Proof. In Case A, |P; ;| < 2pw, by Lemma 65. On the other hand, as
Wii1|™' < |yng1|™' < w™2|n*|1/2, by Lemma 64, then the expression
above is smaller than

*(1/2
2pr(7"+|77| | | w2,
Tn

which is smaller than p if » and p are sufficiently small. |

LEMMA 75. Let 1 <i < j—1. If |Piy| <2 for some 29 € P, '(m;11)
then
L|(Piy1 0 Py)g| > $p72,

=1, Pii1,q0P;
2'|Pz,1'| (Pig1z0P)H], <p,
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for all z € P (miqq).

Proof. Let x € P '(mi41) be such that | P, ,(z)| < 2 and z = Fp ().
It means, by Lemma 69, that ©(Hz) < 4p. As the distortion of G; is small,
then we have dist(m;41,07,) « [7a]|™! < @. It is not difficult to see that in
fact dist(x, dyy) - |yn| ™' ~ @ for all x € m;41. Let us estimate Py, for
x € mi+1 as a function of w, if @ < 5p. First, we note that in this case
H(mit1) = Bi+1.

Let Y be the distance between the center of ;41 and T'(0), Z=27=
ImH| and X = Z —Y. We have |H, o P;| > 2Y''/? restricted to P; ' (m;11)

and |Biy1,0 0 H o Pi = || - |Bis1| ™" > [ynlp 2 XL But &|ya| ~ V7=

VY + X implies

N 1/2 "
(Y Y
|Pit1,2| = |Biti,e - He| > 4p ! (X) 1+ b

for all 2 € m41. We claim that VX1 > (102)~1, which implies, by
Lemma 69, the first assertion of the Lemma.

2
To prove the claim, observe only that Y > [ﬁ (1-— 4@))}
To prove the second assertion, note that |P;| 2~ $|v,|, so by Lemma 71,

|

<90

‘ Pii1a0F;
T

(Piy1,20 Pi)H,

since Fg,; = Id. On the other hand, according to Lemma 66, as there is
x € m; such that |P; ;| < 2 then 7); cannot be subordinated to n*, hence by
Lemma 67

*]1/2
|P7. z| Z pil M
’ [Yn]
and the result follows, since |*[*/2 - |y,|™* < p'/? and p is small. |
Remark. The first assertion of Lemma 75 can be stated for (G; o H)
instead of P; in the following way. If |(G; o H),| < 2 for some xy such that
G, o H((E()) € Tit1 then

1
|(Gi+1 o H):z: : (G’L o H)z| Z gp_27
where G; 41 0 H is taken at G; o H(zg) (in fact, by the proof of Lemma 75
we see that G, 110 H = Piyq).
COROLLARY 76. For all 1 < i < jand 0 < iy < j—i let Ay =

itig
t=1i Py o A1
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Lif |Pigig o] > 2 then A ;, > 2%,

2.4f |Pii,e| < 2 then iy > 207 p= [V |y, |7
3.4f | Piyig,z| > ip71/2 then A, ;o > i . Qlo—1p=1/2,
4in any case A, > 20 pT #1271

Proof.  According to Lemma 75(1) if |P, ;| < 2 then |Piy14] > 2,
moreover |P; ;- Pry1.| > §p72 > 22, Hence (1) is immediate. If [Py 2| <
2 then by Lemmas 66 and 67 we must have |P;;, .| > p~tn*|/2|y.| 7. As
|Pitio—1.2| > 2 then by item (1) we must have A; ;1 > 2~ and item (2)
follows. If | Py, .| > 2p~ /2 then in particular [Py, | > 2. There are two
possibilities: if |Pijiy—1,4| > 2 then A;;,—1 > 2t0~1 and item (3) follows,
otherwise |Pjy;,—1.| < 2 implies |Pijiy—2.| > 2 and A; ;o > 2072
moreover, |Piyio—1,5 * Pitig.x| > %p‘Q > p~1/2 and item (3) follows as well.
Finally, similar reasonings and the fact that the estimate of Lemma 67 is
always worse than the estimate of Lemma 66 imply item (4). |

Remark. The Lemma is also valid if we define
i+1ig
A’i,ig = H (Gt [} H)@-(Wt_l)

t=1

and consider |(Gitq, © H),| instead of | P4, 5|, according to the Remark
following Lemma 75.

COROLLARY 77. |Bg| > 4.

Proof.  Just apply Corollary 70 and 76(3), for the two types of decom-
position of B, as well as the results of Subsection 3.3. |

3.7. Derivatives of the P;’s

To prove the Lemmas below it is enough to carefully apply the Appendix
to P; = G0 H o F;, with the help of the Lemmas proven in the preceding
subsections. The inequalities involving F are always consequences of Lem-
mas 48 (for d < 1) and 49 (for d > 1) together with |v,41|- 1d=1/2 < ¢'/2.

LEMMA 78. Foralli=1,...,)

1, TT

|’7n+1| . '(Pz,r)2

<a b o Dl oy o my,
V1] [7nl

but the first term of the R.H.S can be omitted if Fy; = Id. Moreover,

F£$

(F)?

[nt1l < Cq1/2.

|ryn+1‘ ' d1/2
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LEMMA 79. Foralli=1,...,j

P; 1)
2 1, LT 1 -1 —92
el | (5| < GO+ (C o H)ol™ 4 1(Go H)ol ).
Moreover,
2 TXTT
n Cl=—= < Cq.
Int] (F,)? q
LEMMA 80. Foralli=1,...,j
Pi,a:a

<Og,; + O,

where

za In* _
ah= (61 + 50)()'7 ||2 (14 [(GioH).|™)

and, if Fr; # 1d,

|’Yn‘ ‘77*| "Vn+1| -1
wo=C SRCENG +1(Gio H), ™Y,
i = O Tt RO TG0 )l

otherwise ©%F', = 0. Moreover,
:

[Yn1] - 1/2

LEMMA 81. Foralli=1,...,)

i,TT0

IYntal® - ‘W <O + O,
3y a

where

we = (5, +6o>c:7 | ('”;“ n |(GioH>z|1)

nl* \ |ml
and
e =1+ |(Gio H)o| ™t +[(Gio H)u| ™
if Fui # 1d, otherwise ©F¢ = 0. Moreover,

x

F ra
Yn1]? - m < Cq.
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LEMMA 82.
Ynsal - ’(PP(H)Q < OF; + 0%, ,
where
aa |77*|2 —1 —1
Gz_((sl—‘r&o)c‘ry |3(1+|(GlOH)w| +|Wi71| )
n
and
aa ‘77*|2 -1
H’i:(C(SI)h/ |3 +C|(GZOH)I‘ .
n
Moreover,
F(l(l 1/2
V41l - (FI)Q(H/) <Cq'*.

3.8. Proof of the differentiable conditions

Now we are ready to prove the induction for the quotients involving
the derivatives of B. The estimates are valid for every z € ( and we
always assume that a is such that TmH’ NU(3) # 0 (even if sometimes this
condition is not used).

From now on we define
itio -1

[[(Giom)

t=1

-1
i,i+i0

LEMMA 83. Foralli=1,...,7,

< 61.

Ai,a
A; H)

a

Proof. Based on the Appendix we write, if B = Pjo---0P,

Ai a Pig : 1 Pia
5 — > A _ 1 5 .
AL H, P H, ;( o) B

This expression holds for ¢ < j or for i = j if B = Pio---oP. Ifi=3j
and B = Fo P;_jo---0P; we change the term in ¢ = j by
£y

1
(Aj—lw) FzH(/L’
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which is smaller than Cp'/2, using Corollaries 70 and 76 for Aj_1 . and for

the rest Lemma 48 and Corollary 58, if d < 1/2, or else Lemmas 49 and
57 if d > 1/2. Returning to the first expression, we suppose first that we
are in Case B. Using Lemma 73 and Corollary 76(4) we obtain the bound
C(r+p).

In Case A, C(r + p) bounds the first term, by Lemma 72. Next, we use
conveniently Lemmas 74 and 75(2), in the following way. For ¢ > 2, if
|Pi—1 2| > 2 then by Corollary 76(1) |P;—1,4 - Pa |7 <2712 so that by
Lemma 74

Py
A ) P20 | <272y,
( t—1, ) Pt,zH[l — p
Otherwise, by Lemma 75(1) we have |P;_s .| > 2, and 50 |Py_g 4 -+ Py 4| 7!
is smaller or equal than 2772 by Corollary 76(1). Now we can use Lemma
75(2) to obtain exactly the same expression as above. The Lemma follows
if p and r are sufficiently small with respect to d;. |

LEMMA 84. Foralli=1,...,5—1 or fori=j and B=Pjo---0 Py,

Ai,mr
IVnt1l - (Ais)?

[
—1 —1
<2 AL +A
t=1

Proof. By the Appendix

i
Ai,rm o At,z Pt,:vm

(Ai,a:)2 B =1 Ai,a: (Pt,x)2

and the Lemma immediately follows using Lemma 78. We use also that

Fww |’7n+1|
el ‘(F 2|~ Car < Cq'l2.
x
|
COROLLARY 85.
B
n . wa (5
|7 +1| (By)? 1

Proof. We take i = j in the previous Lemma, if B = Pjo---0P,
and use Corollaries 70 and 76. If B = F o P;_j o--- o P; the procedure is
analogous. |
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LEMMA 86.
Bao
(Bz)?’

Yn1l? o1

Proof. Suppose B = Pjo-.-0P;, without loss of generality. Using the
Appendix we write

1
mm? Z\%HF e T

) (Bi+1,x)2
z l,xx 1
+3Z|%+1\ |’Yn+1|(A R
1— L,z 1+1,xDP4,x

The first sum is bounded by

‘ =

J
4 Z z+13 1)2 ’

which is smaller than 64;p, following the remark just after Corollary 76.
By Lemmas 79 and 84 the second sum is bounded by

Jjoi—1

122 Z(A + Az+1 j)(At_Jrl N + AH»l g)

=2 t=1

which is smaller than, for example, 3000p, using Corollary 76 and the
Remark following it. The Lemma follows if p is small. |

LEMMA 87. Foralli=1,...,5—1 or fori=j and B= Pjo---0 Py,

0

1 : -1 A —1
<% (1 + ;Am) + CiA]

‘ | . Ai,xa
T (A2 H,

Proof. By the Appendix

Aiwa ! P:E Pa:a A ,a P:r:v 1
ooy e S5 S S
—1 Ai,x Az‘ 1,z Pt ac) Pi,x e Pt+1,a:

where P, ;- - Piy1, = 1 if t = 4. Let us first analyse the second term of
the sum, multiplied by |v,11|-|H,|~*. By Lemmas 83 and 78 it is bounded
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3y S
% (1 +> A
t=2
For the first term of the sum we use Lemma 80 and Corollary 76 (and its
Remark) a few times to get, if p is small,

1 A1 —
Ay AT1O6 <277p

and
AL AT 1 Omy <pALL + CATS

t+1,i 1,i »

and the Lemma follows. |

COROLLARY 88.

Proof. If B = Pjo---0 P it is enough to apply Lemma 87 with i = j
and use Corollary 76. If B = F o Pj_jo---0 P, it is a combination of
Lemma 87 with ¢ = j — 1, Corollaries 70(2) and 76 and Lemma 80. |

LEMMA 89.
BIIU.
|’Yn+1| (BI)SH/ < 51
Proof. We write
2 Bzza
|'7n+1‘ (3)73}11 :Sl+SQ+S3+S4+S5

where

S i | ‘2 f)i,wa:a 1
1= Yn+1 C o= s
] (Piw)®Hly  (Biy1,2)?Ai 14

J
Pi TTT Ai—l a 1
So =) |nml? 55 = :
; (Pi,z)s Ai*l,xH{l (Bi+1,z)2
J
Pi T Ai—l xa 1
Sz =2 1l 755« [t ; = =,
; (Pi,z)2 (Aifl,z)2Hzlz Bit1,4Bix
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A; l,zx 1
Sy = Yn+1 Fiza Vg1 | -
Z| mt | i,x 2H/ | r |( ’L l,w)Q (Bi+1,w)2Ai,a: ’

Az 1,zx . Ai—l,a . 1
71,1)2 Aifl,th/z Bi+1,xBi,x

Z "Vn-‘rl' Pz |'Yn+1‘ (

Special attention must be paid to S; and S4, since in these cases one
needs to distinguish between F; = Id and Fy; # 1d. If Fy,; # 1d,

J
1S1] < Z(A;Ll g) Al_z 1 AT 1Az_+1g + A1;A h

i=1

By Corollaries 70(3) and 76(3), Aiz{l < p'/2. The remaining A’s are well
controlled by Corollaries 70(1) and 76(3) and after all |S;| can be bound
by a multiple of p. If Fy; = Id then the ‘problematic’ term

* J

-1
E, z+1,_7 A1,1'—1

(61 + (50

is also bounded by a multiple of p (for p small, of course, to kill constants),
since by Corollary 76(4) Al_;_l < plml - In*|7Y2. For S, we proceed
similarly. The sums S5, S3 and Sy are easier, and also the case where
B:FOijlo--'Opl. I

LEMMA 90.
B
n . _ aa < 6
el | e <

Proof. By the Appendix

B

_ad =51+ 5+ 53,

(By)?

where
J
P, 1
S1 = |"/n+1| o T = ,
Zz:l (Piw)?(HL)?  Bivia(Ai12)?

1 ,ra Ai—17a 1
Sy = QZ |’Yn+1| im)zHl ’ A g H ’ B'Jrl A )
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J 2
-Pi TT Ai—l a 1
Sy = S Py | D ( : ) R
’ ; Froval (Pio)? \Aim12H] Bit1,z
The sums S5 and S3 and part of S; are treated in the same way as in the

preceding Lemmas, with an eventual distinction between Fg,; = Id and
Fp; # 1d. The only new problem comes from S;, where we have to bound

J * |2
> C(61 + ) |Z ||3 (Wi | TP AL, (AT )2
i=1 n

In Case B, [W;_1|~! < 5|n*|~'/2, hence using Corollary 76(4)

|77*‘2|Wv “LATL )2 552
’YTP’ i1 ( 1,%1) <op™T.

In Case A we use Af% < 2pw (by Lemma 65) and 7,1 > w'/?|n*|}/?
(by Lemma 64), hence |W;_1|~! < 2w=/2|n*|~*/2. Then, as AJ}A =
ALidgi s
[n*|?
[Yn[?

(Wit HAT,)? < 8p”2u??

As w < 1, Zle A;_ll,j < Cp'/? (by Corollaries 70(2) and 76(3)) ~aund
p is small with respect to d1, the Lemma follows. The case where B =

FoPj_jo0---0P is analogous. |
APPENDIX: GLOSSARY OF FORMULA

A.1. ITERATES NEAR THE SADDLE-NODE

The formula below are used in the context of Subsection 3.2. We use the
following notational conventions: HJ means the x—partial derivative of the
function H7 defined by induction by H’(a,x) = H(a, H'~*(a,z)). We con-
sider z € [H'™Y(a, z,), H'(a, z,.)], for i such that H,(a, H (a,z,)) < 1 (the
remaining cases are similar). In this case, we write H’(a,x) = ¥(—0y(a) +
ti(a,z),a,x;), where ¥ is the flow of the field X and the functions o; and
t; are explained in the referred Subsection. This expression is used for
HJ and HJ,. When there is no argument it means that the derivative is
taken in (a,z). For the field X, X itself means X (a,z) and X o H? means
X(a, H(a,z)). Finally, ¥ is evaluated always at (—o;(a) + t;(a, x),a,z;)
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(as well as its partial derivatives).

H; = Al
H < (A1)
; X oHI ,
Hiy = —5— (Xeo HY = X,) (A.2)
Hipp = 5 [(Xa 0 H9)? 4 2(X0)? = 3X, Xy o HIt () g
+ XoH) - Xyp0H — X - X,.]
j ; ot; ov
Hj=XoH -|—6,+ | +— Ad
a o |: o+ 8a] + 9a ( )
1 ; ; N XoHI
Hi, = (Xao B+ H] - Xpo HY) = ==X, (A5)
; XoHI _
i, = 4%)@ (X, 0 H — X,) +
1 — _ ‘
+ ﬁ{[XaOHJ+Hg~XonJ] X, o HY — X,]) +
1 ‘ o ‘
—+ F{XOH]'[XIGOHJ+H({'X:C$OH37XIG]} (AG)
; 0*v 7 ‘
Hio = 53+ |:—Jl+ 3a2} "X oH’ +
) ot; . . .
+ 2| =it 5| - [Xoo H + Hi - X, 0 H'J (A7)
a

A.2. COMPOSITIONS OF DIFFEOMORPHISMS.
Let Gi,=F;o0...0F;,G=G, forr>1and Q; = F.o0...0F;.
Ga 4 Fi,a

Za A.
Gw i—1 Gi,w ( 8)

sz " Fz xT
= : A.
Gz)? ZQinFm? (4.9)
1/:1 k] 9
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Ga:a : z Ta z Tx Gi—l a
: : A.10
(GZL’)2 Fz xGr T * Z Qz+1 ( ) Gi*l,z ( )

z Ta z ,a z Tx Gi—l a 2
+2 L ( ’ ) A1l
Z F Grr 1l,x Z Q1+1 ) Gifl,az ( )

Z

Gzzm : Fz :mmch T
(GI)S Z (QH—I m) ( zw)4

+

- Fi T 1 Gi—l.xaﬁ
+3 : . : A2
; Qi1.2(Fiz)? Qi (Gic1z)? (412

mxa z rza
+
Z Gr a:QH—l w( 7 1)2
IS

1 Gz’—l a Fi Ta 1 Gi—l Tx
+ Tamc i, . L , . AT
Z Qerl T ( 7 z)4 Gifl,:v Zz:; Fi,rGr,z Qi,z (Gifl,z)Q

z Tx 2 Gi—l za Gi—l a 1 Gi—l T
+2 - = ’
Z Q1+1 ( )2 |:Qz,m (Gi—l,r)2 Gi—l,z Qi,m (Gi—l,z)z

(A.13)
A.3. CRITICAL COMPOSITIONS.
Let H = G* o H. Then
=G +G:H, (A.14)
H =G, (H,)*+G:H,, (A.15)
H! =G Hypw+ G (H,)? +3H,H, .G, (A.16)

H., = HpoG' + H,G + HoH G, (A.17)
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H(lla = G:Haa + GZQ + G;aHll + GZI(HG)Q (A18)

H;ra = G;HIIG + G;ra(H$)2 + G:tzzHa(HiE)Q +
+ 2G%, HyoH, + G Hyy + G HyH,, (A.19)
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