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For cubic differential system with three invariant straight lines such that
not one pair of the lines is parallel and no more than two lines pass through
the same point (in generic position) is proved that a singular point with pure
imaginary eigenvalues (a weak focus) is a centre if and only if the first seven
Liapunov quantities Vj, j = 1,7 vanish.
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1. INTRODUCTION

Consider the real autonomous system of differential equations with poly-
nomial right—hand sides of degree three

&= Px,y), §=Q(,y), (1)

ie. P=PR+Pi+P+P; Q=Q+Q1+ Q2+ s, where Pj, @, j =
0,3 are homogeneous polynomials of degree j with real coefficients and
variables. We shall assume that (1) has a singular point (xg,yo) with pure
imaginary eigenvalues (a weak focus). This point is a centre or a focus.
The problem arises of distinguishing between a centre and a focus, i.e. of
finding the coefficient conditions under which (xg, o) is, for example, a
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46 A. SUBA AND D. COZMA

centre for (1). These conditions are called the conditions for the existence
of a centre or the centre conditions and the problem — the problem of the
centre.

By an affine change of coordinates and a time rescaling we bring (1) to
a cubic system with Py = Q9 = 0 and P, = y, Q1 = —z. In this case,
o = Yo = 0 and there exists a function F(z,y) defined in a neighborhood
of the origin such that its rate of change along orbits of system (1) is of
the form

% _ Z‘/j(x2 + y2)j+1,

j=1
where V; are polynomials in the coefficients of (1), called the Liapunov
quantities.

It is known that (0,0) is a centre for (1) if and only if V; =0, j =1, oo,
that is when (1) has a first integral of the form F(x,y) = const [11]. Also,
it is known that (0, 0) is a centre if and only if (1) has in some neighborhood
of the origin an independent of ¢ holomorphic integrating factor u(x,y) [1].
The order of the weak focus (0,0) is r if V3 = Vo = ... =V,_; = 0 but
Ve #0.

The problem of the centre was completely solved for quadratic system
(P; = 0, Q3 = 0) by Dulac [8] (in this case the order of a weak focus
is at most three) and for cubic symmetric system (P, = 0, Q2 = 0) by
K.S.Sibirski [14] (in this case the order of a weak focus is at most five).
If the cubic system (1) contains both quadratic and cubic nonlinearities
the problem of the centre is solved only in some particular cases (see, for
example, [2], [3], [5], [6], [15], [12], [13]).

An algebraic curve f(z,y) = 0 is said to be an invariant curve of (1) if
there exists a polynomial K (z,y) such that

(@.9)+ 2 Q) = f(e.y) - K(z.p).

of
I p 3y

ox

The polynomial K(z,y) is called the cofactor of the invariant algebraic
curve f(z,y) =0.

The quadratic systems and cubic symmetric systems with a singular
point of a centre type are Darboux integrable, i.e. these systems have a
first integral (an integrating factor) composed of invariant algebraic curves.
Hence, the interest arises to study the problem of the centre for polyno-
mial differential systems with invariant algebraic curves. The problem of
integrability for polynomial systems with invariant algebraic curves, in par-
ticular, with invariant straight lines was considered in the works [1], [4],
[10] and other.
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To investigation of the problem of the centre for cubic differential systems
(1) with invariant straight lines (real or complex) are dedicated the works
[5], [6], [7], [15], [16], [18]. In these papers, the problem of the centre was
completely solved for cubic systems with at least four invariant straight
lines and for some cubic systems with three invariant straight lines. The
principal results of these works are gathered in the following two theorems:

THEOREM 1. Let the cubic system (1) with a weak focus at (xo,yo) have
at least four invariant straight lines. Then

a) the order of (xo,yo) is at most one (i.e. (xo,yo) is a centre if and
only if Vi =0), if (zo,y0) does not belong to the invariant straight lines,
and

b) the order of (xo,y0) is at most two (i.e. (xo,yo) is a centre if and
only if Vi =Va=0), if (zg,y0) belongs to the invariant straight lines.

THEOREM 2. Let the cubic system (1) with a weak focus at (xo,yo) have
three invariant straight lines. Then the order of a weak focus (xg,yo) is at
most seven, if (xo,yo) belongs to the union of these invariant straight lines.

By Theorems 1 and 2 to solve completely the problem of the centre
for cubic differential systems with at least three invariant straight lines, it
remains to investigate the case of a cubic system (1) with three invariant
straight lines in generic position assuming that a singular point with pure
imaginary eigenvalues does not belong to these invariant straight lines.
This case is considered in the present paper.

2. THE FORM OF A DIFFERENTIAL SYSTEM WITH
INVARIANT CURVES

A curve T defined by equation w(x,y) = 0 is called an invariant curve
for differential system (1), if

(we - Playy) +wy - Qay) | =0,

where w, = 0w/0x, wy = dw/Jy.

For differential systems with invariant curves the following problems
arise: a) (direct problem) for a given differential system determine its in-
variant curves and b) (inverse problem) being given the curves wy(x,y) =
0,...,wk(x,y) = 0, find all differential systems for which these curves are
invariant. As to inverse problem, the first work concerning this problem
is Erugin [9]. In this paper, it is stated that differential systems having
invariant the curve w(x,y) = 0 can be written into the form

j" - Fl(w7x7y) _wy A(.’Il,y), y = FQ(W,Z‘,ZI/) — Wg A(-Tay)7
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where Fy, F», A are some functions and F(0,z,y) = F»(0,z,y) = 0.

The inverse problem was considered by Amel’kin [1], in the case, when
P, @ and w; are polynomials. It is shown that differential systems having
two invariant algebraic curves wy 2(z,y) = 0, wizwey — wiywa, Z 0 can be
written into the form

T = Ajwiwyy — Agwowry, ¥ = Aswowiy — Ajwiwag,

where A1, Ay are polynomials.

Christopher and other (see, for example, [4], [10]) examined the inverse
problem for polynomial systems in the case of more invariant algebraic
curves. Thus, under some generic conditions on curves w;(z,y) =0, j =
1, k, we obtain the following form of a system (1):

(ZA ij+B)Hw], y=— (ZA W]w+D)Hw], (2)

where Aj, B, D are polynomials. We shall use the form (2) in the next
investigations.

Farther, in this paper, we shall consider the cubic system (1) with real
polynomials P(x,y) and Q(z,y), and deg(P? + Q?) = 6.

It should be mentioned that a straight line L = ax + by + ¢ = 0 is said
to be invariant for (1) if and only if there exists a polynomial K (z,y) such
that the following identity holds

a-P(z,y)+b-Qz,y) = (ax + by + ¢) - K(z,y).

The polynomial K (x,y) is called the cofactor of the invariant straight line L
and deg(K) <max{deg(P),deg(Q)}—1. If the cubic system (1) has complex
invariant straight lines then, obviously they occur in complex conjugated
pairs L and L. We shall assume that the differential system (1) has exactly
three invariant straight lines

Li=ajz+bjy+c; =0, j=1,2,3; a;,bj,c;€C (3)

such that not one pair of the lines is parallel and no more than two lines
pass through the same point (in generic position), i.e.

ar by o
s 3 0=1,2,3; Ajpz=|az by ca | #0. (4)
as b3 C3

Ay =

The invariant straight line Ls can be considered real.
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Conditions (4) allow to write the cubic system (1) into the form (2):
3
fngtc _ (Z A; Lgy +p ) Hle = P(z,vy),
: (5)
d 3
Y- ( )1 H L; = Q,y),

where L, = 0L;/0x, Lj, = 0L;/0y; p1,¢1 € R and A;, j =1,2,3 are
linear in « and y. Let A; = mjxz +ny+s;, j=1,2,3.
The straight lines Ly, Lo, L3 have respectively the cofactors

Kq(z,y) = A12LgAs + A13LaAs + (pra1 — q1b1) Lo Ls,
Ky(z,y) = AasL1 Az + Ag1 LAy + (prag — qiba) L1 L, (6)
Ks(x,y) = As1LoAr + Aga L1 Ag + (prag — qibs) L1 Lo.

By affine transformations of coordinates and a time rescaling
r—oaz+by+m, yoawrtlyty, oo (7)

the system (5) does not change the form.

Let (z*,y*) be a singular point of (5) with pure imaginary eigenvalues.
By transformations of the form (7), first we translate (z*, y*) at the origin,
ie.

and then transform the linear part of P(z,y) to be equal with y, and of
Q(z,y) to be equal with —z, i.e.

P;;(Ovo) = Q;(0,0) =0, Pé(0,0) = _Q/z(ovo) =1 (9)

The intersection point of straight lines L and L is a singular point for
(5) and has real coordinates. In particular, this point can be (0,0). In this
case, Lo = x + iy, i? = —1 and the problem of the centre was solved in
[15] (see Theorem 2 of this paper).

By rotating the system of coordinates (z — x cos p—ysin @,y — xsin p+
y cos @) and rescaling the axes of coordinates (z — ax, y — ay), we obtain

LiNnLy=(0,1). (10)
In this case the invariant straight lines (3) can be written as

L‘j:ajx—y—‘,—l, Ls =asx +bsy + 1,
aj EC, ]:1727 a37b3€R7
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and (4):

Au:ag—al#o, Ajgzajb3+a37é0,j:1,2,

(12)
A123:b3+1750.

The relations (8), (9) and P(0,1) = Q(0,1) = 0 put the following conditions
on the coefficients of system (5):

p1 = S1+ 52— bsss,
q1 = —Q181 — a282 — a3S3,
my = (alsl — aias81 + asaszbzss — asbsms + a353 — asms + 1)/
(a1 — az),
ny = (a2b333 —a181 — (12b3713 + ag281 +ag + a3b333 — agng)/ (13)
(a1 — az),
meo = (a1a252 — ajasbsss + a1bgms — a282 — a353 + asms — 1)/
(a1 — az),
Ng = (a1b3n3 — a1b333 — @182 — ai + az89 — a3b333 + (Lg’ﬂg)/
(a1 —az).

3. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF A
CENTRE

Denote

f1 = ag(b?, + 1)(’[13 — b383)2 — (bg + 1)(77/3 — b353)(m3 — (1383)'
- (b + araz) + (n3 — byss)(ms — agss)(aiaz — araz—
—agaz + a3) + (b3 + 1)(m3 — azss3)(1 — azms + a3s3)—

— a3(77,3 — b383) =+ alag(mg — CL383).

(14)

LEMMA 3. The cubic differential system (5) with conditions (13) and
f1 =0 has a centre at the origin.

Proof. The system (5) with invariant straight lines L;, Lo, Ls and
cofactors K1, K5, K3 has a Darboux integrating factor

= L?ngzL??’? Qai, O, a3 € 07
if and only if the following identity holds

oP 0
a Ky (7, y) + aaKa(z,y) + azK3(z,y) + o + 5%2 =0 (15)
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Let
A = a3 Ao + asas — a2 + b3 + by # 0. (16)
From (15) by taking into account (6) and (11)—(14), we obtain
a1 = (n3 — b3sz)(a1las + asasz — a3) + asz(bs + 1)(ms3 — azss)+
+b3 — aray — 3 — az + bzas;

g = 7[(7’?,3 — bgsg)(a%Agg, + ai1a2a3 — alag + a3b3 + a3)+
+(m3 — a383)(b3 =+ 1)(&1@3 — bd) — a%ag + a1bs — 2a1+
+az + az + Aizas]/Aq;

ag = [—(bg + 1)2(n3 — b333)2(a§ + a?a%) + 2&1&2([)3 + 1)(713 — b353)2~
. (a1 — ag)(ag — (13) — (713 — b353)2(a1 — a3)2(a2 - a3)2 + (b3 + 1)
-(n3 — bysz)(a?a3 + arag — ajas — asaz + 2a3) — (a1 — as)(az — a3)-
(14 ayaz)(ng — bsss) + (b3 + 1)*(a3 + b3)(m3 — azss)® — (bs + 1)-
. (m3 — a353)(a1a2a3 — a1b3 — a2b3 + 2a3b3 + ag) - A]/A

Because in the space of coefficients of (5) the centre variety is closed, the
system (5) will have a centre at the origin, even if, the inequality (16) is
not satisfied. |

Let us consider the cubic systems

i = (1—2bx)(y + az? — bry — y?),
y = —[v—2b2% +dry+by® + (1 —a)(a—d—2)x>+ (17)
bla — d)z?y + (1 — a)xy?® — by?]

and

= (1+g2)2y + 2% +2(b+ g)zy — 2y?)/2,

i
18
v = (y—1)(2x — xy + 2g2% + 2by?) /2. (18)

It should be mentioned that the system (17) has the invariant straight lines
1-22=0,1-(bt VP2 —a+d+2)z—y=0
and the system (18) has the invariant straight lines
149gx=0, 1—-y=0, 14+grx—y=0.

LEMMA 4. For both systems (17) and (18) the origin is a centre.
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Proof. It is easy to check that systems (17) and (18) are reversible (see

[19]). Indeed by transformation

i Y

_ vy =
1—bz’ 1—bx

the system (17) is reduced to

X
Y

(1—2X2)(Y +aX? - Y?),

— ab?X2Y + B2V

for which OY is an axes of symmetry and by transformation

the system (18) can be reduced to

X[-1-dY +((a—1)(a—d—2) +b*) X%+ (a — 20> — 1)Y?—

X =Y[1—2(b+29)X +2(1+2bg +2¢g>)X? -~ V2 —29X3 — 26XY?],

Y = (Y2 - 1)(X —29X2% - 2bY?)

for which OX is an axes of symmetry. |

Let us consider for (5) the following coefficient conditions:

a1 = (A1 — agas + b3)/Aags;
m3 = azss, N3 = (b§53 + 1)/b3,
ms3 = agss — No3/Na,  n3 =b3sz — (A1 + bz — asaz)/As;

mg = a3s3 + Aoz /(AzA123), n3 = bzsz + azlasz/(AzA123);

ms = azsz — az(a3az — azbs — a2 A1 — Aoz) /(2830230 123),
ng = bgss — [agbs(azas — bz) — (bs + A1)Agg — agbsA4]/
(2A1A23A123),

where

Al = CL% + bg, AQ = Ag - (bg + Q)Al, Ag = a%bg + 2@2@3 — bg.
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LEMMA 5. The following four series of conditions: 1) (13), (19), (20);
2) (13), (19), (21); 3) (13), (19), (22); 4) (13), (19), (23) are sufficient

conditions for the origin to be a centre for system (5).

Proof. In each of the cases 1), 2) and 3) the system (5) has four
invariant straight lines. Thus, in conditions 1) besides the invariant straight
lines (11), the system (5) has one more invariant straight line

bs —agzx — byy = 0;
in conditions 2):
As — (A1 — agaz + b3)Agzx + A§3y =0
and in conditions 3):

As + Al(agx — y) =0.

In 1), 2) and 3) the first two Liapunov quantities vanish. Hence, in each
of these cases, the existence of a centre at (0,0) follows from Theorem 1.
In conditions 4) the system (5) has a Darboux integrating factor

1
M x’ y = - 5 7 I
@) LiLyLs\/f
where
no (eatsy)®
P 1 e
f +a3x+ﬁy+ 4A§3A1 5
1 = a3az — aza? — 2azbs + azbz — ag,
Yo = as(y1 — b3Aaz), 3 = bgm1 + aflos.
|

4. SOLUTION OF THE PROBLEM OF THE CENTRE

Denote

f2 = a1A23 — Al — bg + asas3. (24)

Remark 6. Let A =0 or Az = 0. Then the invariant straight lines (11)
of system (5) with conditions (13) are real.

Indeed, the straight line Ly = aszx + b3y + 1 is real by hypothesis and if
Li =aiz—y+1and Ly = asx —y + 1 are complex, then L, = Lo, i.e.
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a1 = Gz (see section 2). The case by =0, ag € R\ {0} is elementary. Let
b3 # 0. From As = 0 we have

as = (fag + (b3 +1)1/a2 +b§)/b3 eR

and from Az = 0 it follows that

ag = (—agj:\/ag—kb%)/bg €R.

LEMMA 7. Let for cubic system (5) the following three series of condi-
tions: 1) (13), fo = 0,b3 = 0; 2) (13), f2 = 0, A3 = 0 and 3) (13),
fo =0, Ay =0 hold. The order of a weak focus (0,0) in each of these cases
is at most three.

Proof. We compute the first three Liapunov quantities Vi, Vo, V3 using
the algorithm, described in [17].

1). Let b3 = 0. Express a; from fs = 0: a; = a3 — as and substitute in
Vi, Vo, V3. We obtain Vi = 0 and V5 after cancellation by non—zero terms,
looks

Vo = (2n3 — 1)(2a3s3 — 2azms + 1).
Assume that 2ng — 1 = 0 and rename the coefficients of system (5), then
it is the same as (17) and by Lemma 4 we have a centre at (0,0). Let
2n3 — 1 # 0. From 2a353 —2azms + 1 = 0 we express mg and substitute in
Vs:
Vs = az(az — ag).

In each of the cases az = 0 and ag — az = 0, the system (5) can be written
into the form (18) and we can make use of Lemma 4.

Assume next that b3 # 0 and we show that the cases 2) and 3) can be

reduced to 1).
Indeed, from fo = 0 express ay:

ar = (A1 + bz — agas)/Ass.
Denote
x13 = —Nog /A1, Y13 = (azas —bs)/Aq,

xo3 = —(b3 +1)/As3, w23 = (az — ag)/Ass.

Observe that (z;3,y;3) € Ly N L3, j=1,2.
By transformation of coordinates

r=y3X +113Y, y=-—213X +y3YV
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the invariant straight lines L, Lo, L3 of the system (5) are transformed
for the new differential system into the invariant straight lines

aga3 — a% — b3

-1
X—-Y+1, L3=aX-Y+1,
Asgs

Ly =

G;%ag — 2&2()3 — a3X Ag
AN Aq
In the case of transformation

Lo = Y + 1.

T =y X +123Y, y=—w23X +y2YV

we have
az(az — az)? + agAiyg — 2093\ 93 Ay
L= X+—=Y+1,
A3, A3y
2
asa3 — ay — b3 -1 Al + bg asas
Ly = X-Y+1, L3=— " ""X-Y+1
2 A23 ° A23
|

THEOREM 8. Let the cubic system have three invariant straight lines
such that not one pair of the lines is parallel and no more then two lines
pass through the same point. Then the order of any weak focus not lying
on these lines is at most three.

Proof. Without loss of generality we can consider that the cubic system
is of the form (5) and the conditions (13) hold. In this case, a singular point
(0,0) is a weak focus for (5) and the invariant straight lines Ly, Lo, L3 are
given by formulas (11). Obviously (0,0) &€ LyULsUL3. As LiNLaNLs =0
and not one pair of the lines is parallel we are in conditions (12).

For (0,0) we compute the first three Liapunov quantities Vi, Va, V3. The
first Liapunov quantity looks: Vi = fi fo (see (14), (24)). If f{ =0, then
the assertion of Theorem 8 follows from Lemma 3. Let fo = 0. Each of
the following cases b3 = 0, Ay = 0 or Az = 0 was examined in Lemma 7.
Therefore, next we shall assume that

by f1AsAg 2 0. (25)

From fo = 0 express a1 (see (19) and substitute in V4, V5. The quantity V5
cancelled by non—zero terms, looks

V2 = 2b3A23A123m§ + m3(3a3A23 — Al — a%bg — bg)—
— 2A23A123[53A1(b3s3 — 2n3) + n3(banz + 2a3ms)] + Azz(3bznz+
+ 2TL3 - 1) + 53[63(61%(13 - 20,21)3 - a3) - A1(3a2b3 + 2(13)].
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The quantity V3 is too cumbersome and will be not given here. The coef-
ficient of m% is non-zero in V5. Taking into account V; = 0 we transform
V3 to be linear in m3. Reduce V3 by the non-zero factors and calculate the
resultant of the polynomials V5 and V3 in mg:

Res(Va, V3, m3) = 480A3A3,A 1235152534,

where

J1=bsng —b3ss — 1, jo=(ng—bssz)As+ Ay + b3 — asas,
J3 = 281 A93A123(n3 — b3s3) + azbs(azas — b3) — (b3 + A1)Agsz — azbsAq,
Ja = AgAia3(n3 — b3s3) — asAas.

We shall examine separately each of the following cases:
a) j1 =0; b) j2 =0, j1 #0; ¢) jzs =0, jij2 # 0; d) js =0, jijajs # 0.
a) From j; = 0 express ng and substitute in V5 and Vj:

Vo = (mg —agss)fs, Vi = (ms— azss)hihahs,

where
f3 = 2b3A93A193(m3 — agss) — azAag(bs + 2) — ha,
hy = Az — Ay — a3las,
he = Az + bz(azas — b3),
h3 = bgAl + 2(13A23 + b%(a% + 1)
In assumption (25) we have the equality {j1 = 0, ms — azss = 0} =
{conditions (20)} and inclusions
{ih=rfa=hi =0} {21}, {i1 = fs =ha=0} C{(22)},
{J1=fs=hs =0} C{(23)}.
Hence, in this case, the assertion of Theorem 8 follows from Lemma 5.

b) j2 =0, j1 # 0. From j, = 0 express n3 and substitute in V, and Vs:
Vo = b3gi f1/A3, Vi = bzjiA1202391 ks,

where
g1 = Ag(ms — azsz) + Aas,
f1=200003A123(m3 — azsz) — hi((az — az)? + Alys),
h4:a§7(12&3+63+1.
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Taking into account (25), j1 # 0, the equality {j2 = g1 = 0} = {(21)}
and inclusion {js = fy = hy =0} C {(22)} we come to Lemma 5.

c) j3 =0, jij2 # 0. Express n3 from j3 = 0 and substitute in V5, V3
and ji:

Vo = b3gaf5/(2A2A03A193), Vi = b3AyA0392hs/(2A3A123),
J1 = azhs/(2A1A23A123),

where

g2 = 281 A03A125(m3 — azss) + az(a3as — azbs — as Ay — Agg),
f5 = 2A1A23A123(m3 — a353) — hg, h5 = bg(a% + 1) + 2(13A23 + b3A1.

Evidently hs # 0. Since b3A12A23 # 0 (see (25), (12)), then V5 and V3
vanish simultaneously if and only if go = 0. It remains to observe that
{js =0, g2 =0} = {(23)} and to apply Lemma 5.

d) js =0, j1j2js # 0. Find ng from j, = 0 and substitute in Vo and V3:

Vo = —bsfegs/(A3A123), Vi = A3A123515293,
where
fo = 283003A123(m3—azss) —ha(a3+1), g3 = AsAiaz(azss—ms)+Aos.

Hence Vo = V3 = 0 <= g3 = 0. The equalities j; = g3 = 0 yields to
conditions (22) examined in Lemma 5. |

From Theorems 1, 2 and 8 stated above follow the complete solution of
the problem of the centre for cubic differential systems with at least three
invariant straight lines. Thus we have

THEOREM 9. Any singular point (zo,yo) with pure imaginary eigenval-
ues of a real cubic differential system with at least three invariant straight
lines (real, complex, real or complex) is a centre if and only if the first
seven Liapunov quantities (focus quantities) vanish at this point.
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