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1. INTRODUCTION

The relativistic Toda lattice was introduced by S. N. Ruijsenaars [13]
and was investigated in [1], [11], [12], [2] and [9]. In terms of canonical
coordinates the relativistic Toda lattice is defined by the Hamiltonian

N
H(q17' . 'qu7 P1,--- 7PN) = Zepjf(qj_l - q])f(qj - qj+1) ) (1)
Jj=1

* This work was partially supported by CMUC-FCT
121



122 J. M. NUNES DA COSTA AND P. A. DAMIANOU

where f(x) = \/1+ g2e* and, by convention, ¢° = —oo0, ¢V *! = co. The
number ¢ is a coupling constant. To see the connection with the non-
relativistic Toda lattice one writes the equation in Newtonian form

J=1_ i J_gitl
Ry P ela vq ) e ela qv ), @)
1+ gze(qulfq]) 1+ gze(q]*qﬁrl) ’

j=1,2,...,N. Setting ¢ = Q; + ¢ and letting ¢ — 0o and g — 0 in such
a way that gc = 1, one obtains the equations of motion for the classical
Toda lattice

Qj — eQRi-17Qj _ oQ@i=Qj+1 (3)

In the classical case one uses a change of variables to prove integrability.
We follow the same technique. Combining the changes of variables from
[13], [1], we set

J gty e il ; ; ;
aj = gt IR f(@T — )/ f(@ — ) (4)
bj = ¢/ —qy

In these variables the Hamiltonian is homogeneous quadratic and the
equations of motion become

di = a;(bit1 — bi + aiy1 — a;—1) (5)
bi = bi(a; —ai—1),

where i = 1,..., N and, by convention, ag = ay = 0.
Following [2] we write these equations in Lax pair form (L, M) where

a1+b1 al O P . 0
as + by as + by ao 0 0
asz + b3 a3 +bs az +b3 as 0
L= : L : (6)
an—1+bny_1 - .oan-1+by-1 an-—1

by by by
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and
0 ai 0O - - 0
0 —a; a2
0 0 —ag as
M = (7)
. aN—1
o --- e 0 —an—_1

This shows that the functions H,,_; = %Tr L™ are constants of motion and
therefore the system is integrable.

In the new coordinates a;, b; the symplectic bracket is transformed into
a new quadratic Poisson bracket defined as follows:

{ai,ai11} = —azai1
{ai, b} = a;b; (8)
{ai,bix1} = —aibiy1 .

All other brackets are zero. This bracket has det L = Hfil b; as Casimir,
and the eigenvalues of L are in involution. We denote this bracket by .
We next define a linear bracket my as follows:

{ai, b} = a;
{ai,biy1} = —a; 9)
{bi7bi+1} = a; .

All other brackets are zero. In this bracket Tr L is the Casimir and H; =
%Tr L? is the Hamiltonian. Therefore we have a bi-Hamiltonian system, a
situation similar to the classical case. The bi-Hamiltonian formulation and
the complete integrability of this system were established using different
methods such as the Lax representation [2], master symmetries [11], [2]
and recursion operators [1], [11]. Another approach to obtain the multi-
Hamiltonian formulation for the relativistic Toda lattice, using Oevel’s the-
orem [10] and based on a method introduced by Das and Okubo [5] and
Fernandes [6], was adopted in [9]. In that work a recursion operator is de-
fined in the (g,p) space, the resulting sequence of Poisson tensors, master
symmetries and invariants are then projected in the space of (a, b) variables
to construct the usual multi-Hamiltonian hierarchies. The initial brackets
of the hierarchy are my and m; constructed above.

In this paper we extend to negative values of the index the usual hier-
archies of Poisson tensors, master symmetries and Hamiltonians, for the
finite nonperiodic relativistic Toda lattice. The extension is obtained in
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natural (p, q) coordinates and also in (a, b) Flaschka coordinates. This pro-
cedure was already adopted in [3] for the finite non—periodic Toda lattice
and we mimic the techniques of that paper. As was pointed out in [3]
the negative hierarchy was proven useful, for example, in establishing the
bi-Hamiltonian formulation of the Bogoyavlensky—Toda systems [4].

The paper is divided into 2 parts. In the first part (section 2) we re-
call the main results on the finite, nonperiodic relativistic Toda lattice,
including the well-known positive hierarchies of Poisson tensors, master
symmetries and Hamiltonians. In section 3 we introduce the negative rel-
ativistic Toda hierarchy, in (p, ¢) and (a, b) coordinates, and show that the
relations between master symmetries, Poisson tensors and Hamiltonians,
known for the positive hierarchies, hold for all integers values of the index,
in both coordinates. We close with some additional results and give, for
small dimensions, examples of the rational brackets and master symmetries.

2. THE RELATIVISTIC TODA LATTICE

We recall a theorem due to Oevel [10] that gives a method of generating
master symmetries for non-degenerate bi-Hamiltonian systems.

Let (M, Ag,A1) be a non-degenerate bi-Hamiltonian manifold with a
recursion operator R = AlAal and let Y7 = A¢gVH; = A{VH, be a bi-
Hamiltonian vector field on M, where A; denotes also the matrix of the
Poisson tensor A;. We denote by Y; the Hamiltonian vector field A;V Hy.

THEOREM 1. Suppose that the vector field Xg is a conformal symmetry
for both Ay, Ay and Hy. i.e., for some scalars o, 3, and v we have
LxoMo=alo,  Lx,A =P, Xo(Ho) = vHo - (10)
Then, the vector fields X; = R'Xy are master symmetries, the tensors
A; = RiAg are Poisson and we have, fori,j =0,1,2,

(a) [Xi, Xl = (B — ) (§ — 1) Xivj;

(b) [Xi,Yj] = (B+y+ (B —a)(j —1))Yiy;
(c) Lx,Nj=(B+(B—a)j—i—1))Aiyy;
(d) Xi(Hj) = A+ (B—a)(j +1)Hitj-

Let us now briefly recall some results on the relativistic Toda lattice
following [2], [9], [12]. We consider IR* with coordinates

(qla"'qu7p17"',pN)~

Let Ay be the Poisson tensor given by

N N—-1
— —pi ¢ =gt —p; 4 0 0
o Z;e 8 <8p’ Z 8q]> T : ‘ ((31% T g

Jj=i+1 1=




THE NEGATIVE RELATIVISTIC TODA HIERARCHY 125

<3Pz+1 _Z: 8q3> Apit1 Z ) J)’ (11)

and A; be the canonical Poisson tensor,

N

Z apl (12)

=1

In [9] it was proved that these Poisson tensors are compatible and also
that X = A¢VH; = A{V Hy is a bi-Hamiltonian vector field, with

N
Hy = Z (eq"_qz+1+pi + epi) 7 (13)

i=1
and
N 1 o 2 ) ) o
H, = Z (2 (eq"—q”l-s-pi + epqz) 4t pia (eq‘—q’“-s-pi + 6pi)) .
i=1
(14)
By convention, ¢° = —oco and ¢Vt = +o0.

Consider the Flaschka-type transformation F: R?" — R2*N ™! [12], [9],
F: (q17"'anap1a"'apN) = (ala"waNfl?bla"wa)a (15)

i it . . . . —
where a; = €7 =97 +Pi and b; = ePi. These are new coordinates in IR?V L.
The Poisson tensors Ay and A; project by F onto bivectors on IR*¥ ™1,

N—
0 0 0 0
; ((9(],Z ((%1 B 6bi+1> + abl A 8bi+1> (16)
and
N-1
0 0 0 0
T = ; ai% AN <a¢+1 8a2+1 + bl 8bl — b¢+1abi+1) . (17)

These are the Poisson tensors that we defined earlier and they provide a bi-
Hamiltonian structure for the relativistic Toda lattice, with Hamiltonians

N N

Hy = Z(ai +b;), Hy = Z(aifl(ai +b;) + %(ai +6:)%), (18)

i=1 i=1
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where, by convention, ag = ay = 0. For i > 0, H; = H%trL“‘l are
constants of motion. The Poisson bracket associated with 7y, which is
linear, is the one given by (9), while the Poisson bracket corresponding to
71 is quadratic and is given by (8).

Coming back to the natural (p, ¢) coordinates, since Ay (and also Aq) is
non-degenerate, we can define a recursion operator R = A;(Ag)~!. Once
we have a recursion operator R, an infinite sequence of pairwise compatible
Poisson tensors on IR?Y, A; = R'Ag, and an infinite sequence of Hamilto-
nians H;, given by dH; = "R(dH;_) are obtained.

We take

Y9
Xo = 1
0 ; 5]71" ( 9)
and compute
,C(Xo)AO = 7/\0, ,C(Xo)Al =0 and Xo(Ho) = Ho.

So Oevel’s theorem can be applied with « = —1, 8 =0 and v = 1 [9].
We quote the results for RTL, in natural (p, ¢) coordinates, in the following
theorem.

THEOREM 2.

(i) A; = R'Ag are Poisson tensors, i > 0;

(1) the functions H;, i > 0, are in involution with respect to all A;;
(iii) Xi(Hj) = (1 +i+j)Hiyj, 4,5 20;

(Z’U) ,CXlA]:(j—Z—l)AZJrJ, Z,]ZO,

(Z}) [Xi’Xj] = (J - Z.)AX?I+j , 4,7 20;

(Ui) AjVHi = Aj_1VHi+1 y 1> O,j > 1.

The infinite sequence (A;),i € INg, of higher order Poisson tensors on
R2Y reduce, by F, to an infinite sequence (7;),7 € INg, of pairwise com-
patible Poisson tensors on IR?Y ~1. Moreover, the master symmetries X; =
RiXy, i € N, are projectable vector fields [9]. We denote by X; the pro-
jected vector fields. A new version of theorem 2 in (a,b) coordinates holds:

THEOREM 3.

(i) m; are Poisson tensors, i > 0;

(ii) The functions H;, i >0, are in involution with respect to all 5]
(i1) Xi(H;) = (1 +i+j)Hiyj, 4,5>0;

() Lx,mj=(—i—Vmiyj, 4,j>0;

(U) [Xian] = (.7 - i))_(i-i-j y 4,320
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(’Ui) WjVI;[Z‘ = wj,1VH'i+1, 7 > O,j > 1.

We call the hierarchies of Poisson tensors, master symmetries and Hamil-
tonians given by theorems 2 and 3, in (p, ¢) and (a,b) coordinates respec-
tively, the positive relativistic Toda hierarchies.

3. THE NEGATIVE RTL HIERARCHY

Our aim is to show that the relations of theorems 2 and 3 hold for
any integer value of the index. For this purpose we define the negative
relativistic Toda hierarchy. When the tensors are projected into the (a,b)
space we obtain rational Poisson brackets. We imitate the techniques of
[3].

Let A be the inverse of the positive recursion operator R,

N == ,R,il = Ao(Al)il,

A B
C AT
the transpose of A and the matrices A = (a;;), B = (b;;) and C = (¢45),
with 1 < 4,5 < N, are defined by

which is given in matrix form by N = , where AT stands for

;5 =0, <1

R i—1_ i .
Ay = e Pi + el q —Dpi
i—1_ i .
Qg1 = el 0P
i—1_ i i il
Gipoq = Qigsi=...=an;=el —0~Pi _ed'=a" —pirs
bij = —byi
P i—1_ i .
bit1i = biyoi=...=byi=ePifet TT7P,

i_ i+l
Ciitl = Cip1, = €1 7 TP

and all the others entries ¢;; are zero.
Let us denote by K the conformal symmetry X,

N

Kozzaa‘ = Xo,

i=1 ¢

and by K; the vector fields K; = N'Ky, i = 0,1,2,.... These vector fields
are master symmetries.

We next apply Oevel’s theorem to the RTL, using the negative recursion
operator A/ and the conformal symmetry Ky. Since

LA =0, Lg,Ao=—-No, Ko(H1)=2H,
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the constants are, in this case,
any =0, pfy=-1, w=2

We remark that, obviously, ax = 8 and Gy = a.
Using the convention X_; = K, for ¢ > 0, we compute

(X, X—j] = [Ki, K] = (By — an)(§ — 1) Kigj = (1 — j) X iy,
and letting m = —¢ and n = —j, we obtain
(X, Xn] = (n—m)Xpqn, mneZl. (20)
The same relation holds in (a, b)-coordinates:
(X, Xpn] = (n —m)Xoin, m,n €. (21)

Consider the following equalities (see [10]) which involve the recursion
operator R and its inverse N,

Lx,R = Lx,(MAG") = (8- )R, (22)

Lx,N = Lx,R7 = (a = AR = (a— BN (23)
Using these relations we obtain, for j € IN,
Lx,RI=jB—-a)R? and  Lx, N/ =jla—BN. (24

Also, taking into account that R and A are torsionless tensors, we have,
for any vector field X,

LyixRI = NY(LxRY), i,5 € N. (25)

Relations (22)-(25) allow us to compute the bracket of two master symme-
tries K; = X_; and X, one in the negative hierarchy and the second in
the positive one [3]. The result is

[X—i Xj] = W' X0, R7 Xo] = (j +1)(B — a) X (26)
In the case of the RTL, with « =1 and 8 = 0, (26) turns to
[(X_i X5l = (G + )X (27)

This relation also holds in (a, b)-coordinates and we conclude that (20) and
(21) hold for any integer value of the index.
We can establish the following theorem.
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THEOREM 4. The conclusions of Theorems 2 and 8 hold for any integer
value of the indez.

Proof. The conditions (i) and (i¢) of theorem 2 are a direct consequence
of Oevel’s theorem and the properties of the recursion operators R and
N [8]. The map F being a Poisson morphism, (i) of theorem 3 follows
from (i) of theorem 2. The proof of (i) of theorem 3 is the same as the
corresponding in the case of Toda system [3].

Regarding condition (iii) of theorem 2, the only case we have to verify
is X_;(H;), with 4,5 > 0. Consider ¢ > j (the other case is similar),

X_j(H;) = (R(dHo). N7 Xo) = (dHo, R™)
Xi_j(Ho) = (1+i—j)H;_;.

To prove condition (#i¢) of theorem 3, involving the master symmetries
X, the arguments used in [3] in the case of the (classical) Toda lattice, can
be applied for the RTL to prove that if A is an eigenvalue of the matrix L,
the equation X, (\) = A"*! holds for n € Z. With H; = j%tTLj—H, we
obtain, for n <0, j >0 and j # —1 —mn,

o A
Xo(Hj) = —= Y Xa(N)

we conclude that
Xo(Hpy) =1 +m+n)Hyim (28)
holds for any n,m € Z.
Let us now show that conditions (iv) of theorems 2 and 3 hold for nega-

tive indices. We set W; = A1_; and for 4, j > 0, we compute, using Oevel’s
theorem,

Lx A_j=LxgWirj=On+ By —an)(f =) Wipjti
which gives
['X,iA—j = (—1 + 1 — j)A—i—j-

Letting m = —i and n = —j, we obtain

Lx Ap=m—m—DAnin, mneZ . (29)
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Finally, using the same technique as before, we can compute Lx_,Aj,
i,j > 0, and we conclude that (29) holds for all m,n € Z.
Switching to (a, b)-coordinates, we obtain

Lx m=M0m—m—DTpmyn, m,n€Z. (30)

The condition (v) of both theorems was already proved. Finally, the
proofs of (vi) of theorems 2 and 3 are similar to those in the case of the
Toda system, see [3]. |

Remark 5. As it was remarked in [3], H, = — +1tan+1 is undefined for
n = —1. We have X_;(Hp) = N and, more generally, X_,,(H,_1) = N. If
we define

Xon(Hoy) = lim (X (Hn)),

then

Xpn(H_1) = lim (1+m+n)H,ym)

n——

= mHm_l.

Let us now show that the master symmetries X,,, n € Z, can be obtained
once the hierarchy of Poisson tensors is known. In other words, we will show
that all X,, are Hamiltonian vector fields associated with the same function

f, w.r.t. the Poisson tensors of the hierarchy.
N

Consider the function f = Zqi. Then X, (f) =0, for all n € Z. In
i=1
fact,

Z opi

and since X; = RX| is given by [9]

((1 — i) (eq”q”lﬂu + e”i> + iv: (equq"“wj + em)) 88

WE

X = -
i=1 =i q
= J=i+1
N it i1 b

+ (epi el —d T AP (2 - i)eqh —q‘+m71) —
; Op;
where, by convention, ¢° = —oc and ¢"t! = 400, we compute

((1 — ) (eqi*q”lﬂ”i + e’”) + > (eqtq"*lﬂﬁ + epf>) = 0.

j=i+1

I

Il
-

X1(f) =

2
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Similarly, one proves that X»(f) = 0. By induction we prove that X,,(f) =
0, for all n € IN: if X,,_1(f) = 0, then

Xo(f) = ni (X1, Xn—1](f)
= (K () - X (X ()
= 0.

For the negative hierarchy of master symmetries, the proof is similar,
with X_,, = K,,. The vector field X_; = K7 is given by

i—1
(Z Pt ) b (- N)(e T+ )> o
q'L

M

i=1 \j=1
a b
3 k3 i+1
Z( m_~_ N+1—z) —q—pi+(1+i_N)eq—q+—pi+1)877
- pi
(31)
and we compute
N [i-1
i1 i—1_ i
X_1(f) = Z Z(e—pj e PP 4 (= N)(ePi 4 el 4P
i=1 \j=1
= 0.
Y9
N k that X
ow, we remark that Xy = ; op;
with respect to Ay, i.e. Xo = —[Ay1, f], where [,] stands for the Schouten

bracket [7]. Next, we show that every master symmetry X,, is an Hamil-
tonian vector field of f.

PROPOSITION 6. For anyn € Z, X,, = —[Ap+1, f]-

Proof. 'We proceed by induction, starting with the positive hierarchy
(n € INg). For n = 0, we compute

A I
[A1, f] ;j:l[a‘f A gprd ] = Xo.

If X,—1 =—[An, f], then

1
X, = ——[X1, Xp_
n_2[ 1 1]
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1

= _m[Xl’ [Amf]]'

Using the generalized Jacobi identity for the Schouten bracket [7], we
obtain

1
Xn = 7m[f,[Xl,AnH
1
= _m[ﬁxlAn7f]
= 7[An+1af]‘

If n < 0, the proof is similar. |

Remark 7. In asimilar way, it is easy to prove that the Hamiltonians H;
are also determined from the knowledge of the Poisson brackets associated
with (A;), n € Z and the function f.

Next we exhibit, in (a,b)-coordinates, some rational Poisson brackets
and master symmetries of the negative relativistic Toda hierarchy. We
present the case N = 3, in order to simplify the notation. The bracket
corresponding to the Poisson tensor m_; on R2V~1 which is the projection
of A_y (by F), is the following:

1
{ala 112}—1 = m a1a2(b1 — by + bg)
1
{a1,b1} 1 = Dibabs a1 (babs + a1bs)
1
{a1,b2}_1 = (araz2(by — b1) — arbs(as + b1))
b1babs
1
{a1,b3} -1 = brbab (—aiasbs3)
1
{az, b1} -1 = bibabs ayasby
1
{ag,bg},l = — (agbl(az + bg) + a1a2(b3 — bg))
b1babs
1
{a27b3}71 = @ azbl(—a2 - bz)
1
{b1,b2} 1 = (a1b1(ag + b3) + aibz(a1 + ba))
b1babs
1
{bg,bg}_l = — (a2bl((l2 =+ bg) + aiagbz + agblbz).

b1b2bs3
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The denominator bybebs is equal to det L, where L is the matrix (6) of
the Lax pair (L, M). So the Poisson tensor m_; is defined on the open
dense set det L # 0.

The vector field X_; in (p, ¢)-coordinates is given by (30). The expression
of X_o in the same coordinates is quite complicated. The projections of
X_1 and X_5 in (a,b) coordinates, for N = 3, are the following:

20,1 al 8 ag 8 al 6 2(11 3 ag 3
X =22 2 2 2 - e e )
=t ) e ham T an T e, T, o,
and
2 3
) B
X_ o= ; s
with
_ 201 a1 2a1 2a% a% a1 aias., 1 1
T +b§ biby  b2by +b1b§+(b3 t by b bl)
as as aq as as a a1
= 20 gy 29 2y 2
12 2 T n TR T TR
; _i_ﬂ_al_m 102
YT by b2 bbby b2bs
S e PR SC T G
27 bibobs | bibs | biby | bobs | b2by B2 by by
as aias a9 1 az .o
= 2 T2 T2y 222
v s T o T T T

The function det L = b1bobs is a Casimir of m;. On the other hand,
trL = Hy is a Casimir of mg. More generally, we can prove:

PROPOSITION 8. The function trL'~" is a Casimir of m,, for all n €
Z\ {1}.

Proof.  For n = 2, the technique of [2] (p. 5525) can be applied word
for word to show that trL~=! is a Casimir of 7, i.e. mV(¢trL~1) = 0. But
trL™' = —H_,. So we get myVH_o = 0.

By theorem 3,

0= 7T2VH72 = 7T3VH,3 = ...

and the result is proved for all n > 1. For n = 0, as we already remarked,
trL = Hy is a Casimir of my. So, mgVHy = 0 and using again the Lenard
relations of theorem 3, we obtain

0= ﬁoVHO = 7T_1VH1 = 7T_2VH2 .
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and the result is proved for n < 1. |

10.

11.

12.

13.

REFERENCES

. M. BruscHI AND O. RAGNISCO, Recursion operator and Bdcklund transformations

for the Ruijsenaars Toda lattice, Phys. Lett. A 129 (1988), 21-25.

. P. A. DamiaNou, Multiple Hamiltonian structures for Toda-type systems, J. Math.

Phys. 35 (1994), 5511-5541.

. P.A. DamiaNou, The Negative Toda Hierarchy and Rational Poisson Brackets, J.

Geom. Phys. 45 (2003), 184-202.

. P. A. DamiaNou, On the bi-Hamiltonian structure of Bogoyavlensky-Toda lattices,

Nonlinearity 17 (2004), 397-413.

. A. Das AND S. OKUBO, A systematic study of the Toda lattice, Ann. Physics 190

(1989), 215-232.

. R. L. FERNANDES, On the mastersymmetries and bi-Hamiltonian structure of the

Toda lattice, J. Phys. A 26 (1993), 3797-3803.

. J.-L. KoszuL, Crochet de Schouten-Nijenhuis et cohomologie, in Elie Cartan et les

mathématiques d’aujourd’hui, Astérisque, numéro hors série (1985).

. F. MAcGrI AND C. MORoOSI, A geometrical characterisation of integrable Hamiltonian

systems through the theory of Poisson-Nijenhuis manifolds, Quaderno S 19, Univ.
de Milano, (1984).

. J. M. NUNES DA COSTA AND C.-M. MARLE, Master symmetries and bi- Hamiltonian

structures for the relativistic Toda lattice, J. Phys. A 30 (1997), 7551-7556.

W. OEVEL, A geometrical approach to integrable systems admitting time dependent
invariants, in Topics in Soliton Theory and Exactly Solvable Nonlinear Equations,
ed. M. Ablowitz, B. Fuchssteiner and M. Kruskal, World Scientific, Singapore (1987).

W. OEVEL, B. FUCHSSTEINER, H. ZHANG AND O. RAGNISCO, Mastersymmetries,
angle variables, and recursion operator of the relativistic Toda lattice, J. Math. Phys.
30 (1989), 2664—2670.

Yu. B. SURIS, On the bi-Hamiltonian structure of Toda and relativistic Toda lattices,
Phys. Lett. A 180 (1993), 419-429.

S. N. RUIJSENAARS, Relativistic Toda Systems, Commun. Math. Phys. 133 (1990),
217-247.





