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In this paper, we study the distribution and number of limit cycles for
quadratic systems with two foci. It is proved that a quadratic system with
two foci has at most one limit cycles around one of the two foci, and hence the
limit cycles of the quadratic system with two foci must be (0, 1)—distribution
or (1,4)-distribution (¢ =0,1,2,...)
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1. INTRODUCTION
The main goal of this paper is to prove the following result.
THEOREM 1. A quadratic system having two foci has at most one limit
cycle surrounding one of its two foci.

This theorem has been proved by the author in several papers published
in Chinese. Here, by first time, we present its complete proof in English.

2. PRELIMINARY RESULTS

This paper discusses quadratic systems with two foci, without loss of
generality, we may suppose that O(0,0) and N(0, 1) are both foci, then by
[1], the quadratic system can be written in the form

d
df —y + 0z + 122 + may + 3> = p(=,y),
(1)

d
o = altartby) =Qy), 1+b<0,

without loss of generality, we can suppose a > 0.
437
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Since O(0,0) and N (0, 1) are both foci, |§] < 2 and (m +8)2+4(b+1) <
0. The coordinates (z,y) of the other finite singular points of (1) are
determined by the following equations.

{ (162 + a(a — mb))x? + (a(b+2) + b(bd — m))x + (1 +b) =0, @)
y=—(1+az)/b.

The equation which determines the singular points at infinity of system (1)
is

dN) =aX+(b—DA\> —mA—1=0. (3)

Since we study the number of limit cycles around one of the two foci for
system (1), first we consider the problem of concentric distribution of the
limit cycles for a quadratic system (1).

The following results, which we state as lemmas, are proved in [4]. Since
the proofs are easy, here the proofs are omitted.

LEMMA 2. Ifma(b+2l) > 0, then the limit cycles of system (1) must be
concentric; if ma(b+20) >0 and m # 0, =§/m > —1/b (<), then system
(1) has no limit cycles around the singular point O(0,0) (N(0,1)).

LEMMA 3. If a —mb < 0, then the limit cycles of system (1) must be
concentric; if a —mb <0 and m+ 3 > 0 (6 < 0) system (1) has no limit
cycles around the singular point O(0,0) (N(0,1)).

LEMMA 4. If system (1) satisfies one of the following conditions:
(i) (b+2D)A+m < 0(>0), m <0(>0),
(ii) b+ 2l + mA(l — a)) < 0(> 0), m < 0(> 0),

then the limit cycles of system (1) must be concentric; and if system (1)
satisfies also the condition —§/m > max(yg, —1/b)(X), then system (1)
has no limit cycle around the singular point O(N), where A is mazimum
positive real Toot of equation (3) and

Yo = —(A% — A+ 1)/A(2IX — 2a\* — bA + m).

If Ib*+a(a—mb) > 0, then system (1) has other two finite singular points in
addition to the two foci O an N. Let the points My(x;,y1) and Ma(xa,ys)
(1 < 0 < x2) denote these two singular points whose coordinates satisfy
system (2).

LeEMMA 5. If Ib? + a(a — mb) > 0, and div(P, Q)+ div(P, Q) g, > 0,
then the limit cycle of system (1) must be concentric.

Next we introduce the following lemmas:
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LEMMA 6. Suppose that the system

. ()
@:— T T) = s)ds
Y = —a(@). Pl)= [ s

satisfies the following conditions:

(i) g(x) € C* and f(z) € C' for x € (zo2,w01), xg(x) > 0 for x €
(zo2,201) and x # 0, where xo2 < 0 < Tg1;
(i) The system

f(z1) f(z2) (5)

has no solution in the region Dy = {(x1,22) | Zo2 < 22 <0, 0 < z1 <
.’1?01}.

Then, system (4) has no limit cycles in the strip xs < x < 1.

LEMMA 7. Suppose that system (4) satisfies condition (i) of Lemma 6,
and additionally:

(i) There exists an xo € (xo2,0), such that f(xr) < 0(> 0) for x €
(z02,20) and f(x) > 0(< 0) for x € (0,z01).
f(x)

(4ii) {g(af)} < 0(>0) for xz € (zp2,z0) and x € (0,201).

Then, system (1) has at most one limit cycle in the strip xo2 < x < To1.

Lemmas 6 and 7 follow from Theorem 5.4 and Theorem 6.4 of [3], re-
spectively.

LEMMA 8. Suppose that system (4) satisfies condition (i) of Lemma 7,
and additionally:

(ii) There exists an xo with o2 < xo < 0, such that (x — xo)f(x) > 0
for x € (xo2,201) and x # xg.
(iii) The system
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has at most one solution in the region Do = {(x1,22) | 0 < 1 < xo1,ZTo2 <
xo < Ag} (where Ay with Ay < xo < 0 is unique zero of F(x)). Then,
system (4) has at most one limit cycle in the strip xo2 < x < To1.

Proof. We make Filippov’s transformation as follows.

Let z = G(z) = [ g(s)ds, zo2 < & < @1, 20; = G(wo;), (i = 1,2) and
denote the inverse function of z = G(z) by z;(z), for (—1)iT1z > 0.

System (4) is equivalent to the following two equations for z > 0 and
x < 0, respectively:

d
£:Fz(z)_y, OSZSZOD
where F;(z) = F(x;(2)), (i = 1,2).
In order to prove this lemma, by Theorem 4.10 of [4] it is sufficient to
show that

Hj(2) < Fi(u) when Hy(2) = Fa(u), G(Ag) < u < z, (7)
where Hy(z) = (1/k)Fy(k?z).

A calculation shows that (7) is equivalent to

i) _f) L e
Foen) < gl MM 3 F(@) = F(22), G(Ao) < u=Gaz) < 2= Gl),

It is easy to see by condition (4i7) of Lemma 8 that (7) holds. So, the
proof is complete. |

For the equivalent equations of (4)

dz
@
W= —gla) -~ fpu

we have the following lemmas.
LEMMA 9. Suppose that system (8) satisfies the following conditions:

(i) g(x) € C* and f(z) € C' for x € (zo2,w01), xg(x) > 0 for x €
(zo2,201) and x # 0, where xo2 < & < Tp1.

(ii) There exists a xg € (0,x01) (orx € (zo2,0)) such that (x—x¢) f(z) >
0 for x € (xg2,x01) and x # xp.

(iii) The simultaneous equations

/ " (s = / " fs)ds )
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and

- (10)

have at most one solution in the region D = {(x1,x2) | o2 < 2 < 0,29 <
x1 < xo1} (or D' = {(x1,22) | To2 < T2 < 1,0 < 21 < x01}) (We denote
this solution by xo = x9g, T1 = X190 With xo2 < x20 < 0 and 0 < x19 < To1 ).

(iv) The function
: f(z)
IRCe

is monotone increasing in the interval (x19,x01) (for the case xg € (xo2,0),
F(zp2 +0) < F(zo1 — 0) is also satisfied), or the function

‘ f(z)
/0 f(s)dsm

is monotone decreasing in the interval (zoz2, x20) (for the case g € (0,z01),
F(zg1 — 0) < F(zgz + 0) is also satisfied) where F(z) = [ f(s)ds.

Then system (8) has at most one limit cycle in the strip xos < = < To1.

Proof. Let =z, y=u+ [; f(s)ds, then (4) is changed into (8). We
prove only the case zg € (0,z91) (the proof for the case x¢ € (z92,0) is
similar).

Suppose that the system has the periodic orbit L, then the subarcs of
Linx >z, x < Zog, o0 < < 0,0 <z < Agand Ag < z < x99 are
denoted by L$1+07 Lx5y, Lrag0, LOAg and LAgx10, respectively (where Ag
is the unique real zero of [’ f(s)ds). By Theorem 4.11 of [4], (5,15) and
(5,16) of [4], we have

/foo U Lay, f(z)dt > 0.
From Lemma 4.1 of [4], it follows that

/LOAof(.’L‘)dt > 0.

By Lemma 4.3 of [4], (E4) (taking k = ) in page 285 of [4] and the
conditions of this lemma (see (4.62) of [4])), we have

/Lxgoo U Lonmf(x)dt > 0.
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Therefore fL f(x)dt > 0. The proof is complete. |

In what follows we shall need the following two lemmas. Lemma 10 is
equivalent to Lemma 9, and Lemma 11 follows from Lemma 6.

LEMMA 10. If system (8) satisfies the following conditions:

(i) g(x) € C' and f(z) € C' for x € (ZTo2,Z01), there exists an a €
(Zo2,To1), such that (x —a)g(x) > 0 for x € (To2,To1), and x # a.

(ii) There exists a Tog € (@,Zo1) (or To € (To2,a)) such that (T—To) f(x) >
0 for x € (Toz,To1) and x # Tg.

(iii) The simultaneous equations

/j1 f(s)ds = /:2 f(s)ds (11)

and (10) have at most one solution in the region D = {(x1,22) | Toz <
T2 < a,To <1 < fEOl} (OTD, = {(1‘1,172) | To2 < X2 < Tp,a < x1 < Lfgl}).
(We denote this solution by xe = Tag, T1 = 19 with Toa < Tog < @ and

a<Tip< xm).
’ f(@)
IR

(iv) The function
is monotone increasing in the interval (T10,To1) (for the case Ty € (To2,a),
F(zg2 +0) < F(zg2 — 0) is also satisfied); or the function

’ fx)
| s

is monotone decreasing in the interval (Toz,ZT20) (for the case To € (@, ZTo1),
F(zo1 — 0) < F(zo2 +0) is also satisfied), where F(z) = [ f(s)ds.

Then, system (8) has at most one limit cycle in the strip Tos < T < To1-

LEMMA 11. Suppose that system (8) (satisfies conditions (i) and (i)
(@=—X or0) of Lemma 10, and additionally:

(iii) The simultaneous equations (11) and (10) have no solution in the
region D (or D’).

Then, system (8) has no limit cycles in the strip Tos < x < Zo1.

Finally, for system (1), doing the series of regular transformations

T — Aya g
—(=0+X)

=

Y;
+ (I —aN)Z® + h(2)y, T = x;
x =Z, dr = |h(Z)|"dt;

ISEEEA NI ]
I
ST
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if 7 denotes t again, then the system is reduced to

o (13)
= = —g(a) ~ ().
Let y = u+ F(x), © = x, then system (13) becomes
dz
E = Y- F(l‘),
(14)
Y - g
dt - g ’

Here X is a positive root of (3), and

g()

20X —aX? +m
20\ — 2aX2 —bA +m’
z(x + N)g(x)/Ah(z) - |h(z)]*",
Iy F(&)de,
f(@)/An(z) - [h(z)]",
—(A2 =X+ 1)+ (2l — 2a\®> —a +m — db)x
—(b(l — a)) + %)an

_ ah+b b

7 (@ +A) = y (@ = F)h(a), (15)
AI(A2 = A+ 1) + ((b+ 20X + 2mbX + 20 — bA%S — mA?)x
+((b+20) + mA(l — a)))x?

((b+ 21 +mA(l — aX))x + (A% — A + 1)) (z + )
—(m+0)((b+ DA — (m~+6)A— 1)z

2L 4 )+ mar = SN)A),

= (A2 26N+ 1) + (21N — 2aX2 — bA + m)z.

For convince of the subsequent statement, let

To
2
)

(b+2DA+m, 71 =2I\—aX?+m,

20\ —2aX\2 —bA+m, 713 =2\—3a)\? — 20\ +m,
(A2 =X +1)/ra,

b(l — aX) + (a/N),

2\ — 2a\? —a + m — 6b,

b+ 2l +mA(l — aX) = (ro/A) + mra, (16)
—m(A2 +mA+1),

b+ 1A% = (m+d)X—1,

A2 — oA+ 1,

(aX2 + DAt 12 /g0,

3z (aX® = mA(L + mA)(aA? + bA) 4+ (mA)?(ar? + bA)?).
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In order to prove Theorem 1, we consider separately the following four
cases:

(i) 1%+ a(a —mb) >0,

(ii) 16 + a(a — mb) = 0,

(iii) 6% + a(a —mb) < 0, §(m +6) # 0,
(iv) 6(m+9)=0.

The proofs of the theorem in the case (¢) (i), (i7¢) and (iv) are presented
in section 2, 3, 4 and 5 respectively.

2. 1b?+a(a—mb)>0
The results of this section are proved initially in [4].
THEOREM 12. If system (1) satisfies the conditions:
(i) Ib? + a(a — mb) > 0,
(ii) div(P, Q)|0, div(P,Q)n > 0.
Then, system (1) has at most one limit cycle around one of its two foci.

Proof. Obviously condition (i¢) of Theorem 12 is equivalent to assuming
that
md < 0, §(m+ ) >0, or md > 0.

We prove only the case m < 0 (the proof for the case m > 0 is similar).

Since p(—b/a) = —(1/a?®)(Ib*> + a(a — mb)) < 0, it exists a A\; such that
e(A1) =0, ¢ (A1) > 0 and aA; + b > 0. In transformation (12), we take
A = A ( for simplicity A; is rewritten as \), and verify that system (14)
satisfies the conditions of Lemma 7. From Lemmas 2 and 4, and (16) we
may assume

a>0,b+20>0, aA+b>0, 10 >0, f1 >0, By <O0.
We consider separately two cases.

Case (a): m+9 >0, > 0. A calculation shows that

9 = (BO—AO)/A<0, 1/0—(—)\) = Bo/’r‘2>0,

T3 = —¢'(N) <0, 90 = (Ib* + a(a —mb))/(aX +b) > 0,
G(=\) = —(1+b)By <0, 3(0) — Ay <0,

g(l/o) = —(CL/\ + b)Bvo/)\QTg > O, f(O) = )\5140 > 0,

F(=X) = Am+8)By <0, f(w) = r9AgBy/Ar3 < 0.

(17)
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From (17) it follows that g(x) has two real zeros which are denoted by
We denote the real zeros of f(z) by 2%, 29, where 2§ < 2{. From (17)
we have

Ty <y <y <O0.

Since a limit cycle of system (1) (i.e. system (14)) surrounding O cannot
surround any other singular point (see for instance [3]), we may assume
zh < 2 (otherwise, in the strip 2} < z < +oo the divergence of system
(14) has constant sign. Thus, system (14) has no limit cycles surrounding
O. Moreover, from (17), the relationships between —\, 2}, x2, 29, 1 and
0 are as follows:

“A<ah<y <z <al<o. (18)

Since a limit cycle of system (1) (i.e. system (14)) which surrounds
O cannot surround any other singular point, it is sufficient to show that
system (14) satisfies the hypothesis of Lemma 7 with xgy = 2/, 201 = +00.

By (18), conditions (¢) and (i7) of Lemma 7 are obviously satisfied. Next,
we verify that condition (i4¢) (parenthesis interior) in Lemma 7

@ / T xt, 2l 00
{g(x)} >0, z € (x7,27) U (0, 4+00) (19)

is satisfied.
In fact, a calculation shows that

[L0I]'_ oy BH) o 0] )Wt

ey 2z + NG @)h(@) IS

where
M(z) = (m+68)Box? — 6Ap(z + \)?,
Wa(z) = rg(z) — h(z)g' (2).

Therefore, in order to prove the theorem it is sufficient to show that for
z € (21,29) U (0, +00), M(z) < 0 and Wa(z) < 0.
From the conditions m + 4§ > 0, 6 > 0, it is clear that M (z) < 0. From

Wa(2h) = —h(z1)g (1) <0

and

Wy(z) = (a\* + bN)F (x) + 2g0h(z) < 0 for = > ],
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it follows that

Wa(z) <0, = > 2.

This proves the theorem in Case (a).

Case (b): § <0.Let y — 1 =19/, =2, then system (1) changes into:

dz’ / r a2 2
E =y +(m+5)x + Uz 4+y
d !
di = 2/(1+b+az’ +by').
-
Let ¢ = —y, 2’ = —x/y/—(1+b) 7 = —/—(1 + b)t, then system (1)
becomes:
d /
di = —y+dr+may+Uz? + 42
-
‘ (21)
% = z(l4+adz+by),
where
R b 5 = —(m+9)
(—(1+b))3/2’ 1+0 V—1+b)
m l

! /

- =
V—(1+b) —(1+0b)
Obviously, ¢’ > 0, m" =m/\/—(1+b) <0, +m' = —=06/y/—(1+b) >

0, 14+ =1/14b < 0. Therefore, from the proof of Case (a), it follows
that system (21) (and hence (1)) has at most one limit cycle surrounding
the singular point O(N(0,1)). This completes the proof of the theorem. |

We need the following definition.

DEFINITION 13.  For a planar ordinary differential system %~ = X (z,y),

dt

Y _ y (g, y), if the separatrices LT, and L, passing through a saddle (say
dt N N

N) intersect respectively a ray starting from a focus O at Py and P» (or L}
and L reach the infinite singular points u; and us, respectively) such that
LEPl and Lp \ and the segment PP (or LY, Ly and a portion of the
equator of the Poincaré sphere between u; and us) forms a closed region
containing only the singular point O, then the limit cycles surrounding the
singular point O are said to be determined by the saddle N.

LEMMA 14. If system (1) satisfies condition (i) of Theorem 12, and
additionally

diV(P> Q)\O : le(P7 Q)|N <0,
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then the limit cycles around O(N) are determined by M (z1,y1) (Ma(z2,y2))
at which the sign of the divergence of system (1) is opposite to that at O(N).

Proof. We prove only the case m < 0 (the proof for the case m > 0
is similar). This will follow from the conditions m 4+ § < 0, 6 > 0 of the
lemma. Moreover, from Lemmas 2, 4 and 5 we need only to do the proof
under the following conditions:

b+20>0, (b+2DA+m >0, b+ 2l+mA(l —aX) >0,
diV(P, Q)|M1 . le(P, Q)UWZ < 0.

Thus, the intersection point of the line hy : y = —((b+21)/m)x — d/m and
the isocline 1+ az + by = 0 is located between M; and Ms, the intersection
point of the line h; and the y-axis is located between O and N. Hence

(22)

div(P,Q) s, - diviy < 0,  div(P,Q)jar, - div(P, Q)0 < 0.

Moreover, from (14), (17) and (18), it is easy to see that the relationships
between —\, x5, ), vo, 29, 27 is as follows:

“A<a)<ah <y <) <2l <o.

Therefore, the limit cycle of (14) surrounding O(N') are determined by the
saddle M7 (M}) at which the divergence of system (14) is opposite to that
at O(N'). This completes the proof of the lemma. |

THEOREM 15. If system (1) satisfies condition (i) of Theorem 12, and
in additionally
div(P, Q)0 - div(P,Q)|n <0,
then system (1) has at most one limit cycle around one of its two foci.
Proof. From Lemma 14, the limit cycle surrounding the singular point

O(N) determined by the saddle M;(z1,y1) (Ma(x2,y2)) at which the sign
of the divergence of system (1) is opposite to that of O(N), and

diV(P,C?)Uw2 . diV(P, Q)\O > 0.

By the regular transformations, fixing the focus O(0,0) and moving the
saddle Ms(x2,y2) to M2(0,1), system (1) changes into (for more details see

1)
dz
dt
dy
dt

—y+ 0z + U2 +m'zy +y? = (z,y),

(23)
= z(1+dz+by) =Q (z,y), 1+V >0.
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Without loss of generality, suppose a’ > 0. For simplicity 8,1, m’,a’ and
b’ are rewritten respectively as 4,1, m, a and b in the subsequent proofs. It is
clear that the saddle M; and the focus N of system (1) become the saddle
M;(Z1,71) and the focus N (T2, 7s2) of system (23), respectively.

Obviously the singular points O, My, M; and N form still a convex
quadrilateral. Moreover, by Berlinskii’s Theorem [2], it is easy to see that
the singular points M, N are both on the right (or left) hand side of the
y—axis, and hence (b? + a(a — mb) > 0 by (2).

If N and M, are on the right hand side of the y-axis, then according to
the tends of the trajectories of (23) crossing the line ON and the isocline
1+ azx + by = 0, we can see that the singular point N is not a focus.
This is contrary to the hypothesis. Therefore, under the conditions of the
theorem, the focus N (Z2,%2) and the saddle M;(Z1,%;) must be both on
the left hand side of the y—axis and ¢ < ¥o.

Moreover, from Lemma 14 and the proof of Lemma 14 it follows that
the limit cycles of system (23) surrounding the point O(N) are determined
by the saddle M;(z1,1)(M2(0,1)) at which the sign of the divergence of
system (23) is opposite to that of the point O(N). Since the straight line
hy :y = kx—1 (where k is a positive real root of the equation (1+b)(1/k)?—
(m+6)(1/k) — 1 = 0) has no contact points of system (23), it must cross
the isocline 1 + ax + by = 0 between M; and N. A calculation shows that

dha st o pndyzomd
o \hzzo_k[a(k) + (b l)(k) me 1] > 0.

On the other hand, ¢(—b/a) = —(1/a®)(I1b*> + a(a — mb)) < 0. Thus,
equation (3) has a real root A\g with —b/a < A9 < 1/k. Hence, denoting A
by Ao, we get that

(b+DXN = (m+HA—=1<0, a\+b>0.

Doing the regular transformations (12), system (23) changes into (14)’
(the form of (14)” and (14) is the same), and the singular points O, N, M;
and M, of (23) become O, N (&g, F(&3)), My (&1, F(#1)) and May(=\, F(=)))
respectively, where &1 and Z» are the real roots of g(z) = 0. The limit cycle
of system (14)’ surrounding O(N) is determined by the saddle M, (My) at
which the sign of the divergence of system (14)’ is opposite to that of the
point O(N).

Since 1b? + a(a — mb) = (aX + b)go > 0, we have gg > 0 and

—%(B()_AO)<0, 7“3:T2—((1)\2+b)\)<07
vo — (=A\) = By/r2 >0, g(ro) = —(aX +b)AgBy/A’r3 > 0
g(—=A) = —(1+b)By >0, g(0)=—A4p <0.
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Hence, the relationships between 25, 1, —\, 19 and 0 are
.%2<—)\<l/0<.%1<0.

Therefore, it follows that

F0)- f(@1) <0, f(=A)- f(z2) <0,
which imply that the two zeros x and 29 of f(x), where xJ < 2, are in
the intervals (Z2, —A) and (Z1,0), respectively. Hence

((b+ 21)A + mA(L — aX))d > 0.

Thus, zf(x) > 0 (< 0) for z € (#1,29) U (0, +00) when § > 0 (< 0).
Since div(P’, Q")|ns, - div(P",Q")jo > 0, we need only consider the fol-
lowing two cases

Case (i): m <0, m+0>0;0rd<0.
Case (ii): m >0, m+d <0;ord>0.

Obviously, conditions (i) and (i7) of Lemma 7 are satisfied by system (14)’,
and (20) still holds.
In a similar way to the proof of Theorem 12, we may conclude

{f(év)

!/
] > 0(< 0) for 2 € (Z1,29) U (0, +00),

g9(z)

when 0 > 0 (< 0). Thus, condition (i74) of Lemma 7 is also satisfied by
system (14)’. Therefore, system (14)’ (i.e. system (1)) has at most one
limit cycle surrounding the singular point O. This completes the proof of
the theorem. |

From Theorem 12 and 15 we obtain immediately the following result.

THEOREM 16. If Ib? + a(a — mb) > 0, then system (1) has at most one
limit cycle around one of its two foci.

Since I > 0 and a—mb > 0 imply that b +a(a—mb) > 0, from Lemmas
2 and 3, and Theorem 16, we obtain immediately the next result.

THEOREM 17. If m < 0, then system (1) has at most one limit cycle
around one of its two foci.

3. Ib’+ala—mb)=0

The main result of this section is the following theorem, proved initially
in [5], but here its proof is rewritten.
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THEOREM 18. If Ib? + a(a — mb) = 0, then system (1) has at most one
limit cycle around one of its two foci.

Proof.  From Lemmas 2 and 4, Theorem 17 and (21) we can assume
a>0,m>0,m+d6>0(6#£0),b+2<0.

Since p(—b/a) = 0, we have that A\; = —b/a is the unique positive real
root of (3), and ¢'(A1) > 0. Now, in the transformation (12) we take A = A
(A1 is rewritten as A). Consequently,

g(x) = (ax + 1)h(z),
and system (14) satisfies the conditions of Lemma 7, or the conditions of
Lemma 6.
Since —1/a — (=) = ((aA+b) — (b+1))/a = —(b+ 1)/a > 0, we get
that
A< —-1/a=17; <0. (24)
From a)? + b\ = 0, it follows that

ro=ri=ra=r3=—¢(\) <0, f1 <0, r:%zl,
2

= roAgBo
f(vo) =
Ar3

>0, f(=\) = (m+6)BoA <0, f(0) =\Ag, (25)

Obviously f(z) has two real zeros 2, 29 (assume 29 < 29 ). From (24) and

(25), by a similar argument to that used in (18) the relationships between

—A1, 1 = —1/a, 29, 29 and 0 are as follows:
as 6§ <0, —A <) <z <2l <0, (26)
as 6 >0, —A <) <3 <0<al, (27)

where the equalities hold if and only if m+0 = 0. Taking xg2 = max{Z1, 1y}
and zg; = +00, then system (14) satisfies condition (i) of Lemma 6, and
the conditions (¢) and (i¢) of Lemma 7.

Next, we verify that system (14) satisfies condition (¢i7) of Lemma 7, or
condition (ii) of Lemma 6. We consider the following three cases.

Case (a): 0 < 0, m+ 0 # 0. We discuss the graph of the curve
y = —f(x)/((x + X\)(ax + 1)z). Obviously the line y = 0 is its horizontal
asymptote, and the lines = =\, z = —1/a and = = 0 are its vertical
asymptotes. Moreover, it follows by (26) that the curve y = —f(z)/((x +
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A)(az + 1)x) and the line y = ¢ (¢ # 0) have exactly three intersection
points. Thus, it is easy to see from the graph of the curve y = — f(z)/((z +
A)(azx + 1)z) that

[f(x)}’ _ {( @)

@ x4+ N(az + 1)z

<0 forzx e (xgo,l‘ol).

Therefore, condition (ii7) (parenthesis outside) of Lemma 7 is satisfied.
This proves the theorem in Case (a).

Case (b): 0 > 0 (and consequently m + § # 0). Since the curve
y = —f(x)/((x + N)(ax + 1)x) and the line y = ¢ have at most three
intersection points, it is easy to see from (27) and the graph of the curve
y = —f(x)/((x + A)(az + 1)z) that

flxy) —f(z1) flxa) — f(x2)

g(z1)  (x1 4+ N (azy + 1)z < g(x2) (w24 N)(aze + 1o’

for (z1,x2) € D;y. Therefore, condition (i7) of Lemma 6 is satisfied. This
proves the theorem in Case (b).

Case (¢): 6 <0, m+d =0. By a similar argument to that in Case (a),
it is easy to prove that

[;gﬂl = {M]/ <0 for z € (w20, xo1).

Therefore, system (14) satisfies condition (i4i) (parenthesis outside) of
Lemma 7. The proof is complete. |

4. b2 +aa—mb) <0, §(m+6)#0

The main result of this section is the next theorem obtained by first time
in [5, 6, 7]. We use the method of [7] to prove it. We can use the same
method of this section for proving the results of Section 2.

THEOREM 19. If b2+ a(a—mb) < 0 and §(m+0) # 0, then system (1)
has at most one limit cycle around one of its two foci.

From Lemmas 2 and 4, Theorem 17 and (21), we can assume
a>0,m>0m+3§>0(0#0),b+2l<0.

Since p(—b/a) = —(Ib*+a(a—mb))/a® > 0, we have that (3) has a unique
positive real root A;. Thus aX; +b < 0 and ¢’(A\1) > 0. In transformation
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(12) we take A = A1, where for simplicity \; is rewritten as A\. We verify
that system (13) satisfies the conditions of Lemma 9, or the conditions of
Lemma 10, or the conditions of Lemma 11.

A calculation shows that

go = (Ib* + a(a — mb))/(aX +b), f1 = %0 + Amra, 13 = —¢' (A1) <0,

aX +bA <0, 1o <7 <19 <7T5<0, (28)
go > 0, f1 <0, Bp <0, 1y <O.

Since f(vy) = roAoBo/M3 > 0 and f(—\) = (m + 3)ABy < 0, f(x) has
two real zeros ), 9 (29 < 27), obviously z9, 29, vp and —\ satisfy the

following relationships

asm+d>0and § <0, -\ <zl <vyy<al <0,

as 6 > 0(m > 0), —A <29 <y <0< al. (29)
A calculation shows that
Q(O) =—A <0, g(l/o) = —(a)\ + b)AoBo/)xT% <0,
g(=\)=—(b+1)By <0, (30)
91/(290) = (=A) = (b + 1)(r1 — aX®) +a — (m + 8)b)/(2g0) > 0,
glzrl—a/\Q—a—éb<0asé<O.
Therefore, if g(x) has real zeros 1, T2(Z2 < Z1), then there must be
—)\<Z‘g<.f2<i‘1<V0,
or 0<2f<Zy<iy as § >0 (31)
or vy <Tp <<y as d <0
or vy <Te<T <0<l as d > 0.
Take
o 4 T2, if g(x) has real zeros for z > 0,
17\ 400, if g(z) has no real zeros for 2 > 0.
Similarly, we take zg2 = Z1 (or vp), To1 = T2 (or vp) and Zge = —oo. In
addition, we take zg = 29, Tgp = 2 and @ = —\ (in Lemma 11, we may

take @ = —\ or 0). Thus, system (13) satisfies conditions (i) and (i7) of
Lemmas 9, 10 and 11.

Next we verify that system (13) satisfies conditions (i) and (iv) of
Lemma 9, or conditions (i74) and (iv) of Lemma 10, or condition (ii7) of
Lemma 11 (@ = —X or a = 0).
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A calculation shows that
Iy f(s)ds = F(z) — F(0) for = € (vg, +00)
ff)\ f(s)ds = F(z) — F(=\) for z € (—o0,1p),
where

ﬁ'(x) = F(z)/(=X\)(a)? + b\)rirs|h(x)|",

_ - - (32)
F(z) = (aN +bN)rsf(z) +r3f'(z)h(x) — 2107 (),

and F(x) is a quadratic polynomial with positive leading coefficient —(a\?+
b)\)?‘l f1~
By (28) and (31), we have

lim F(ac) =400, lim F(m) = +4o00.

T —00 r—vg

Obviously the equation

/wl f(s)ds = /I2 f(s)ds for (x1,72) € D( or D) (33)
0 0

and the equation
T T2
/ f(s)ds :/ f(s)ds for (x1,x9) € D’ (34)
- Y

are equivalent to the equation

F(x1) = F(x3) for (x1,22) € D( or D') and (x1, ) € D,

respectively, where D (D’) and D are defined as in Lemma 9 and in Lemma
10, respectively. Therefore, the simultaneous equations

/O F(s)ds = /O F(s)ds, (35)
[z _ f(z2)
9(@) ~ glws)’ (36)

for (z1,22) € D (or D’), and the simultaneous equations

/ A fsyds = [ A F(s)ds, (37)
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flz1)  f(x2)

= , 38
g(x1)  g(z2) 39
for (x1,x2) € D are equivalent to the simultaneous equations
F(z1) = F(z2),
Fa)f(@) _ _ Fa)f(x) (39)

z1(z1 + Ng(r1)  w2(we + N)g(aa)’

for (x1,22) € D (or D') and (x1,x2) € D, respectively.
First, we discuss the graph of function y = y(z) = F(x)f(z)/(z(x +
A)g(z)). By (28) and (31), we have

y(0F) = o0, y(07) = o0, y(0%)y(07) = —oc;
y(—=AT) =00, g(=A7) = o0, y(=AT)y(=A") = —o0, (40)
y(£o0) = (az?® + bA)r1f2/go := H > 0.

Obviously, we have the following conclusions which we state as a lemma.

LeEMMA 20. The curve y = y(z) = F(x)f(x)/(x(x + \)g(x)) has the
vertical asymptotes x = 0 and x = —\, and the positive (negative) sense
horizontal asymptote y = H. The curve y = y(x) and the line y = ¢ have
at most four intersection points.

By direct calculation, y(vg) — H = (r3/go)c1, where ¢; is defined as in
(16).
A calculation shows that

y=y(z)= ( = 15(@) +y(vo),
where
h?(x)pa(x) = F(x) f(2) + Argroz(z + \)g(), (41)

here ps(x) is a quadratic polynomial with leading coefficient ¢;, we consider
separately three possibilities:

Case(a): ¢; >0 (0 < H < y(vp)). We consider separately two cases.

(a.1) P2(vg) > 0. By (26) and (31), we have pa(23) < 0. Thus, be-
sides the point pg(vo,y(rp)), the curve y = y(x) and the line y = y(vo)
also have the other two intersection points which are denoted by points
My (xm,,y(v0)) and Ma(Zm,,y(v0)) with 2, < Zp,, and hence z,,, <
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19 < T, < vg. Therefore, it is easy to see from the graph of the curve
y = y(z) and Lemma 20 that y = y(z) > y(vo) for z € (z02,0), y = y(z) <
y(vy) for z € (0,x01). Thus, the simultaneous equations (35) and (36)
have no solution in the region D (or D’), system (13) satisfies condition
(7i1) of Lemma 11 (taking @ = 0). This completes the proof of subcase (a.1).

(a.2) p2(rp) < 0. Since pa(x3) < 0 and pa(1p) < 0, T, < 9 < v <
Tm, - We consider separately four subcases.

(a.21) =\ < @y, < @3 < 1y < Ty, < 0. Then, by (41) and (31),
F(=-)) <o.

Since F(vg) = (az?® + bA\)rsf(vo) > 0 by (28) and (32), F(0) > 0 and
f(0) >0 (i.e. §>0) by (32) and (41), respectively. Thus, it is easy to see
by Lemma 20 that the curve y = y(x) has a minimal point Q(zg,y(zg))
in the region D3 = {(z,y) | vo < © < Xm,, H < y < y(vo)}, and the
curve y = y(x) and the line y = ¢ (y(zg) < ¢ < y(ry)) have exactly four
intersection points which are both on the left hand side of the line v = z,,, .
Therefore, by Lemma 20 and the graph of the curve y = y(x), it follows

that
y(x) > y(zq) for x € (w02,0); y(x) <y(xq) for x € (0,z01),

and hence system (14) satisfies condition (7i7) of Lemma 11 (taking a = 0).
This proves the theorem in subcase (a.21).

(a.22) =\ <z, < 23, T, > 0. It may be verified, as in the proof of
case (a.21), that

F(=)\) <0, F(0)>0and f(0) <0 (ie 6<0).

Thus, by (31) and Lemma 20 it is easy to see that g(x) has no real zeros
for x > v, and the curve y = y(z) and the line y = ¢ (H < ¢ < y(vp)) have
exactly four intersection points. Moreover, by Lemma 20 and the graph of
the curve y = y(x), we have

y=y(x)>H forz >0, y=y(z) < y(v) for vy <z <0, (42)
and y'(z) < 0 as H < y(z) < y(vp) and = > vy.
Therefore, by (42) it follows immediately that system (13) satisfies condi-
tion (iii) of Lemma 9. } B

Since F(0) > 0, by (28), we get that F'(0) = F(0)/(—=\)r1(aA2+b\)r3|h(0)]"
> 0.
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A calculation shows that
[ o] = e [5)
f(x)

= Y (@)/(-N)(aX + BA)rrs — F(0) [g(z)} |

Thus, by (42) and [ f(s)ds > 0 for @ € (zo2, 20) it is easy to show that

T !/
[/ f(s)ds - f(:v)} <0,
0 g9(z)
for x € (w2, x20), where xog is defined as in Lemma 9. Therefore, system

(13) satisfies condition (iv) of Lemma 9 (the case z¢ € (xg2,0). This proves
the theorem in subcase (a.22).

(a.23) @, < =\, Yy < T, < 0. As in the proof of subcase (a.21), by
(31) and (41) it follows that

F(_A) >0, y(_>‘_) = +00, y(_)‘+) = =00,
y(0%) = —oo and y(0~) = +oc.

If the curve y = g(z) has a minimal point Q(zg,y(zg)) in the region Dj
then, by using the same method as in case (a.21), it can be proved that
the system (13) satisfies condition (#4¢) in Lemma 11 (taking a = —\).

If the curve y = y(z) has no minimal point in the region D3 and the g(z)
has real zeros for x < vy, then, by using the same method as in case (a.21)
it is easy to prove that (13) satisfies condition (¢44) in Lemma 11 (taking
a=—M\).

If the curve y = y(z)) has no minimal point in the region D3 and g(z)
have no real zeros for z < 1, then, by a similar argument to that in subcase
(a.22), it can be proved that

y=y(z) > H for x < =\, y=y(x) < y(v) for x € (=, ),

and y'(z) >0 as H < y(z) < y(vo) and = < vy,

Lo 3] - 5 Loom-[55]
f(x)

= (@) (~N) (@ + BNy — F(-) [g()] -0,

for x € (Z10,10), where Z1¢ is defined as in Lemma 10. Therefore, system
(13) satisfies conditions (ii7) and (iv) of Lemma 10 (the case Zo € (@, To1)).
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This proves the theorem in subcase (a.23).

(a.24) 2, < —A, Zym, > 0. As in the proof of subcase (a.23), it may be
proved that

F(_)‘) >0, y(_)‘_) = +0o0, y(_)‘+) = —00,
(07) = —oo and y(0T) = +o0.

<

Evidently the curve y = y(z) and the horizontal asymptote y = H have
exactly three intersection points, and the curve y = y(z) and the line y = ¢
(H < ¢ < y(vp)) have exactly four intersection points.

If g(z) has real zeros, then, as in proof of the preceding subcase, it can
be proved that system (13) satisfies condition (i#i) of Lemma 11 (taking
a =0, or taking a = —\).

If g(x) has no real zeros, then it is easy to prove that y'(z) < 0 for
H<y<y(w)and x > vy, y'(z) >0 for H <y < y(r) and = < vg, and
y = y(x) > H for x > 0 (this time with F(0) > 0), or y = y(z) > H for
x < —A. Thus, by using the same method as in subcases (a.22) or (a.23), it
is easy to see that system (13) satisfies conditions (iéi) and (iv) of Lemma
9 (the case zp € (x02,0)), or conditions (7i¢) and (iv) of Lemma 10 (the
case Zg € (@, xo01)). This proves the theorem in subcase (a.24).

Case (b): ¢; <0 (0 < y(ro) < H). Now, the leading coeflicient of ps(x)
in (41) is negative. We consider separately two subcases.

(b.1) pa(rp) < 0. Since ¢; < 0 and pa(rp) < 0, we have that z,,, <
Tmy S Vo OF Vg < Typy < Ty, if 2, and xp,, exist. Thus, if vy < x4, <
Ty, then y(z) > y(vp) for x € (T2, A) and y(x) < y(vp) for € (=X, Zo1).
If as T, < Tm, < Vg, then y(z) > y(vp) for x € (0,z01) and y(z) < y(vp)
for x € (x02,0).

If ., and z,,, do not exist, then the above conclusions still hold. There-
fore, system (13) satisfies condition (iii) of Lemma 11 taking a = —\ or
0). This proves the theorem in subcase (b.1).

(b.2) p2(v9) > 0. Since pa(rp) > 0 and pa(z9) < 0 by (41) and (31),
Tm, and T, exist, and —\ < x,,, < Vg < Zp,. We consider separately
two subcases.

(b.21) =X < Ty, < Vg < Ty, < 0. By a similar argument to that of
subcase (a.21), it can be proved that system (13) satisfies condition (%)
of Lemma 11 (taking @ = —A or 0).



458 Z. PINGGUANG

(b.22) A < T, < v <0 < Ty, . It follows by (31) and (41) that

F(=X) >0, y(07) = +o00, y(07) = —oo,
y(—zT) = —oo, and y(—A") = +oo.

As in the proof of subcase (a.23), the following conclusions can be proved.

If the curve y = y(z) has a maximal point R(zg,y(xzg)) in the region
Dy = {(z1,y) | =X < x < vy, y(v) <y < H}, then system (13) satisfies
conditions (444) of Lemma 11 (taking a = —\).

If the curve y = y(z) has no maximal point R(zg,y(zr)) in the region
Dy and g(z) has no real zeros for x € (x3,10), then system (13) satisfies
conditions (¢i7) and (iv) of Lemma 9, or condition (i) of Lemma 11 (taking
a = 0) if g(z) has real zeros for x > vy.

If the curve y = y(x) has no maximal point R(zg,y(xr)) in the region
D, and g(z) has real zeros for x € (29,10), then system (13) satisfies
conditions (4¢7) and (iv) of Lemma 9.

This proves the theorem in case (b.2).

Case (c): ¢; =0.

Then po(x) is a degenerate quadratic polynomial. Beside the point pg (v,
y(10)), the curve y = y(x) and the line y = y(vy) have at most one inter-
section point, which is denoted by Moy (Zm,, y(v0)).

By a similar argument to that in case (b.1), it is easy to prove that the
system (13) satisfies condition (#4¢) in Lemma 11 (taking @ = —\ or 0).

In short, the proof of the theorem is complete.

5 d(m+d)=0

The following result appeared in [8, 9, 10]: A quadratic system with a
weak focus and a strong focus has at most one limit cycle around one of
its two foci.

The next theorem is proved in [11].

THEOREM 21. A quadratic system with a weak focus and a strong focus
has at most one limit cycle around the strong focus.

Moreover, since a quadratic system has no limit cycle around a 3rd—order
weak focus and has at most one limit cycle around a 2nd—order weak focus
[12, 13], we have the following result.

THEOREM 22. A quadratic system with a 2nd-order (3rd-order) weak
focus has at most two (one) limit cycles, having a (1, 1)-distribution ((0,1)-
distribution).
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Since system (1) has no limit cycle if a = 0 or m = § = 0, we may assume
a>0,0#0, m+5=0(orm+4d+#0, 6 =0).

Moreover, by (21) we can suppose that O(0,0) is the strong focus and
N(0,1) is the weak focus (i.e. § #0, m+d =0).

In [8] it is proved that system (1)s=—_p, has at most one limit cycle around
the strong focus O(0,0) if m < 0, or m > 0 and [b> + a(a — mb) > 0. This
result also follows from the proof of Theorem 12. Therefore we need only
to consider the following case:

m >0, Ib*> 4+ a(a —mb) < 0.

As in the proof of Section 4, we take A = Ay (for simplicity A; is rewritten
as A). Now,

f(x) = ((b+20+mA1—aX)z —mO\+mA+1))(z + \)

= (r—;m—i—mh(:r))(x—l- A) = (fizx + fo)(x + A) := f(x)(z + N),

and conditions (28) and (30) still hold. We verify that system (13) satisfies
the conditions of Lemma, 6, or 7, or 8.

The functions f(z) and F(z) have respectively a unique real zero x¢ =
—fo/f1 and Ag in the interval (1p,0) (Ag < g < 0).

If g(x) has real zeros for z € (0,400) or z € (19,0), then let Zo =
min{z/g(z) =0, z € (0,+00)} and Z; = max{z/g(z) =0, = € (1,0)}.

Take

To, if Zo exists, T, if Ty exists,
To1 = e . = e .
o1 400, if Ty does not exist; 02 vy, if 1 does not exist.

Since system (1)s=_,, has no limit cycle around O(0, 0), if Ay < zg2, we
may assume Tge < Ag. Hence,

A< vy <xga < Ag <x9 <0< 201. (43)

Thus, it is easy to see that system (13)s=_,, satisfies conditions (7) of
Lemma 6 and conditions (¢) and (i¢) of Lemma 7 (8).

Next, we verify that system (13)s—_,, satisfies condition (ii¢) of Lemma
8, or condition (#i4) of Lemma 7, or condition (i7) of Lemma 6.

Since y = (1/k)F(z1) and y = F(x2) are strictly monotonous in the
interval (0,z01) and (zo2,Ag) respectively, we denote the inverse function
of y = (1/k)F(z1) and y = F(x2) by x1(y) and z2(y) with z1(y) > 0 and
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x2(y) < 0, respectively. Let

VRN o C167) BN S0 C21C0) N
e
BV 1)) RS 1) Co1 0 B
KT @)l ()"

Since V(0) > 0, in order to verify condition (ii¢) of Lemma 8, it is
sufficient to show that

V'(y) <0, 0 <y < +oo.

By (32) we have

F(z) =

—Arir3(aX2 + bA) [|h(z)]"  [R(0)]7 ]’

where

F(z) = r3(a)2 + M) (z + A\ F (@) + r3((z + N\ F (@) h(z) — 2f1h%(2)(45)

Substituting (45) in (44), we obtain that

. (0) h2 011‘1 -‘rCo
v (klh«»l W) @) )

_(—F(mz(O)) h2(01m2(y)—|-co )

+—=
IR(@2 ()1 2F (o (y)) (w2 (y)) "

where h2(z)(c1z + o) = F(x)?(x) + Argr3zg(z).
Since h?(zo)(c1z0 + co) = M3rasxeg(xo), if crz0 +co > 0 then g(zg) > 0.
By (43), this is a contradiction. Therefore
c1xg + ¢ < 0. (47)

A calculation shows that

R @@)w(@i(y)  P(ey)w(@(y)
=3 =3
—A@i(y) + M f1(21(y))  —Alza(y) + A (w2(y1))

where w(z(y)) = —rs(era(y) + o) F(x(y)) + hla(y) fulerzo + co).

V'(y) =




ON THE DISTRIBUTION AND NUMBER OF LIMIT CYCLES ... 461

We consider separately three cases.

Case (a): ¢; > 0. Since —rzfic; < 0, the leading coefficient of the
quadratic polynomial w(z) is negative. By (28),(43) and (47) it follows
that

W' (%) |g=ay = (ar? 4+ bA) fi(e1zo + co) < 0;
zf(x) <0 for x € (vy,zo) U (0, +00); (49)

x
h(z) <0 for & > vg; 1z + ¢o for & < xy,

and hence w(z) < 0 for x > vy. Therefore, V'(y) < 0 for 0 < y < +o0.
This proves the theorem in Case (a).

Case (b): c1 =0 (now ¢o < 0). Since w'(z) = (aX? 4+ bA)co f1 < 0 and

w(vo) = —r3cof(vg) < 0, we have w(z) < 0 for z > g, and hence
V'(y) <0 for 0 <y < +o0.
This proves the theorem in Case (b).
Case (c): ¢; < 0. We verify that system (14)s=_,, satisfies condition
(7) of Lemma 6, or condition (4i7) of Lemma 7. We consider separately

two subcases.

(c.1) g(z) has two real zeros Z; and T for > 1y. By (28), (30) and
(43) we have

VN <To <IT1 <xp<0. (50)

A calculation shows that

[f(x)}' _ [B@)["(m(O2 + mA + Dg(a)h(@) + 2 f (@)ws ()
g(x) h(z)(zg(x))?

where

wa(x) = rg(x) — h(z)g (z). (51)

Since (z — o) f(z) < 0 and g(x)h(z) > 0 for > z02, to verify condition
(#i1) of Lemma 7 it is sufficient to show that wy(z) < 0 for 292 < z < +o00.
Since the leading coefficient of quadratic polynomial ws(z) and g(z) are
all negative, we have wa(Z1) = —h(Z1)7 (1) < 0, we(T2) = —h(T2)g' (T2) >
0 (equalities hold if and only if Z; = Zo), and w}(Z2) = (aX? + bN)g' (22) —
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h(z2)g" (z2) < 0. Hence wa(x) < 0 for z € (xp2,4+00). This completes the
proof in subcase (c.1).

(c.2) g(x) has no real zeros for © > vy. We verify that system (14)s=_,,
satisfies condition (i7) of Lemma 6.

By (45) and (46) it is easy to see that the simultaneous equations (5) are
equivalent to

F(x1) R ACP)
()] |h(z2)|"
J@)F(z1) _ f(a2)F(2)
r19(21) 229 (22)
namely
F(l’l) _ F(ZQ)
[h(z1)]" |h(z2)|" (52)
h2(x1)(c121 + co) _ h2(x3)(c19 + co)
219(z1) z29(x2)

where h2(x)(ciz + o) = F(x)f(x) + Ardrzzg(z), 1 € (0,+00) and x5 €
(Vo, O)

By ci1xg + ¢cg < 0 and ¢; < 0, we have ¢y < 0, and hence ciz1 + ¢p < 0
for z1 € (0,400). Since ¢1v9+¢o < 0, the simultaneous equations (52) (i.e.
(5)) have no solution in the region D; we need only to consider the case
c1vo + ¢o > 0. Obviously the curve y = h%(z)(c1z + ¢o)/(zg(z)) and the
line y = ¢ have at most three intersection points. From the graph of the
curve y = h%(z)(c1z + co)/(xg(z)) it is easy to see that

h2(1'1)(61$1 -+ Co) > h2($2)(61$2 -+ Co)
z19(x1) z29(22)

for (z1,29) € Ds.

Therefore the simultaneous equations (52) (i.e. (5)) have no solution in the
region D;. This completes the proof in subcase (c.2). In short, the proof
of the theorem is completed.

Since all cases have been discussed, this completes the proof of Theorem 1.
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