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In [5], local problems around a class of rank-2 singular points called simple
such as normal forms, finite determinacy, and versal unfoldings are studied for
smooth positive quadratic differential forms on surfaces, as well as for their
associated pair of foliations (with singularities). To extend this study to the
class of rank-2 singular points, two cases of rank-2 singular points remain to
be treated, namely that of type C and that of type E(\), with A > 1. Using
the theory of normal forms for singularities of positive quadratic differential
forms, we obtain the phase portrait and a versal unfolding for type C singular
points proving that their codimension is three.
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1. INTRODUCTION

This paper focuses on local problems around rank-2 singular points of
smooth positive quadratric differential forms. We deal with normal forms,
finite determinacy and versal unfoldings. For a class of generic singular
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points called simple similar problems are studied in [5]. We propose to
complete our study to any rank-2 singular point.

We now recall standard definitions and give an overview of the main
results of [5].

A C"— quadratic differential form on an oriented, connected, smooth
two—manifold M is an element of the form w = 2221 o, where ¢ and
Y are 1-forms on M of class C". Therefore, for each point p in M, we
have that w(p) is a quadratic form on the tangent space T, M. We say that
w is positive if, for every point p in M, the subset w(p)~1(0) of T,M is
either the union of two transversal lines or all 7,M. In the former case,
p will be called a regular point of w. In the latter case, p will be called a
singular point of w.

If p is a regular point of such a w, we call Ly (w)(p) (resp. La(w)(p)) the
line of w(p)~'(0) which is characterized as follows. Let C' be a positively
oriented circle around the origin of T, M. By definition, ¢ € C' N L1(w)(p)
(resp. ¢ € C'N La(w)(p)) if there exists a small open arc (¢1,42) on C' con-
taining ¢ such that w(p) is positive (resp. negative) on (g1, q) and negative
(resp. positive) on (g, g2). Thus we associate to each positive C"-quadratic
differential form w on M a triplet C(w) = { fi(w), f2(w), Sing(w)}
which is called the configuration associated to w , where Sing(w) is the
set of singular points of w , and fi(w) and fy(w) are the two transversal
C" one-dimensional foliations defined on M — Sing(w) whose tangent lines
at each regular point p are Li(w)(p) and La(w)(p), respectively.

Two positive C*°-quadratic differential forms w; and wo will be called
equivalent if there exists a homeomorphism h of M such that A(C(w;1)) =
C(w2). In other words, h maps Sing(w;) onto Sing(wz), and leaves of
fi(wr) (resp. fo(w1)) onto leaves of fi(ws) (resp. fa(wz)). A positive
C*>-quadratic differential form w will be called structurally stable if any
positive C>-quadratic differential form @, which is C'-sufficiently close to
w, is equivalent to w, A complete characterization of structurally stable
positive C*°-quadratic differential forms with the C?-topology is obtained
in [1] and [3].

In order to introduce the type of singular points studied here, we recall
that a singular point p of a positive quadratic differential form w is said to be
of rank-k, for k = 0, 1,2, if there are local coordinates (z,y) taking p to the
origin such that if (z,y)*(w) = w = a(x,y)dy?+2b(x,y)dxdy + c(z, y)dz? ,
then the Jacobian matrix of the map g = (a,2b, ¢) at the origin has rank-
k. A rank-2 singular point p as above is called simple if the origin is a
nondegenerate minimum of the map h = b? — ac; otherwise p is called
semi-simple.

A normal form for a simple singular point is

w = a(z,y)dy® + 2b(x, y)dzdy + c(z,y)dz* |
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with

a(z,y) = y+ Mi(z,y)
b(z,y) = bz + by + Ma(x,y) (1)
c(x,y) = _y+M3($7y)

where by # 0 and M;(z,y) = O((22 + y2)2), for i = 1,2, 3.

A singular point as above is called hyperbolic if b2 — 2b; + 1 # 0 and
by # % These singular points are C'*-locally stable, that is, their codimen-
sion is zero (see [1, Proposition 6.2]). There are three types of hyperbolic
singular points: type Dy if b3 — 2b; + 1 < 0, type Do if b3 — 2b; +1 > 0,
b1 >0, by # % and type Ds if b3 < 0. A corresponding versal unfolding is

1
ydy? + 2zdxdy — ydz® | ydy?® + §mdxdy —ydx?, ydy? — 2zdxdy — ydz®.

Figure 1 shows their phase portraits.

Dy D, D3

Figure 1.

A simple singular point which admits a normal form as in (1), with by # 0
and either b% —2b1+1=0o0rb; = %7 is called of type D1s. Its codimension
is one and a versal unfolding is

ydy? +2((1 — Nz + y)dady — yda?

with A € IR such that A < 3 (see [5, Theorem 5.7]). The corresponding
bifurcation diagram is shown in Figure 2.

A simple singular point which admits a normal form as in (1), with by =0
and by = %7 is said to be of type Dy. Tt is of codimension 2 and a versal
unfolding is

ydy? + xdrdy + Az + (=1 + A2)y)da?,

with A1, A2 € IR small (see [5, Theorem 5.9]). Figure 3 shows the config-
uration around the singular point, as well as its bifurcation diagram.
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Figure 2.
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Figure 3.

When p is a semi-simple singular point of w, the coordinates (x,y) may
be chosen in such a way that the Jacobian matrix of the map g = (a, 2b, ¢)
at the origin is one of the matrices

01 01 00 00 11
tofl.,[-=10),l1 0], X0 |or[Xrxo],
00 0 0 1 -1 0 —1 00

with XA # 0. (See [3, Proposition 2.9, p.7].)

These singularities are called, respectively, of type A, B, C, E()\) and
F(A). Only those of type A, B, E(A\), with A < 0 and 0 < A < 1, as well as
those of type F(\) with A # 0, i, are C'-locally stable (see [3, Theorem
B, p.8]). The singular points of type F(i) are topologically determined
by their linear part. They are of codimension 1 (see [4, Proposition 4.3,
p.13]) and a versal unfolding, which is equivalent to a versal unfolding of
a Djo-singular point, is

1
(z + y)dy* + 1(1 + Nadrdy — (2° + y3)d2?
with A € R.
We consider in this paper one of the two cases of rank-2 that remain to
be treated, namely the case in which the singular point is of type C under
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a nonflatness condition which we next define. The last case to be treated,
E(A), with A > 1, will be presented in a forthcoming article.

Finally, after a linear change of coordinates, the associated matrix of a
positive quadratic differential form at a singular point of type C is

-11
0 1
0 0

In what follows, we will use this linear part.

The paper is organized as follows:

Section 2 contains general results on rank-2 singular points, as well as on
smooth k-parameter families of positive quadratic differential forms passing
through a form with a rank-2 singular point.

In Section 3 via an analytic change of coordinates, we find a normal form
for any family w(u), with parameter 4 € IRF, such that w(0) has a type C
singular point (see Theorem 3.1 of Section 3). This implies that if w has
a type C singular point at the origin, then there is an analytic change of
coordinates such that if

w = a(z,y)dy* + 2b(z,y)dady + c(z,y)dz? ,

then

a(l’,y) = —Jf+y+M1(CC,y),

1
b(z,y) = §y+b2x2+b3x3+o~+bnm"+Mg(gE,y),
c(z,y) = 32 +eqxrt + -+ e + Ms(z,y),

with My = O(| (z,y) |) and My, M3 = O(| (z,y) ™).

Using the normal form above, we define the nonflatness condition as
follows. We require that the maps b(z,0) or ¢(x,0) be nonflat in x = 0.
Since w is positive, this condition implies that there exist an integer k > 2
and a pair (bg, cg) # (0,0), with ¢y > 0, such that

a(r,y) = —x+y+ M(z,y)

1
b(z,y) = sy + box* + My(z,y)
C(xa y) = 00952}671 + Mg(l‘,y) )

with Mi(z,y) = O(| (z,y) ), Ma(z,y) = O(| (z,y) [¥) and Ms(z,y) =
O(] (z,y) |**71) (see Remark 3.2 of Section 3).

In Section 4, we determine the local phase portrait of the foliations as-
sociated with a positive quadratic differential form around a nonflat type
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C singular point and show that it is always topologically equivalent to the
one shown in Figure 4 (see Theorem 4.1).

—_—  —

fi(w) fa(w)

Figure 4.

Section 5 contains our main result. For a nonflat type C singular point,
we find a versal unfolding and show that its codimension is three. Further,
we present its bifurcation diagram.

2. PRELIMINARY RESULTS

In this section, we give some general results on rank-2 singular points and
smooth k-parameter families of positive quadratic differential forms passing
through a form with a rank-2 singular point. These results are used in the
subsequent sections, as well as in a forthcoming article concerning singular
points of type E(A), with A > 1.

We first record a proposition that appears in [4, Proposition 2], which
asserts that the rank-2 singular points are persistent by small perturbations
of the positive quadratic differential form. In other words,

PROPOSITION 1. Let wy € F(M) , and let p € Sing(wo). If p is a
rank-2 singular point of wq , then there exist neighborhoods N of wo and
V ofp as well as a C*™° -map p: N — V such that, for every w € N, the
point p(w) is the unique singular point of w in V. Moreover, this singular
point is of rank-2.

Our next result asserts that, for a smooth family w(u) of positive C°-
quadratic differential forms with parameter p € IR, in such that w(0)
has a rank-2 singular point at the origin, we may assume, without loss of
generality, that the origin is a singular point of w(u), for all | g | small. In
other words,

LEMMA 2. Let w(u) be an arbitrary smooth family of positive C>°-
quadratic differential forms with parameter p € IR® such that w(0) has a
rank-2 singular point at the origin. Then there exists a change of coordi-
nates of the form (z,y,n) = (h(u,v,u), 1) such that, for all p with | p |
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small, the origin is a singular point of
(u, v)"(w(p)-

Proof. By hypothesis, (a,b,¢)((0,0),0)) = (0,0). Assume that

D1 (a,b)((0,0),0) = (Zi Zi)

is nonsingular. Since the map (a,b) : IR? x IR* — IR is smooth, by the
implicit function theorem there exists a smooth map S defined in a small
neighborhood of 0 € IR* such that S(0) = (0,0) and

(a’ b) (S(M)v /’L) = (0’ 0) )

for all p in such a neighborhood.
Since w(p) is positive for all i, we have (a, b, ¢)(S(u), ) = (0,0,0). Hence
in this case the lemma follows by using the change of coordinates

(xvyau) = (uvvvﬂ) - (S(M)aﬁ)

If the matrix D;(a,b)((0,0),0) is singular, then Dy (b, ¢)((0,0),0) is non-
singular and the proof of the lemma is analogous. |

The following gives us a normal form for the linear part of w(u) at rank-
2 singular points which are of two classes: one class includes the singular
points of type C, while the other class includes the singular points of type
E(\).

LEMMA 3. Let w(u) be a smooth family of positive C*°-quadratic dif-
ferential forms with parameter p € RE. Assume that w(0) has a rank-2
singular point pg. Let U C M be a neighborhood of pg, and let V C R* be
a neighborhood of the origin such that Sing(w(w)) NU = {p(u)}, for every
w €V, where p(u) is the C continuation of the singular point py = p(0)
mU.

Let (x,y) : (U,po) — (IR?,(0,0)) be a local chart such that

(z,y)"(wo) = (ar12 + agy + Mi(z,y))dy” + 2(brz + boy + Ma(z,y))dzdy
+(e12 + coy + Ms(z,y))dz?

with M;(z,y) = O((x® +y?)Y/?), for i=1,2,3.

There exists a local chart ¢ = (U x Vo, (po,0)) — (IR* x IR*,(0,0,0)) of
the form ¢(p, p) = (x(p, 1), y(p, 1), ), with ¢(p,0) = (z(p), y(p),0) for all
p €U and ¢(p(p), ) = (0,0, 1) for all p € V, such that: if (x,y)* (w(p)) =
a(@,y, w)dy?* +b(z,y, p)dwdy + c(z, y, p)dz?,
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(a) and if a1,a2 #0 and a; + 2by =0, then

a(r,y,p) = arr+agy + Mi(x,y, 1),

1
b(m,y,u) = (bl + Bl(y’))x - ialy + Mg(:v,y,u) and
c(,y, 1) = (c1+Cr(p))z + (c2 + Co(p)y + Ms(z,y, 1),

with B1(0) = 01 (O) = 02(0) =0
(b) and if b1,2b1 +c2 #0 and ¢1 =0, then

a(r,y,p) = arr + (ag + Az(p))y + Mi(z,y, 1),
b(w,y, ) = bix + (b + Ba(p))y + Ma(x,y,p) and
C(l’, Y, IU/) = (C2 + CQ(/J/))y + M3($, Y, /’(’) 3

with A2 (O) = B2 (0) = 02 (O) =

where in both cases My (0,0, pu) = 8M’“ (0,0,p) = BM’“ (0,0,u) = 0, for all
(k,p) in {1,2,3} x V.

Proof. According to the preceding lemma and taking U x V smaller
if necessary, we may assume that U x V is open and that there exists a
local chart ¢ : (U x V, (po,0)) — (IR? x IR*,(0,0,0)) of the form ¢(p, u) =
(z(p, ), y(p, i), ) such that ¢(p,0) = (z(p),y(p),0) for every p € U and

1),
¢(p(p), 1) = (0,0, p), for every p € V.
Thus if (2,y)*(w(k)) = al@,y, p)dy* +b(z, y, p)dzdy +c(z,y, p)da?, then

a(z,y,p) = ar1(p)x + az(p)y + Mi(z,y, 1),
b(z,y, 1) = bi(p)z + ba(p)y + Ma(,y, ), and

C(.’E, Y, M) = G (M)m + CQ(H)y + Mg(l‘, Y, /’[’) )
with
(a1,b1,c1)(p) = (a1,b1,¢1) + (A1, B1,C1) (1)

(ag, b2, c2)(p) = (az,ba, c2) + (A2, Ba, C2)(p),

and

oM, OM,
M (0,0, ) = =5 50,0, 1) = a"%oom-o

for all (k,p) € {1,2 3}><V

Let Aa,gq.6.0) ° : IR> — IR? be the family of linear isomorphisms with
parameter (o, 3,7,d, 1) € IR* x V such that if A = Aa,B,v,6,u), then its
inverse is given by

A Y@,y p0) = (L+ @)z + By, vz + (14 0)y, ).
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Under these conditions, we have that ¢ = A o ¢ is of the form @(p, ) =
(u(p, i), v(p, p), ). Therefore, if (u,v)*(w(p)) = a(u, v, p)dv?+b(u, v, u)dudv
+ &(u, v, p)du?, then

(u, v, 1) = @1(N)U+@2(M)U+M1(Uavvﬂ)
(U7U7p’) = bl(u)”"’ bQ(u)’U +M2(u’v’u)
(u,0,1) = 1 (p)u + E2(p)v + Ms(u, v, 1)

Ql S QI

where

a1(p) = (1+6)*[(1 + a)ar(p) + vaz(p)]+
2B(1 +6)[(1 + )by (p) + b2 (p)]+
BP(1 4 a)er(p) + yea(p)],
ag(p) = (14 0)%[Bar(p) + (14 0)az(u)]+
2B(1 + 8)[Bbr (1) 4 (1 + 8)b2 ()] +
ﬂ2[ﬂc1(u)+(1)+6)r:2( ],

bi(p) = ~(1+0)[(1+ ( )+7az(u)]
[(1+a)(1+6) + B][(1 + a)bi(p) + b2 ()] +

) (14 a)B[(1 + a)er(p) +yea(p)],

ba(p) = (14 0)[Bai(p) + (14 6)ag(p)]+

[(1+a) (1 +0) + By][(81 (1) + (1 + 0)ba(p)]+

(1+ @)B[Ber(p) + (1 + 0)ca(p)]
a(p) = Y1+ a)ar(p) + yao(p)]+

2(1 + )y [(1 + )by () + Yb2(p)]+

(14 @)?[(1 4 a@)er(p) + yea(n)]  and
ca(p) = v*[Bax(p) + (1 4 0)az(p)]+

2(1+ a)y[Bby (1) + (1 + 8)ba(p)]+
(1+ @)?[Ber (1) + (1 + 0)ea(p)] -

Remark that

(@1,b1,¢1)(0) = (a1,b1,¢1)
and that

(@g,b2,22)(0) = (ag, by, cz) .

Case ap, az # 0 and a; + 2by = 0. We first assume a;(u) + 2b2(p) =0,
for all p, with | g | small. We leave this condition invariant by setting
B =~ =0, and we obtain

a1(p) = (1+a)(1+6)*(ar+ A1 ()
aa(n) = (1+0)%(az + As(p))
By the implicit function theorem, there exist « = a(u) and § = 6(u), with

a(0) = 6(0) = 0, such that as(u) = az and a;(¢) = a;. The latter identity
implies by (1) = —1a;.
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Now if a1 (1) + 2b2(p) # 0, setting o = = 0 = 0 we obtain

a1 (i) + 2ba (1) = A1 (p) + 2Ba(p) + 3y[az + Az(p)]

and the result follows from the implicit function theorem.

Case by, 2by + c2 # 0 and ¢y = 0. We first assume ¢;(¢) = 0, for all p,
with | o | small. We leave this condition invariant by setting v = 0, and
we obtain

ar(p) = (1+0)*(1+ a)ar () + 268(1 + 6) (1 + )by ()
bi(n) = (1+a)*(1+8)bi(u).

We next set a« = 0. Then according to the implicit function theorem, there
exist 6 = 0(p) and B = B(u), with 6(0) = B(0) = 0, such that a;(n) = a1
and by (i) = by.

Now if ¢1(p) #Z 0, setting « = 3 = § = 0 we obtain

&1 () = v az (1) + v (a1 (1) + 2b2 (1)) + 7(201 (1) + c2(p)) + c1 ()

and the result follows from the implicit function theorem. The proof is now
complete. |

3. NORMAL FORMS
Let
w(p) = a(z,y, p)dy* + 2b(z,y, p)dzdy + c(z,y, p)dz®

be an arbitrary smooth family, with parameter p € IR*, such that wy =
w(0) has a type C singular point at the origin.
We may assume

a(x7yvﬂ) = *IWL?JJFMl(LyaN)v
1
b(lL’,y,/L) = bl(y’)x+ §y+M2(x,y,,u),

@,y 1) = ea(pr+di(py + Ms(z,y, 1),
with b1(0) = ¢1(0) = d1(0) = 0, M;(x,y, 1) = O(] (x,y) |), for i=1,2,3.

THEOREM 4. Let k be an integer greater than or equal to two. Then
there exists a local chart ¢ : (Uy x Vg, ((0,0),0)) — (IR* x IR*,((0,0),0))

of the form ¢(p, ) = (u(p, p), v(p, ), p), with ¢(p,0) = (u(p),v(p),0) for
all p € Uy, and ¢((0,0), u) = (0,0, ), for all p € Vy. Moreover, such a ¢
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may be found such that if (u,v)*(w(p)) = a(u,v, p)dv? + b(u, v, u)dudv +
c(u,v, w)du?, then

a(u,v,p) = —u+v+ Ny(u,v,p),

~ 1
b(uv v, M) = bl (/‘L)u + 51} + bQ(:U’)u2 + -+ bk(ﬂ)uk + NQ(ua v, /1’) 3 and

&u,0,p) = cr(pyu+di(p)v + ca(p)u? + - - + cx()u* + Na(u, v, 1),
with b1(0) = ¢1(0) = d1(0) = 0, Ni(u,v,u) = O(| (u,v) |), and N;(u, v, n)
= O(| (U,U) |k)7 for i=2,3.

Proof. Let 2 < m < k be an integer. Let

P,y 1) = Amo()a™ + A1 1 ()™ ty + -+ Ag (Y™,
Gm(, Y, 11) = Bumo(p)a™ 4 Bp—11 ()™ 'y + -+ + Bom(u)y™, and
Tm(l“yyvﬂ) C !

'm0 ()™ + Crm1 1 ()™ "y + -+ Com (1) y™

be the homogeneous parts of degree m of the maps a(.,., 1), b(.,., u), and
(., ., i), respectively.

In a neighborhood of the origin, we consider a change of coordinates of
the form (z,y, u) = (u, v, ) + (a2, y, 1), B(z,y, p),0), with

m

a(@,y, 1) = amo()z™ + am_1,1 ()™ 'y + -+ agm(p)y™  and

B(z,y, 1 Bino(1)2™ 4 Br—1.1 ()™ Ly + - -+ + Bom (1) y™

~—

whose coefficients we will determine. Now, as in the proof of Proposition
3.1 of [5], if

(w,v) " (w(p) = @(u, v, p)dv® + 2b(u, v, p)dudv + &(u, v, p)du®

7

then

(@B, v,) = (—ut v, byt o,ea)u+ di (o) +
(p2a QQ7T2)(U7U7.UJ) +- (pmlqm’fm)(}t’v“u) +
adm(a(u) v, /J’)a ﬁ(ua v, :U/)) + (Pﬂ'u QT!H Rm)(ua v, ,U/) )

with P, (u, v, 1), Qm (1, v, 1), Ry (u,v, 1) = O(| (u,v) |™).
Therefore, the terms of degree less than m are preserved, whereas the
resulting ones of degree m are

(ﬁmuq'm7":m)(u7v>u) = (pm7Qm>rm)(uav7ﬂ) + adm(a(u7v7ﬂ)7/6(u7vau))a
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where ad,, = (adl,,ad?, ,ad?) with

ad? (e, 0, 1), Bt 0, 1)) = Da()ain) + 50n) + (—u+0) o0
1 ., 0a 0p

(br(p)u + 3 )(% + %)

(cxlphu+ s () 9

adfn(oz(u, v, H’)a ﬂ(u? v, /,L)) = (,LL)O((,LL) + dl (M)ﬁ(y’) +
(2D () +0) 2 s o+ dy () o

Let

m

m
U’U/,L 2: mi,Uz7 UU/.L § mz,Uz

i=0 i=0
be the homogeneous parts of degree m of the maps l~)(., o pt), €(.y . 1), Te-

spectively.
A simple calculation yields

ad?, (1) (u™ "0 0) = ((1+m —i)by(p) +idy (p))u™ "v* +

1 ) , , 4
§(m _ i)um—z—lvz-‘rl +icy (M)um—l-‘rlvl—l and
o ) ) 1 3
ady, (1)(0,u™ ") = aby (w4 (5 = m Sau™ T
(m —d)u™ Tyt

which imply that, fori=1,---,m—1

)

Bpii(pt) = Bm—ii(p) + ;(m +1—9)amy1—ii—1(p) +
((m+1—d)bi(p) +idy () m—ii(p) +
(i + Der(p)am—i—1,i+1 (1) + (m +1 = 9)Brr1—ii—1(1) +

(131 2m) i) + 6+ D)1 ),

as well as that

o) + (14 m)by () oum,0(k) + 1 () am—1,1 (1) +

B,
%(1 — 2m)ﬂm 0( ) + bl(u)ﬁmfl,l(lu‘) )
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Bom() = Bom(1) + 5om 1) + (1) + ms ()0 m(s) +

Brom- () + 51+ m)om(h)

Also,

ad?n(:u') (umiivia O) (1 + 2(m — i))cl (,U')Umiivi +
2(m — i)dy (pyu™ "o and
ad® (p)(0,u™ ) = (di(p) + 2(m — i)by (p))u™ 0" +
mfiflviJrl

(m - )u )

which imply that, for i =1,---,m,
Con—ii(1t) = Crm—ii(p) + (1+2(m — i))er (1) om—i,i(p) +

2(m — i+ )di(p)oom—it1,i—1(p) + (di(p) +
2(m —i)by (1) Br—i,i(pe) + (m + 1 —4) Brng1—ii—1 ()

as well as that
Cino(1) = Crno (1) + (14 2m)er (1) am,o (1) + (dy (1) + 2mby (1)) B0 (1) -

We set ag,m = Bo,m = 0. Then

Bmfl,l Bmfl,l Qim0
B2 B2, Q1,1
B}Jm—l Bl,mfl a2 m—2

BO m BO m a1,m—1

- ) — ) + M ) ,
Con 11 (1) Co 14 (k) + M (1) B (1)
Cm_272 Cm—2,2 ﬂm—l,l
CNfl,ﬂ%fl Cl7m*1 ﬁ27m72

Com Co,m B1m—1

with

_( F(p) G(p)
M(w) = (H(M) J () ) :

where F'(u), G(p), H(p), and J(p) are smooth m x m matrices such that

J(0) = Diagonal{m,m —1,---,2,1}, H(0)=0 and F(0)= %J(O).
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Therefore, the matrix M (u) is nonsingular for all | g | small, and the
coefficients a,—; (1) and Bp—i (1), for ¢ =0,---, m — 1, may be chosen
in such a way that B,,_;;(u) and Cp,_; j(pu) vanish in a neighborhood of
p=0,forall j=1,---,m. |

Remark 5. Consider @, b, ¢ as in Theorem 4. Let k be an integer greater
than one such that ¢1(0) = --- = ¢,-1(0) = 0 and ¢,(0) # 0. Since the
quadratic differential form is positive, k is odd and ¢ (0) > 0. Hence,
assuming l;(u, 0) or é(u,0) is nonflat at u = 0, there exists an integer k > 2
such that b;(0) = -+ = bp_1(0) = 0, ¢1(0) = -+ = c25-2(0) = 0, and
(bk(O), Cgk_1(0)) 7é (0,0) with Cgk_l(O) Z 0.

4. FINITE DETERMINACY

In the next Theorem, we show that the local configuration around a
nonflat type C singular point is topologically equivalent to the one shown
in Figure 4.

THEOREM 6. Let k > 2 be an integer, and let (bo, co) # (0,0) be a pair of
real numbers, with cg > 0. Consider a positive quadratic differential form
w = a(x,y)dy? + 2b(x,y)dxdy + c(x,y)dx? such that

a(r,y) = —x+y+ Mi(x,y)

1
b(z,y) = Ju+ boz* + Mo(z,y)
c(z,y) = cor® 1+ Ms(z,y),

with Mi(z,y) = O(| (2,9) ), Ma(z,y) = O(] (@,9) |¥) and My(a,y) =
O(] (z,y) |**71). Then the local phase portrait around the origin of the
foliations associated with w is topologically equivalent to the one shown in
Figure 4.

The proof of Theorem 4.1 is consequence of the next two lemmas. We
use the blowing-up technique (compare [3, Section 4]).
Now since the roots of the polynomial

S(w) = dago,o)(x,y)y* + 2dbo,0) (z,y)xy + daoo)(z, y)z?>
correspond to the possible directions of asymptotic convergence to the sin-
gular point for the leaves of the foliations fi(w) and fa(w), we only need
to make a blowing-up in the x-direction.
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LeEMMA 7. Consider the blowing-up (x,y) = G(u,v) = (u,u’v), for 1 <
j <k. Then (u,v)*(w) = v 1w;, with

wj = u*A;(u,v)dv? + 2uB;(u, v)dudv + C;(u,v)du?.
Moreover:

a) If j <k, then the unique singular point of w; over the line u =0 is
the origin and (B3 — A;C5)(0,0) = 0.

b) If j = k, then Sing(wg) N {u = 0} = {(0,v1),(0,v2)}, with v; <
0 < vy and vy < va. Further, (Bf — AxCr)(0,v;) >0 for i = 1,2. If k is
even (resp. odd), then the local configuration of (u,v)*(w) at the origin is
topologically equivalent to the one shown in Figure 5 (resp. Figure 6).

JI
W

fi((u,v)* () fo((u,0)"(w

N
N

~—
~—

Figure 5.

.
=\

N
N

fi((u,v)* () fa((u,0)*(w))

Figure 6.
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Proof. As in [5, Section 3], if G(u,v) = (u,u/v), then in the new
coordinates we have that w takes the form

(u,v)"(w) = (dudv) < SEZ:Z; 2(%11) ) < du ) 7

with

&u,0) B(u,0) \ _ pary o) . -
b(u, v) a(uw)) DG(u,v)" M(G(u,v)) DG(u,v)
)

where DG(u,v) is the Jacobian matrix of G in (u,v), its transpose matrix
is DG (u,v)T, and M (u,v) is the matrix

Therefore,
a(u,v) = u¥a(u,uw'v),
bu,v) = ju twa(u, W) +u'b(u,wv), and
&(u,v) = F2uP20%a(u, wv) + 25u " rob(u, wv) + e(u, ulv),
which imply
Aj(u,v) = =14 uw " v+ ulNy(u,v),

‘ 1 ‘
Bj(u,v) = bou* 7 + (j — 5)“ + ju " '? + ulNa (u, v),

Cj(u,v) = §(1 = §)v?+ 25bou v + cou* =9 4w~ 10® + uN3(u,v).

Thus, for j < k, we have that C;(0,v) = 0 if and only if v = 0. Since
B;(0,0) =0, part a) of the lemma follows.

Concerning b), we assume j = k. The singular points of wy, over the line
u =0 are (0,v1) and (0, v3), where vy, vy are the solutions of the equation

k(1 — k)v? + 2jbov 4+ ¢o = 0.
If v1 < v9, we have that v; < 0 < vy and that

B.(0 bo if’UiZO
- ) = 2,2 .
k( 7'02) _k;}]i;i;co 1fvz7é0,

hence By (0,v1) > 0 > Bj(0,v2).
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In order to obtain the local configuration around the origin, we consider
for i = 1, 2 the vector fields

Xi(u,v) = (u?Ap(u,v), —uBy(u,v) + (=1)'/u2Hy(u,v) ),
(—

}/i(uav) = (UAk(uvv)vak(uvv)+ 1)l Hk(uvv) ) and

Zi(u’ ’U) - (U(Bk(ua U) + (71)2 \% Hk(u7v))’ 7016(“7’0) )7

where Hy(u,v) = Bi(u,v)? — Ag(u,v)Cy(u,v).

Recall that, for ¢ = 1,2, the vector field X, is tangent to the foliation
fi(w1) and that the vector field Y; is tangent to the vector field Z;. However,
Y; is tangent to X; only for u positive and, for u negative, Y; is tangent to

X ;.
Since
(=B — VHi)(0,01) < 0
(=Bx — VH)(0,02) = 0
(—=By + VH)(0,01) = 0
(=Bi + VH)(0,02) > 0,
we have:

e The point (0,v7) is regular for Y7; it is singular for Y3 and a hyperbolic
saddle of Z5 .

e The point (0, v2) is regular for Ys; it is singular for Y7 and a hyperbolic
saddle of Z;.

Therefore, the local phase portraits of the vector fields Y; and X; around

YIFESIN
\?\

7

Yi Y, X1 Xo

N
N

|\
e

Figure 7.



302 V. GUINEZ AND E. SAEZ

Finally, since the determinant of the Jacobian matrix of the change of
coordinates is det J(u,v) = u* and (u,v)*(w) = u?*~lwy, the phase por-
trait of the foliation f;((u,v)*(w)), for ¢ = 1,2, is topologically equivalent
to the phase portrait of Y; (resp. X;) if k is even (resp. if k is odd) (cf. |3,
Remark 4.1]); the proof of part b) now follows. |

To complete our analysis we must perform, for each 1 < j < k, the
blowing-up (z,y) = (uv,u/vit1), and study what occurs at the origin.

LEMMA 8. Let (z,y) = (uv,w/~1v9), with 2 < j < k. Then we have
(u, v)*(w) = w302 w;, with w; = u?A;(u,v)dv? + 2uvBj(u, v)dudv +
v2Cj(u,v)du?, and the local configurations of the foliations associated to
(u,v)*(w) around the origin are topologically equivalent to the one shown
in Figure 8 for j =2, and for j > 2, to the one in Figure 9.

J -
e e

fi((u,v)* (W) fo((u,0)*(w))

I\ I
hle

fi((u,v)* () fa((u,v)* (W)
Figure 9.

Proof. We have that
Aj(uvv) = j(l_j)+N1(u’U)v
1
Bj(u,v) = j(2—j)—§+N2(uaU), and
Cj(u,v) = (j = 1)(2—j) +u/ 20/ + Ny(u,0)
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with N;(0,0) =0 for ¢ =1,2,3, and N3(0,v) = 0.
The corresponding vector fields become

Xi(u,v) = (U2Aj (u,v), —wvB;(u,v) + (—1)’-1/u2v2Hj(u7 v)),
Yi(u,v) = (ud;(u,v),v(—B;(u,v)+ (—l)i\/Hj(u,v)) ), and

Zi(u,v) = (w(Bj(u,v) + (=1)"\/ H;(u,v)), =vC;(u,v) ),

where Hj = Bj2 — AJC] .
Since (B — A;C;)(0,0) = §, we have that

D1(0,0) = (j(lo_j) j(j02)>

and that
_ (=) 0
DY2(O7O)—(] 0‘] j(j—2)—|—1>'

Then if j > 2, the origin is a hyperbolic saddle for Y7 and Y5, and the local
configuration around the origin of (u,v)*(w) is topologically equivalent to
the one shown in Figure 9.

When j = 2, the origin is a hyberbolic saddle for Y3; it is a saddle-node
for Y1 and Z;, with

DZ,(0,0) = <_01 8) and  Z;(0,v) = (0, —v?).

Therefore, the local phase portrait around the origin of the vector fields Y;
and X; are

I\ Z S NS
e IE e NIE

Yi Y, X1 Xo

Figure 10.
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Finally, since (u,v)*(w) = uv3ws, and since the determinant of the Ja-
cobian matrix of the change of coordinates is det J(u,v) = uv?, we have
that the local configuration around the origin of (u,v)*(w) is topologically
equivalent to the one shown in Figure 8. The proof is now complete. |

Proof of Theorem 4.1. The proof is a direct consequence of the two previous
lemmas. For example, for the foliation f;(w), after k blowing-ups, for k
even as well as for k odd, we obtain Figure 11 below. The proof is now
complete. |

Figure 11.

5. VERSAL UNFOLDINGS

In this section, we find a versal unfolding of a nonflat type C singular
point. We first recall the corresponding definitions.

5.1. Definitions

DEFINITION 9.  Two smooth families ( w, ) and (©,) of positive
C*>®-quadratic differential forms with (the same) parameter p € RR* are
called C°-equivalent (over the identity) if there exist homeomorphisms
h, : IR?* — IR? such that, for each u € IR*, we have that h, is a CO-
equivalence between the forms w, and @,.

Remark 10.  For local families around the origin of IR? x RR*, we
impose the conditions that ho(0,0) = (0,0), that h,(z,y) only be defined
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for ((z,y), 1) which belongs to a neighborhood V x W of ((0,0),0) in
IR* x IR*, and that {(h,(z,y),1)/((x,y), ) €V x W} be a neighborhood
of ((0,0),0).

DEFINITION 11. Let U C R* and V c IR' be neighborhoods of the
origin. If ¢ : (V,0) — (U, 0) is a smooth map and ( w,, ) a smooth family of
positive C*°-quadratic differential forms with parameter u € U, the family
(Va) = (Wg(a) ), with parameter o € V, is called family C°° —induced by
o.

Recall that an unfolding of a smooth positive quadratic differential form
w is any smooth family w, of positive C*°-quadratic differential forms
with wg = w; we thus have the following Definition.

DEFINITION 12. An unfolding w, of wqg is called a versal unfolding of
wp if all unfoldings of wy are C%—equivalent to an unfolding C*° —induced
from w, .

5.2. Main Result

THEOREM 13. A wersal unfolding of a nonflat type C singular point is
(—z +y)dy* + Mz +y + 22°)dzdy + Na(z — y) + Azs(\iz +y) + 2%)da?,

with \1 > —1 and Ay — )\g > 0.

Proof. Let w(y) be any smooth family with parameter x4 € IRF such
that w(0) has a nonflat type C singular point at the origin.
We may assume

w(p) = a(z,y, p)dy* + 2b(z, y, p)dady + c(z,y, p)da?

with
a(x,y,p) = —x+y+ Ni(z,y,p),
1
by, 1) = bi(w)z+ 5y +ba()a® +ba(w)a® + - + b(p)2*
+N2($7yau)a
c(,y, 1) = cr(pa+ di(p)y + ca(p)a® + es(u)a® + -+ + cop—1 ()2 !
+N3($7yaﬂ)7
and bl(O) = = bk_l(O) = 0 C1 0) = Ck— 2(0) = 0, dl(O) = 0,

(b, c2k—-1)(0) = (bo, co) # (0,0), N: (x,y,u) = O(| (z,9) [), and Na(z,y, 1)
=O(| (z,9) ") , Ns(a,y,p) = O(] (2,y) [**~ 1)

Consider the map A(u) = 4(2b1(u ) d1(1))3+27¢1(p)?. Then the origin
is a singular point of w(u) of type
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a) Dy, it A(N) )

b) Dy , if A(u) <0 ;

0 Dz, i A =0 and () £0 ;

d) D1 s if (2b1 + dl,Cl)( ) = ( 0) and bl(,u) 7é 0 N
e) C ) if (blvclvdl)( ) (0 )

This implies that our family is C%-equivalent to the family

1
O(p) = (=z+y)dy® +2(01 (W2 + Sy+a2*)dady + (e (o +di (w)y +2°)da?
Finally, if

c1(p) — 201 (p)di () ca(p) + di(p)
1+ 2by (1) T 1+ 20y ()

P(p) = (2b1 (), )

and
V(A Aoy A3) = (= +y)dy? + Mz +y + 22%)dedy +
Nz —y)+ As(Mz+y) + x3)dx2 ,

then the unfolding induced by ¢ from the family v(A1, A2, Az), A1, Az,
A3 € IR is precisely the family @(u). The proof is now complete. ||

The corresponding bifurcation diagram is shown in Figure 12.

AL
D, D,
A1 .
Dy~
\ / s
S :
Az _)Dl
o
e

Figure 12.
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