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A computational method to obtain simplest normal forms, which we refer as
hypernormal forms, for vector fields having a linear degeneracy corresponding
to a double zero eigenvalue with geometric multiplicity one, is presented. The
procedure of simplifying the classical normal forms requires some hypothesis
on the nonlinear terms of the vector field. Once the hypothesis are established,
different hypernormal forms are obtained. Several examples are included in
order to show the applicability of our approach in concrete cases.
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1. INTRODUCTION

The local bifurcation theory of equilibria is based on a set of specific methods
that are useful to understand the behavior of a dynamical system or a bifurcation
problem. Among these methods, the normal form theory is an important tool,
because one can determine restricted classes of vector fields, which can be used
to classify the singularity, and also to discuss bifurcations in the corresponding
unfolding. The basic idea in this theory is to put the analytic expression of a
vector field in a simple and adequate form. This can be done in two ways: by
means of coordinate transformations (smooth conjugation) or by changing not
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only the state variables but also the time (smooth equivalence). Although in this
paper we will focus mainly on the use of conjugation, we will present (without
proofs) some results showing the improvements in the simplification procedure
that can be obtained by using equivalence.

The most cumbersome part in the applications is related to the computation of
the normal form coefficients. For this reason, we pay attention to the way this can
be done efficiently.

Throughout this paper, we will assume that, after a center manifold reduction
if necessary, we deal with a planar autonomous system, with an equilibrium point
having a linear degeneracy corresponding to a double zero eigenvalue with geo-
metric multiplicity one. After a translation and a linear transformation, we can
assume that the equilibrium point is located at the origin, and the linearization
matrix is put in Jordan form.

The underlying idea in the normal form theory is to perform near-identity trans-
formations to remove, in the analytic expression of the vector field, the terms that
are unessential in the local dynamical behavior. In the procedure of normalization
of the n-degree terms, the homological operator (see (2) later) plays an essential
role. This linear operator only depends on the linearization matrix, and so, the
structure of the normal form is characterized by the linear part of the vector field.

The key in the computation of the n-order terms of the normal form is the reso-
lution of the homological equation. In the Takens-Bogdanov singularity, this linear
equation has a two-parameter family of solutions. This fact leads to the appear-
ance of pairs of arbitrary constants (parameterizing the kernel of the homological
operator) in the expressions of the higher-order normal form coefficients. Selecting
these arbitrary constants adequately (for that, we must assume some conditions
on the nonlinear terms) one must arrive to simplified normal forms. Our goal is
to obtain the simplest ones, which we call hypernormal forms.

A general framework for the approach we follow in this paper (based on Lie
transforms) to obtain hypernormal forms, for an arbitrary singularity, can be found
in Algaba et al. [1].

The problem of obtaining further simplifications in the Takens-Bogdanov sin-
gularity has been addressed by several authors. Ushiki [11] analyze this problem
up to fourth-order in the nondegenerate case. In Gamero et al. [7], a higher-order
hypernormal form was obtained, including the expressions for the coefficients.

The analysis of the hypernormal form up to an arbitrary order has been carried
out by Baider & Sanders [2], in the context of graded Lie algebras. The authors
classified three different cases and solved two of them. The remaining case have
been addressed by Kokubu et al. [8] and Wang et al. [12]. In this last paper,
the simplest normal form is obtained by considering expansions of the vector field
in quasi-homogeneous components. In fact, this procedure can be conveniently
adapted to the Lie scheme that we adopt in the present paper.

Anyway, as is usually done, we will consider here the expansion of the vector
field in homogeneous components, that is, the procedure is done degree by degree.
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The afore-mentioned classification of Baider & Sanders [2] into three cases also
arises when focusing the problem from the Lie transform perspective. Here, we
present results for the three situations. Finally, we remark that we will consider
the normal form originally used by Bogdanov, which is the usual one in the study
of the Takens-Bogdanov bifurcation (in Baider & Sanders [2], the complementary
subspace to the range of the homological operator is the orthogonal subspace with
respect to the scalar product defined in Elphick et al. [6]).

It is remarkable that our approach gives different possibilities for the hypernor-
mal form structure (which is of interest when analyzing the topological determi-
nacy of the singularity, and the corresponding bifurcation problems). Moreover,
we provide recursive algorithms to obtain the expressions of the coefficients. This
fact will be essential to establish the additional simplifications that can be achieved
by using C*>°-equivalence.

Another works, which addresses the computational aspects, are Chen & Della
Dora [3] that is based in the Carleman linearization procedure, and also Yuan
& Yu [13], which uses the conventional method of computing the transformation
leading to normal forms.

The present paper is organized as follows. In Section 2, we introduce the nota-
tions and state some well-known results concerning with the normal form theory
for the Takens-Bogdanov singularity. Also, we outline the procedure we will fol-
low. Some technical results and definitions are presented in Section 3. The main
results can be found in Section 4. In the theorems of this section, we assume that
some relations hold. Recursive algorithms to verify these relations are presented
in Section 5.

In Section 6 we include some particular cases in order to show some concrete
hypernormal forms and also to reveal the computational aspect of our approach.
Finally, in Section 7, we state without proofs, some results concerning to the
additional simplifications when using C*°-equivalence in two examples included in
Section 6. We have also included some appendices where present the proofs and
some generalizations of the results reached in Section 4.

2. BASIC DEFINITIONS AND PROPERTIES

Let us consider the planar system

T = y+f(l‘,y),
v = g(z,y), (1)

where f, g € C* in a neighborhood of the origin in R?, and they vanish, together
their first derivatives, at the origin.
We will denote the vector field of the above system as v = (y + f(z,y))0. +

g(z,y)0y.
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Usually, we deal with Taylor expansions of the vector field. For this reason,
we will introduce the following notation: J™v denotes the n-jet of v (i. e., the
n-order Taylor polynomial of v at the origin). Likewise, v, = J,v stands for
the homogeneous part of degree n of v (that is, v, = J"v — J" !v). Obviously,
vy = y0d, and v, € H,, the space of planar polynomial homogeneous vector fields
of degree n, for n > 2.

The homological operator is determined by the linear part vy, and it is defined
by

L, : Hy,+— H, (2)
Un S Hn — Ln(Un) = [Unvvl] S H’ru

where [U,v] = DU -v — Dv - U is the Lie product.
Next, we summarize some properties related to the subspaces associated to the
homological operator (for details, see Cushman & Sanders [5], Elphick et al. [6]).

e A basis of R,,, the range of L, is
{x”_lyaz, ce Y0y, —2" 0y + nm"_lyﬁy, x”_2y28y, cee y”ay}

e A basis of K, = Ker Ly, is { fn,0 = y" O, fo,1 = 2y" 10, + y"0y }.
e A complementary subspace to R,, that we denote by C,, is spanned by
{x”i’)y,x”_lyay}.

It is well known that, by means of a near-identity transformation (z,y) —
(x,y) + Un(z,y), with U,, € H,, (n > 2), it is possible to simplify v,, (annihilating
the part belonging to the range of the homological operator), leaving unalterated
the terms of order less than n (this fact is the basis of the Normal Form Theorem).
To be precise, splitting H,, = R, ® C,,, we can write v,, = v;, + v with v], € R,
and v € Cp,. It is enough to choose U, satisfying the homological equation

to achieve that the n-order terms in the transformed vector field become v} =
vS € Cy. The solution set of the linear equation (3) is parameterized by arbitrary
elements of the kernel of the homological operator. For each n > 2, this yields
the appearance of two arbitrary constants in the expressions of the higher order
normal form coefficients. These degrees of freedom can be used, under adequate
hypothesis in the nonlinear terms, to annihilate some terms in the normal form,
and so we can arrive to simpler normal forms. Our aim is to obtain simplest
normal forms, called hypernormal forms.

In our analysis, we will assume, without loss of generality, that we have per-
formed a C*°—conjugation, leading system (1) to normal form, and then, our hy-
pothesis will be based on the normal form coefficients. In this way, we deal with
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the vector field

v =yd, + Z(anx" + bnm"_ly)ay, (4)

n>2

and consequently, v, = (a,z" + b2 'y)d, for n > 2.

Next, we describe the basic ideas of the approach we follow in this paper to
obtain the hypernormal forms for the vector field (4). The key is to perform
the transformations in a way well adapted to computations. Let us consider a
near-identity transformation:

(55731) = so(i,gj), (5)

corresponding to a generator U. This means that the change is the time-one
flow of the autonomous system corresponding to the vector field U. That is,
o(Z,9) = u(Z, g, 1); where u(Z, g, ) is the unique solution of the following initial
value problem:

0 . . L - -
%U(ﬂf,yﬁ) = U(u(x7ya5))a U(Z‘,y,o) = (x7y) (6)

There is a correspondence between changes and generators, so that any change
has a generator associated and vice-versa. For details, we refer to Algaba et al.
[1].

The transformation (5) carries over the vector field (4) into

vt =0+ [0, U]+ 4, UL U+ §[[[v,ULULU + - =v+ Y %T{;(m

n>1

where Ty (v) = [v,U] and Tjj(v) =Ty o -+ - o Ty (v).

The above expressions show how the generator U can be used to accomplish
a change of variables, without using the expressions of this change. Also, it is
possible to use a recursive procedure that provides the change from the generator
(see Chow & Hale [4]), but usually one seek for an adequate canonical expression
for the original system and do not worry about the change leading to such canonical
expression.

There are some properties of the Lie product which can be easily derived. So,
taking vy, € Hy, and U; € H; we have [vg, Uj] € Hyqj-1-

We will consider a transformation whose generator U = )" ., U, satisfies:

1 .
Projg,, Z f'T[],(v) =0, for all n > 2. (7)

=17
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In this way, the transformed vector field v* is also put in normal form. More-
over, such a generator U will be selected so that v* has the maximum number of
vanishing coefficients.

The structure of U, degree by degree, is as follows.

(1) First, we impose that the linear parts of v* and v agree. This condition
leads to the relation [v1,U1] = 0, and then Ui (z,y) = A10f10 + 41111 € K4,
where A;1,A10 € R are arbitrary. In Lemmas 20, 21 we will show that these
arbitrary constants do not permit to annihilate terms in v*. So, we will take the
generator with zero linear part: U; = 0.

(2) Taking n = 2 in (7), we get that the second-order terms of U satisfies
[1}1, U2] = 0. Hence, Ug(x,y) = A270f2,0 + A2,1f271 € Ks.
(8) For n = 3, the third-order terms of U will be taken such that

[v1, Us] + Projg, ([v2,U2]) =0 <= L3(Us) = Projg, ([vz,U2]) .-

Then,
Us = Asofso+ Asifs1 + Us,

where Uf depends linearly on Az, Az 1.
(4) In the remaining cases n > 4, the n-degree of U satisfies

1
[v1, Un] + Projg,, ([Ug, Up-1]+ -+ + [Un-1, U2]§[[Uy ULU +-- ) =0.

Then,
Un = Anofno+ Anifor + UL+ UNL,

where UL depends linearly on Asg, Aa1,..., An_1,0,A4n-11 and UYL depends
nonlinearly on these constants.

The above definition can be extended to Uy and Us, by taking UF = UNE =
UNE = 0. For n > 3, UL and UNE will be selected as follows:

e UL is a particular solution of
Ly (Uy) = Projg, ([v2, Uy ]+ + [va-1,U3]) . ®)

e UNL is a particular solution of

. 1 .
L (UN) = Proi, | o2, U] -+ s Y T30 |- (9)
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Once we have obtained the generator U from (7), as a function of A, o, A1
(n > 2), we must analyze how these arbitrary constants appear in v* and describe
how much this can be simplified.

We will proceed recursively performing transformations, each of one depending
on one arbitrary constant. In this way, we will see how each arbitrary constant
appear v*, and determine which term can be annihilated selecting adequately the
arbitrary constant.

We fix h > 2, i = 0,1, and consider the generator satisfying (7) that depends
only on Aj; (i. e., we annihilate the remaining arbitrary constants). This gen-
erator is U = Up, + Up11 + -+, where Uy, = Ap, i fni and U, = UL + UNT for all
n>h+1.

As J"w,U] = 0, there exists A > h such that

Proje, [v,U] = [v,U], =0 for k=2,...,\, and
[v,Ulx41 = Proje, ,, [v,U] # 0.

Moreover, it can be proved that j’\“j’l)(h*l)HTg(v) =0 for j > 3. Then, we
get Up, = UhL7 vy Upgr—1 = UhL-s-,\—r Moreover, there exists 6 > h + A such that

1 .
[o2, U]+ - 4 [on—n, URE) + T § D = TH(0) ¢ =0,
=27

fork=h+1,...,6 —1.
This means that the arbitrary constant appears linearly in the terms of order
less than § of the generator. Also, there exists u > § such that

Proje, { [v2, UNA]+ -+ + o, UNK] + 32 T4 (0) § =0,
i>2 7
for k=h+1,...,u. Then:
v =+t oa+ (U FO1) o (U F0) F U T U
where
U = Proje, {[v2, Uf 1]+ + [vk—ns1, UL}, (10)
for k=X+1,...,u. Moreover, the following relations must be fulfilled
Projr, {[v1, U] + [v2, Ugy] + - + [vk—n41, Ui ]} = 0, (11)

for k=h+1,...,p. Moreover, A ; can appear nonlinearly in the terms of v* of
order greater than p + 1. Obviously, in our analysis, we will focus on the linear
appearance of these arbitrary constants.
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3. TECHNICAL RESULTS

In this section we include some definitions and results we will use in the next
section to derive the hypernormal forms.

Recall that our approach is the following: for each A, ; € R, (h > 2,7 =0,1),
we must determine A, §, p; solve the equation (11) and then compute v from (10).

As we will need to manage normal form coefficients, we define the projection
operators Iy, Iy : C, — R, by:

I, ((Az" + Bz" '9)9,) = A, Il ((Az" + Bz" 'y)9,) = B,

that allows to extract each normal form coefficient.

To solve (11), we must deal with the Lie product for vector fields v,, = (a,z" +
bnz"1y)d,. For that, we define the vector subspaces Hy.; (k € N, j € Z) and the
operators L(n,j), N(n,j) (n € N, j € Z) (see Lemma 4):

o Hy,j = {Am’“—jyj(f?z + Bxk_j_lyjHGy A Be R} for j =0,...,k—1.
o Hiw = {Ay*0, : A€ R}.
o Hy—1 = {Az*9, : A € R}.
o Hy; ={0},for j<—1,j>k+1.
Observe that Hj; = @;?:71 Hij = Do Hp,j. Also:

Jj=—00
® Hpj CRy,forj=1,...,k;
® Hy.—1 CCy,
o K C Hizlom1 D Hiike-

Usually, we will write the elements of Hy.; as fi,x—;. Alternatively, we will use
the notation fy.; for the elements belonging to Hy;x—;.
Taking canonical basis, we can represent the subspaces Hy.; as:

Hk;j:{(é> :A,BeR}, for j=0,... k—1.

Hiw={( () AR}
Hk;,1:{<91):AeR}.

For instance, the elements of the basis of K, = Ker Ly, are fi, o = yko, = ( (1) ) S

Hpr, and also fi1 = 2y*~19, + y*9, = ( % ) € Hip—1-
The linear operators L, N arise when manipulating Lie products involving nor-

mal form terms. They depend upon the normal form coefficients, and are defined
by:
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o L(n,j): Hij — Hinyj
fis = (5 ) —ben (37 ) (5)
o N(n,j): Hij — Hignsj—1

fk;k,a‘:(é)%’a”“(ﬂjrjl —J'O_l)(é)'

Next, we define another operator M (k — j), we will use to solve the homological
equation:

o If k—j#0,—1, then M(k — j) : Hg,j (VR — Hi;j—1 is defined by
A 1 k—j 1 A
fk‘k_]_<B)'—>(k—j)(k—j+l)( 0 k—j+1>(3)'

- ) - A 0
o If k — j = 0, then M(0) : Hpp, — Hpuo_1 is defined by ( / ) — (7A).

o If k — j = —1, then the definition for M (—1) is obvious, because the domain
is the zero subspace.

It is easy to prove that the above operators are well defined.

DEFINITION 1. Let us consider [ > 0. A [-index is an element n = (nq,...,n;) €
N’ (here, N is the set of natural numbers not including zero. Through this paper,
Ny will denote the set of natural numbers including zero). The set of l-indices is
denoted by Z;. The modulus of a l-index is |n| =ny + -+ + ng.

Given a l-index n € Z;, we say that n’ € Z; is associated to n, and we write
n' ~m,ifn}—n;=1,0orn} —n; =2, forallj=1,...,1L

The elements appearing in the next definitions are useful to solve explicitly the
equation (11) (see Theorem 12). Also, we use them to obtain vy, described in (10)
(see Theorem 13). These elements, which depend linearly on Ay, ;, determine the
terms in v* which can be annihilated by selecting the arbitrary constant Ay ; € R
adequately.

DEFINITION 2. Let us consider fr.; € Hp;n—; and n, n’ € 7; withn’ ~ n. We
define fi n;in’ € Hpgn|sh—it|n|—|n’| Dy induction in I:

Forl =1,

fhml;i,n'l =0,if h—i+mng — nll < -2,

Snmyiiny = M(i+nj = 1) o Projg, . (Hp, © fau), if h—i+n —nj = —1,
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where
{ L(ny,h—1i), whenever nj —ny =1, (12)
"\ N(ni,h—1i), whenever n} —ny =2.
Assume that we have already defined fjn;n for any n = (nq,...,n;) € I,
n’ = (n},...,n)) € Z;, with " ~ n. Consider n = (n,niy1) € Zj41, 0’ =

(n’,nj,,) € Zj31 such that 0’ ~ n. We define

fraia =0, if h—i 40| — [0/ < =2,

fngia =M (i+ 0| = 1)oProjg, - (Hniiy © famin), if h—i+|n[—[0'] =
-1

9

where

L(ny1,h—i+4 |n|—|n'|), whenever nj,; —n41 =1,
Hy,y = { - (13)

N (ni41,h —i+ |n| —|n'[), whenever nj ; —nj11 =2.

DEFINITION 3. Let us consider f; € Hpp—; and n,n’ € Z; with n’ ~ n. We
define fi n;in’ € Hpgin|sh—i+|n|—|n’|+1 Dy induction in [ as follows:

For [ = 1:
Fromssing = 0, if h— i +ny —nf < =3,
J?h,m;i,n'l =H,, o fny, if h—i+ny —nj > —2, where H,, is given in (12).

Assume that we have already defined fh,n;i’n/ for any n = (ny,...,n;) € Iy,

n’ = (n},....,n)) € Z;, with " ~ n. Consider n = (n,ny1) € Zj41, 0’ =

(n’,nj,,) € Zj31 such that 0’ ~ n. We define

Frogisiae = 0, if h— i+ |8 — [7'] < -3,

Froiar = Hugy, o M(i+ 0|~ 1)0Proj,  Froms i h— i+ |6 —[i¥] = —2,
where H, is given in (13).

ni41

It is easy to show that the elements fj nin’, ﬁz,n;i,n’ are well defined. The fol-
lowing lemmas provide some properties of subspaces Hy,; and the above-defined
operators.

LEMMA 4.

(-Z)[Hm;’m Hk;j] g Herkfl;rJrj-
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(2)Consider fr.; € Hip—;. Then:
[Una fk;j] = fk,n—l;j,n + fk,n—l;j,n—i—l S Hn+k—1;k—j @Hn+k—l;k—j—l~

(3) (a)Consider fi,—; € Hi; C Ry (with j #0,—1). Then, U, = M(k —
J) © fuk—j is a solution of Ly(Ug) = frk—;-
b)Consider fr.x = Ax*0, +Bx*1y0, € Hpo (R (i. e., B= —kA). Then,
; Y ;
Uy = M(k) o fi is a solution of Ly(Uk) = frk-
(4)Consider fr = Ax*d, + Ba*"'yd, € Hio. Then, Proje, fue = (B +
kA)zk—1yo,.
(5)Consider n,n’ € Z; with n’ ~ n.
a)Llet n = (n,m) € Z;y 1, 0’ = (n',m+1) ~n. Then: fhﬁ.iﬁr = L(m,h —
+ i,
i+ [n| —[n'[) o fanin
b)Let i = (m,m) € Tyy1, B = (0',m +2) ~ i. Then: fraiw = N(m,h—
( + i,
i+ ‘Il‘ - |I1/D © fh,n;i,n’-

(C)fhm;i,ﬂ' = M(Z + ‘l’l,| - 1) © PrOth_Hn‘ fh,n;i,n’-

Proof. (1) We will consider here the case 0 <r +j <m+k — 1.
Denote frm—r = A:I:"L_Ty"@gc+me_7'_1ym+13y € Homsrs frsk—j = CaF=iyio,+
Dz*=i=1yi+19, € H.;. After some computations, we get

[fm;mfra fk;k*j] = ((m —r—k+ ])AC +rAD — jBC) xm+k—7'—j—1yr+j6w (14)
+((m—7—-1)BC+ (r+34)BD — (k — j — 1)AD) g™ ¥k=r=i=2yrtitly

which belongs to Hy4k—1;r+5. The remaining cases: v +j < =1, r +j = —1,
r+j=m+k—1,r+j>m+k—1 are analogous.
(2) As in the above item, we will consider here only one case: 0 < k—j—1<
n + k — 1 (the remaining ones are analogous).

Let fi.; = Axly*=90, + Bad~1yk=it19, € Hy.—;. Then:

[Una fk;j} = _(k - j)anAxn+jyk_j_1az
+ (nanA — (k — j + 1)a,B) x" " 1y*99, —
—(k — §)bp Az 1y 19, 4+ (0 — )b, A — (k — §)b, B) 2™~ 2yF=i 19,

which belongs to Hyyr—1.6—j—1 D Hntk—1,k—;. Using coordinates in Hp.p—;,
Hotk—1:k—j—1, Hntk—1:k—j, and writing

( —(k —j)anA >:a ((kj) 0 )(A):
nanA—(k—j—1)a,B n n —(k—j+1) B
=Nn-1k—j)o fr; = .}Tk,nflgj,nJrh
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<m~dﬁiiﬁ?fﬁm8>:”"<_$:f)—%q¢>>(§):
=Ln—1,k—j)o fr;= ﬁc,n—l;j,m

we obtain the result.
(3) (a) It is enough to see that Ly(M(k — j) o fee—;) = fu:k—;. We will consider
here the case 1 < j < k. The remaining situations (j < —1,5 = k,j > k) are

similar. Let fi.x—; = (g) € Hy;j C Ri. Then:

— — (A+ B
M(k_]) Ofk;kfj = ( b <1 " = ) > € Hk;jfl-

It is a straightforward computation to obtain
Li(M(k = j) o frk—;) =
1 1 . ; 1 o
- A Bz ity =19, 4 Ba"Iyi9,, 40, | =
{kj+1( TR )x R e
= Axy*719, + Ba? Ty IO, = frp .

The proof of item (b) is analogous.
(4) It is enough to use
Proje, ((A1z" + Ao 'y + -+ Apy1y¥) 0, +
+ (B1£Ek + Boa* ly 4+ 4 Bk+1yk) Oy) =
(lek + (Bg + kAl)J?k_ly) ay

(5) This item follows directly from Definitions 2, 3. |

The proofs of the next lemmas are based on the use of induction and some
manipulations, and they are omitted for the sake of brevity.

LEMMA 5. Letn = (ny,...,n;) € Z; withl > 2. Consider j such that1 < j <,
and define n = (ny,...,nj) € Z;, 0’ = (n1 +2,...,n; +2) ~n. Then:

2(5 —1
foi—18.08 =¢j ( ‘fg‘j+ 2;- ) € Hai—1+|al;21-2j-1s

2(j—1—1)an 41
— .21 o Apy 41 . "t
where le—l;o =Y 0y € Har—1.21-1, c1 = — n11+2, Cj = *W%‘—l for

Jj=2.

Using this lemma with j =1 — 1, we can prove:
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LEMMA 6. Letn € Z; with 1 > 1, and definen’ = (n1 +2,...,n, + 2) ~ n.
Then:
= 2
J21-1,n;0,0 = Cl—1Gp 41 ( —2(|n| +21—1) ) € Haoi—1+4n|;0
where fa—1.0 =y* 10, € Hai—1;21-1-
In particular, PTOJ.CQL,IHMleflvﬂ;Own’ =0.

LEMMA 7. Letn=(ny,...,n;) € Z; withl > 2. Consider j such that1 < j <,
and define n = (ny,...,nj) € Z;, ' = (n1 +1,...,n; +1) ~n. Then:

—1+1
flfl,ﬁ;O,ﬁ’ = dj <]|fl| +j ) € HH—Iﬁ\—l;l—j—l,
where fi_10 = ¥ 10, € Hi_141, di = —21F and d; = LTy for
5 5 ) ni+1 J |n|+7 j—1

i>2
Using the above lemma with j =1 — 1, we obtain:

LEMMA 8. Letn € Z; with ] > 2, and definen’ = (ny +1,...,ny+ 1) ~ n.
Then:

Jicinon =0 € Hifn—1.0,
_ -1
where fi_1.0=y"'0s € Hi—14-1-

LEMMA 9. Let n € Z; with [ > 2. Define the following pairs of l-indices:

n(l) = (nlan,,..7n[717nl) =n,
n(l)l = (nl +2,n2 + 1a-' -1 + 177’11 + 1) ~ n(l)’
n(2) = (nQ,’rLl, o ,'nlflvnl)7

li
n® =y +1,n+2,...,n_1+1,nm+1) ~n®,

=1 = (no,ng,...,n1,mny),

n!
n=n" — (n2+1,mn3+1,...,n1 + 2,7 + 1) ~nl7Y,
n® — (no,nsg,...,ny,n1),
n(l)/ =(ne+1,ng+1,....n0+1,n1+2)~ n®.
Then
l

E Jicinone’ =0 € Hiym—1,-1-

j=1

Using this lemma, we can prove the next one:
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LEMMA 10. Letn € Z; withl > 2, and definen’ = (n1+2,no+1,...,m+1) ~ n.
Then:

/ _
_ . n=2~0 1
E o‘Eg{l,..A,l}fl 1,0(n);0,0(n’) € Hignj—1;-1,

where ¢ {1,...,1} is the permutation group of elements {1,...,l}; and we have de-
noted o(n) = (na(l), . ,na(l)) €Ti; and fi_1.0=y"'0, € Hj_14-1. The symbol
Z/ denotes that only the summands ﬁ—l,a(n);o,a(n/) that are different must be con-
sidered (observe that two different permutations should define the same element).

Another property, we will use later, is the following:

LEMMA 11. Letn € Z; with 1 > 2, and definen’ = (nf,...,n)_o,ni—1+ 1,1 +
)~mn (i. e, nl—n;=1,2forj=1,...,1-2). Consider h € N, i € Z such that
h—1i+ |n| — |n'| = —2. Then:

fh,n;i,n’ =0¢€e Hh+|n|;71~

The next question we address in this section is the computation of the generators
in @?:1 H; which leave the vector field in normal form up to order n. The
relations Projg J"[v,U] =0 (j = 1,...,n) must hold. Theorem 12 provides the
solution of these equations. Later, in Theorem 13, we will compute Projcj J"v, U]
(j=1,...,n), in order to analyze how is altered the normal form up to order n.

THEOREM 12. Let us consider the vector field v given in (4). Then, the general
solution of the PDE

Projgy;_, =, ([0, U)) = 0. (15)

(see (11)) isU =Uy + Uy + - - - + U, where

Ur = Apofro + Ak frea + Z Ap Z fhomsin+
h=1,....,k—1 [>0,n€Z;,n'~n
i=0,1 h+n|=k,i+|n'|<k+1
+ > M (k) o Projg, frmin ¢ (16)

1>0,n€Z;,n'~n
h+n|=k,i+|n'|=k+1

for k=1,...,n where fp1 = (%) € Hnh—1 C Kp, fro = (é) € Hpn C Kh,
and Ap; €R, forh=1,...k,i=0,1
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Proof. Equation (15) is equivalent to

[v1,U1] =0,
[v1, Us] 4 Projp, [v2, U] = 0, (17)

[Ula Un] + PrOjRn ([’UQa Unfl} ot [Unv Ul]) =0.

We proceed by induction on n.
e n = 1. In this case, there is only one equation: [vy,U;] = 0. Its general solution
is

Ui =Aiofr0+ A fin € Ky,

where f1,0 = ((1)) € Hia, fin = (%) € Hi, and A; 9,A11 € R. The above
expression agrees with (16) for k = 1 (for this value of k, any index n € Z; satisfies
h + |n| > k and the sums inside the braces in (16) are null).
e Assume that the solution of the first n — 1 equations in (17) is U = Uy + Us +
-+++ U,_1, where Uy, are given in (16) for k =1,...,n — 1.

To prove the result for n equations, we must solve in addition the nth equation
of (17):

[v1, Un] + Projg, ([v2,Un—1] + -+ [vn, U1]) = 0,

or equivalently

n—1
Ly (Uy) = Projg | <Z[Unk+1; Uk]) :

k=1

For k=1,...,n—1, we have

[Wn—k+1, Ukl = Ak o[Vn—t+1, frs0] + A1 [Vn—kt1, fra] + (18)

+ Z Ah,i Z [Uvn—k+17fh,n;i,n’]+

h=1,..., k—1 [>0,n€Z;,n'~n
i=0,1 h+|n|=k,i+|n’|<k+1
+ > [0n-k+1, M(k) 0 Projr, Fonim |

[>0,n€Z;,n' ~n
h+|n|=k,i+|n’|=k+1

Foreachh =1,...,n—1,7 =0, 1, we deal separately with the double sums in the
second and third line of (18). With respect to the sum in the third line, using that
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M(k) o Projg, frmsin € Hi;—1 C Ck, we find [vn_k+1,M(k) o Projg, fam;in| €
H,:—1 € Cy, and then its projection onto R,, vanishes.

With respect to the elements in the first line and the double sum in the second
line of (18), applying item (2) of Lemma 4, we have

[Unfk%*lafk;i] = fk,nfk;i,nfqul + fk,nfk;i,n7k+2a and (19)
[Un—k-i-lyfh,n;i,n/] = fh,ﬁ;i,ﬁ’ + fh,ﬁ;i,ﬁ”:

where n = (n,n — k) € Zjyq, 0’ = (n,n—k+ 1) and 2’ = (n',n — k + 2).

Note that both, 0’ ~ n and n” ~ n. Also, h + || = n, i + |A'| < n+ 2 and

i+ |n”| < n+ 3. Moving k throughout the values 1,...,n — 1, i runs the set Z; 14
and n’, n” are all the (I 4 1)-indices associated to n. So,

n—1
Projp . (Z[vnk+17Uk]> =

k=1

= Projg Z Api Z :fvh,ﬁ;i,ﬁ’

h=1,...,n—1 lZO,ﬁEIl+1,ﬁ/Nﬁ
1=0,1 h+|f|=n,i+|A'|<n+3

= ProjRn Z Ah,i Z .]T‘h,n;i,n’

h=1,....n—1 I>0,n€Z;,n'~n
i=0,1 h+|n|=n,i+|n’|<n+3

In the last equality, we have displaced the summation index [ +1 — [.

In the last sum, we must consider n’ ~ n with 7 + |n’| < n+ 3. There are three
possibilities:

(CL) i+ |n/‘ <n+1 Here, fh,n;i,n’ € Rna and PrOjRnfh,n;i,n’ = fh,n;i,n’~

(b) i+ |n'| =n+1, where ﬁm;m, € Hno-

(c) i+ |n'| = n+ 2. Now, fhm;i,n/ € Hp,—1 € Cy, and then ProjRnfh,nmw =0.

So, we can write

Z Ah,i Z ﬁt,n;i,n""

h=1,...,n—1 I>0,n€Z;,n’~n
1=0,1 h+|n|=n,i+|n’|<n+1

n—1
Projgz (Z[%Hh Uk])

k=1
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+ > Projg, fhniin
I1>0,n€Z;,n'~n
h+n|=n,i+|n’'|=n+1

Using now item (3) of Lemma 4, the general solution of the linear equation
L, (Uy) = Projg . Zz;ll [Urn—k+1, Ux] can be expressed as

Un = An,Ofn;O +An,1fn;1 +

+ S A 3 M(i+ [0/ = 1) 0 fmsiw
h=1,...,n—1 1>0,n€Z;,n’~n
1=0,1 h+|n|=n,i+|n’|<n+1
+ > M(i + [n'| = 1) o Proj,, fumin

I>0,n€Z;,n'~n
h+n|=n,i+|n’|=n+1

To fulfill the proof, it is enough to use item (5)(c) of Lemma 4. ||

THEOREM 13. Let us consider the general solution U = > ,_, Uy € @) _, Hx
of equation (15), obtained in the above theorem. Then,

O =Proje, (0.U) = Y. A > Froni

h=1,....k—1 1>0,n€Z;,n'~n
i=0,1 h+n|=k,i+|n'|=k+2
+ E PI'Ojck fh,n;i,n’ B (20)

1>0,n€Z;,n’~n
h+|n|=k,i+|n’|=k+1

fork=2...,n.

PTOOf' As [UL Un] € Ry, we get 571 = PI"OjC" ([Uh Un] + [U27 Un—l] +ot [Una Ul]) =
Proje, ([v2, Up—1] + - + [vn, Un) .

We focus into obtaining Proje [vn—g41, U] for k =1,...,n—1. The expression
of [vn—g+1, U] appears in (18). As in the proof of the above theorem, we start
analyzing the double sum in the third line of (18). We have seen that its elements
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belongs to C,,. Using item (5)(c) of Lemma 4, we can write its summands as

|:'Un—k+1a M(k) o PrOij fh,n;z',n’ = [Un—k-i-h fh,n;i,n’}-

Denote n = (n,n—k) € Z;11, 0’ = (n’,n—k+1) ~nandn” = (n’,n—k+2) ~n.
Observe that h+ [n| =n, i+ |0'| =n+2 and ¢ + |n”| = n+ 3. Applying item (2)
of Lemma 4, we obtain

Wn—k+15 fronsin’] = o s + frodi s = fhon s

because h + |fi| — i — |i”| = —3, and then f, a4 = 0.
In summary

Un—k+1, M (k) o Projg, fh,n;i,n’] = fh,a,q

The remaining elements of (18) (the two summands in the first line and the double
sum in the second line) appear in (19). In the double sum in the second line of
(18), we must consider indices n € Z;,n’ ~ n with h+ |n| =k, i + |n'| < k + 1.
As fhm;i,n/ € Rptin|s Whenever h + |n| —4 — [n’| > 0, when projecting onto C,
we must consider only the indices such that ¢ + |n’| = k (the remaining have zero
projection).

Now, we move k throughout the values 1,...,n — 1, so that n runs the set Z;;
and n’, n” run the set of (I + 1)-indices associated to n. Consequently:

n—1
vy, = Proje E [VUn—k+1, U] = E Api E fh.asia
k=1 h=1,....,n—1 1>0,A€T; 41,0~
i=0,1 h+|f|=n,i+|d|=n+2
+ E Projcn fh7ﬁ;i7ﬁ/

1>0,A€T 41,0 ~i
h+|f|=n,i+|d’|=n+1

To fulfill the proof, it is enough to displace the summation index I +1 —[. |

We are interested in the expressions (16), (20) but depending only on one ar-
bitrary constant A ; (with h, i fixed) and annihilating the remaining ones. The
quoted arbitrary constant appears in the h-order terms and upper (see Theorem
12). The structure of the coefficient of such arbitrary constant suggest the follow-
ing definitions:
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DEFINITION 14, We will denote Hj, ; = Hy;; D Hi.j+1 D - - D Hir. Consider
f €Hy. , f#0. We define the order and the difference of f by:

ord(f) = k,
dif(f) = max{meZ: feH,,}.

The next properties follow directly from the above definition:

LEMMA 15.

(1)Consider f € Hy.;, f #0. Then ord(f) =k, dif(f) =
(2)Consider f € Hy ;. with j < —2. Then dif(f) > —1.
(3)Consider f € Hy.;, [ #0. Then —1 < dif(f) <k
(4)Consider f € Hy ;. f#0.
If dif (f) > 1, then f € Ry.
Ifdif(f) = —1, then f € Cy.
If dif (f) = 0, then f may have nonzero projection onto Ry and C.

In particular, the elements in Hy. ; with nonzero projection onto Cy, have difference
negative or zero.

Next, we extend the operators N, L, M to Hj ;.

DEFINITION 16. Consider f = Zm>j Jkik—m € Hj.;, where fix—m € Hy;m for
m > j. We define B

an = Z N(n,m) o fk;kfm S H;;Jrn;jfh

m>j
Lnf = Z O frsk—m € Hipnsjs
m2>j
Mf= Z M(k —m) o Projg, fek—m € Hi.j_1-
m2j

Lemma 4 can be generalized as follows:

LEMMA 17.

(1) |:H:n;r7 HZJ:| g H;kn+k71;r+j'

(2)Consider f € H,;. Then [vn, f] = Nn—1f + Ln-1f € H} p 1,5 1

(3)Consider f € Hy.;. Then Uy = M f is a solution of the homological equation
Li(Ux) = Projg, f.
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(4)Consider f € H.; with j > 0. Then Proje, f = 0.
(5)Consider fi,j € Hip—j. Then:

Jemsimer = ML foj € Hetnie—i—15  frmnign+2 = MNp fig € Hipnik—j—2,
Jremgmt1 = Lnfryg € Hegnie—js  frenijn+2 = Nofryy € Hegngh—j—1-

Also, consider n € Z; and n’ ~ n. Then:

fh,n;im’ = HmMHnl,l T MHnlfh;i € Hh+|n\;h+|n\fi7|n’|+la
fh,n;i,n’ = MHn; T MHnlfh;i € Hh+|n|;h+|n\—i—|n/|v

where H,, is given in (12), (13).
DEFINITION 18. We will denote
7) (HTLZMH’ILZ,1 e MH'ILlfh,l) =

!
Z Hi iy MH, ) - MH"a<z>fh;i’
oec{l,---,l}

(recall that ¢{1,...,1} is the permutation group of elements {1,...,1}). Also,
!/
P(MHy, -+ MHp, fui) = Yecqryy MHn, ) - MHy ) fai, where, as before,
S~ denotes that only the summands that are different must be considered.

Next, we analyze the effect of N,,, L,, M on the difference of an element.

LEMMA 19. Consider f € Hp;, f#0, with =1 < j <k.
(1) I dif(f) =0 and Projy, . f = ( > ). then dif(L, f) > dif(f).

If dif(f) # 0 or Projy, , | # ( i ) then dif (L, f) = dif(f).

(2)  Ifdif(f) = —1, then dif (N, f) > dif(f) — 1.
IFdif(f) = 0 and Projpy, f = ( (, fl)A ), then dif(N, f) > dif(f) ~ 1.
In any other case, dif (N, f) = dif(f) — 1.

(3)dif (M f) = dif (f) — 1 whenever 0 < j < k.

Proof.

(1) It is enough to use Ker N(n,j) = {0} for j = 1,...,k; Ker N(n,—1) =
A
Hp.—1; and Ker N(n,0) = {( (nJrl)A) :AER} C Ho-
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(2) The relations in the statement hold because Ker L(n,j) = {0} for j # 0;

and Ker L(n,0) = {( g) :Be R} C Hio-

(8) In this case, Ker M(k — j) = {0} for j =0,..., k.
1

Remark: If dif(f) > 0, then dif(N, f) = dif(f) — 1, dif(L,f) = dif(f). The
same equalities hold in the case dif(f) = 0 and Projy,  f = ( ;21 ), with A #0
(i.e., for Proje, f = 0).

4. MAIN RESULTS

In this section we present the different possibilities of annihilating terms in the
normal form:

T =y,
y = Z(anx”+bnx"*1y). (21)
n>2

The results achieved are based in the relative position of the indices correspond-
ing to the first non-vanishing coefficients in the above normal form. This indices
will be denoted 7, s. So, as = -+ =a,_1 =0, a, #0, and by = --- = bs_1 =0,
bs # 0.

To analyze how much we can simplify the above normal form by using transfor-
mations in the state variables, we will transform the above normal form into

T = Y,
g o= Y (apa" +bra"ty), (22)
n>2

where the coefficients a,b), depend on the arbitrary constants parameterizing
D,.~ K. Later, these arbitrary constants will be selected in order to annihilate
the maximum number of coefficients ay,, by

n'-n’

Under the above hypothesis, we have

Ni=---=N,_5=0, N,_; #0, and
L1:...:L572:0’ Ls,l;«éo.
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From Theorem 13, one arbitrary constant Ay, ; appears in the k-order terms of
the transformed vector field multiplied by:

Z fh,n;i,n’ + Z Proje, fh’nﬂ-’n/

[>0,n€Z;,n'~n 1>0,n€Z;,n'~n
h+|n|=k,i+|n’|=k+2 h+|n|=k,i+|n’|=k+1

Using Lemma 17, the summands of the above sum can be expressed as
fh7n;i7n’ = HmMHm,l e MHnlfh;ia

where fr.; € Hpp—i. As h > 2,4 =0,1, we find dif (fy,;) > 0. We seek for those
summands with zero or negative difference (in this case, the projection onto the
co-range is non-vanishing). Moreover, we are interested in the lower order where
the arbitrary constant Aj; appears. This will depend on the expression of Hp,
(see (12), (13)).

When we apply M N,_; to an element, its difference decreases two unities
and its order increases v — 1 unities. That is, dif(MN,_1f) = dif(f) — 2 and
ord(MN,_1f) = ord(f)+r—1, whenever the projection of f into the co-range van-
ishes (see Remark after Lemma 19). On the other hand, when applying M L,_4,
the difference decreases one unity and the order increases s — 1. Consequently,
looking at the decreasing of the difference, the operators M N,_1, ML, 1 MLg
have the same effect.

To determine the lower order where Ay ; appears, we must distinguish three
cases:

(1) r < 2s—1. In this case, we must pay attention to the appearance of M N,._;
instead M Ls_1ML,_1, because the first operation increases less the order than
the second one.

(2) r = 2s — 1. Now, the effect on the increasing of the order of M N,_; and
ML, _1ML,_1 is the same and we must deal with both.

(8) r > 2s — 1. Here, we focus in the summands where MLs_1ML,_; (instead
MN,_1) appear.

Before dealing with each one of these cases, we will see that the arbitrary con-
stants A; o, A1 1 (parameterizing K1), can not be used to annihilate terms in the
normal form. Namely, A ¢ do not appear and A; ; can only be used to rescaling.

LEMMA 20. The arbitrary constant Ay, do not appear in the normal form (22).

Proof.  The constant A; ¢ appear in the normal form (22) in the following
terms:

e Proje, . Nifi,0, in the k + 1 order terms,
e P(LyMN,,fi1,0), and ProjCHmHP(LkMmel;o) in the k+m+1 order terms,
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o P(L,MLixML,,f1,), in the k +m + n + 1 order terms, for any k,m,n € N,

where fl;O = ( (1) ) S Hl,l-
The above mentioned elements vanish, and consequently the quoted arbitrary
constant do not appear in the transformed vector field. |

LEMMA 21. The arbitrary constant A1 1 can be used in the normal form (22)
only to rescaling.

Proof. The change of variables corresponding to a generator
U=Ai1fiqn =411 (20, +y0y),

is given by

@ _ A (T

( ] ) -° ( y ) :

and so Ap 1 can be used only to rescaling some term in the normal form. ||
Next, we analyze the different cases for the hypernormal form of system (21).

4.1. CaseI: r < 2s —1.

In this case, there are different possibilities in the simplifications. We will con-
sider two subcases:

4.1.1. Subcase I.1: s < r < 2s — 1.

To analyze how each arbitrary constant A ; appear in the transformed vector
field v*, we deal with the cases h = 2n even and h = 2n + 1 odd separately.

The main results we have obtained appear detailed in Appendix A.1. Here, we
present one of the cases, that corresponds to the first appearance of each arbitrary
constant in v*.

(A) Role of Agp 1, n > 1.

LEMMA 22. Let A =n(r+1) — 1. Then, the vector field (21) is C*> -conjugate
to (22), where

ap = ag, fork=2,..., A +s—1,
by = bg, fork=2,... )

* 2n,1
Arys = OAxts + A2n,1a1 y
* 2n,1
A1 = b1+ Agpiay
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where
ai™" = IP(Ls_1MN,_1 -"- MN,_1 fon1), (23)
n . n—1
ag I HQPrOJCA_HN'I‘flMNrfl MNrflf2n,1~ (24)

Moreover, Ag, 1 appear linearly in the normal form coefficients up to order
w=2n—1)(r+1)4+s—1. In the Appendix A.1 we will show that we can
know how it appears and then different possibilities to annihilating normal form
coefficients are obtained.

(B) Role of A3, 0 € R, n > 1.

LEMMA 23. Let A = n(r+1)+s—2. Then, the vector field (21) is C*> —conjugate
to (22), with

*

ap = ag, fork=2,...,A+1r—s,

o= bi, fork=2,... )\

* 2n,0
A\pr—s+1 = xyr—st1 + A2n o0y ",

bipr = bapt + Asnoas™®, fork=X+1,...,u,

where
A = =T (N aMN, g M, fono ) (25)
agn,O = HgPI‘OchJA,P(LS_lMNT_l S MNr—lan,O)~ (26)

In Appendix, we will carry out a deeper study, and we will show that Asg,
appear linearly in the normal form coefficients up to order ;1 = 2n(r+1)+s—3. This
allow different possibilities to select the normal form coefficients to be annihilated.

(C) Role of Agpi11 € R, n> 1.

LEMMA 24. Let A =n(r+1)+s—1. Then, the vector field (21) is C* —conjugate
to (22), where

*

a, = ag, fork=2,...,A+r—s,

I b, fork=2,..., )\,

* _ 2n+1,1
Urprost1 = Otr—st1 + Aopt110] )
* 2n+1,1

A1 = b1+ Aopgi1a; ,



TAKENS-BOGDANOV NORMAL FORM 401

where

a?nﬂ’l = 1I; (Nr—lMNr—l 2 MNr—lf2n+1,1) ; (27)

az"tht = MProje, , P(Ls—1 M N, M MN, 1 fang1)- (28)

As in the above cases, we will later show that Asg,1,1 appears linearly in the
normal form up to order p =2n(r+1) +s — 1.

(D) Role of Agp—10 € R, n > 2.

LEMMA 25. Let A = (n — 1)(r + 1) + 2s — 2. Then, the vector field (21) is
C° —conjugate to (22), with

ay = ag, fork=2,..., A +r—s,
o= bk, fork=2/... )\

* 2n—1,0
Oxfr_st1 = Orr—st1+An_1007 7,
2n—1,0
A1 = b1+ Azn_10a; ,
where
2n—1,0 n
aj = ILP(Ls—1MN,_1 --- MN,_1 fon—1,0), (29)

n— . n—1
a3 = TyProje, | P(Ls-iMLy_yMN,_y "=~ MN,_1fon_10). (30)

In this case, Ag,—1,0 appears linearly up to order y=2(n—1)(r+1)+r+s—2.

(E) Statement of the main result.

The information achieved in the four items above provides the following result.

THEOREM 26. Let us consider the vector field (21), with ag = -+ = a1 =
0,a, #0, by =--- =bs_1 =0,bs # 0 where r < 2s — 1. Then, the quoted vector
field is C*°—conjugate to (22), where

(i) o af=ay fork=2,...,r+s—1.

ob; =by fork=2,...,r.

(ii) ea;, =0 orbr,, =0, whenever r # s+ 1. If r = s+ 1, there is only

one possibility: b}, = 0.

ea5. =0 orb;, =0.
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ea5 1 =0o0rbi, . ,=0.
(iii)For each n > 2, we can choose a case of simplifications of item (a), and
another of item (b), listed below:

(a-1) b1y = 0 whenever as™t % 0; and D3y —opn(ri1y) = 0 whenever
2n—1,0
as # 0.

(a-2) b}y, 1) = 0 whenever as™ #0; and % gyn(ri1y = 0 whenever a2t 2
0.

(0-3) a%_o\ p(ry1) = 0 whenever a2 10 £ 0; and a% e = 0 whenever
2n,1
ay #0.

(b-1) b5y oy = O whenever az™® 4 0; and biin(ryry = O whenever
20 4 )

(b-2) @y p(pp1y = 0 whenever a>™% = 0; and D%y nrpry = O whenever
20 40,

(b-3) 51 prpry = O whenever az™® £ 0; and @l pryry = O whenever
a?”“’l #0.

(b-4) iy ypiriry = 0 whenever a2 £ 0; and @l pryry = 0 whenever
2n+1,1
aj #0.

The constants a?’i are given in (23), (24), (25), (26), (27), (28), (29), (30).

Proof. Ttem (i) is straightforward. To prove item (ii), we firstly perform some
calculations and obtain:

a%l = 2(1 —r+ 8)aybs/(s(s+1)),
2,1 _
a2 - _3ar7
2% = —(r4+s+1)a?/(r+1),
ag’o = —(r+s)arbs/(r+1),
B = —2(r — 1)(r +3)a2/((r + 1)(r +2)),
a3 = (—rs? — 125 — 5% — 2rs + Or® + 35 + 27r + 18)aybs/(s(r + 1)(r + 2)).

In the hypothesis of item (ii), the above constants do not vanish, and it is enough
to select Ao, Aa 1, As1 to fulfill the proof.

We focus in the proof of item (iii). First, we transform the vector field v as
indicated in Lemma 22. We obtain the transformed vector field v* given in (22),
where

ay = ay, for k=2,...s—2+n(r+1),
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« 2n,1
As_14n(r+1) — Ts—14n(r+1) +A2n,1a1n )
by = by, for k=2,...,n(r+1)—1,
" 2n,1
n(r+1) — bn(r+1) +A2n,1a2n )
with a?"’l, a%"’l given in (23), (24), respectively. Next, we transform v* as in

Lemma 25. We obtain now v**, which is also in normal form, and whose coefficients
are

a;* = ai, for k=2,...,s=3+n(r+1),

*k * ~2n—1,0
asf2+n(r+1) a’372+n(7‘+1) + A2”—1:0a1 ’

byt = by, for k=2,...,n(r+1)+r—3,

s,k g% ~2n—1,0
2s—r—2+4+n(r+1) — Y2s—r—24n(r+1) + A2n_170a2 :
~2n—1,0 2n—1,0 ~2n—1,0 2n—1,0
As af = a,, bY = bs, we deduce a;"” " =ay" 7, a5 7 =ay" . Moreover,

these constants are given in (29), (30). The possibilities of annihilating terms in

*%

v** are summarized as follows:

e In the case a3 # 0, we can select Ag, | = —bn(TH)/ag”’l, and then b7, , |\ =
b:b(r+1) =0 for r # 25 — 2. If a%”fLO # 0, then taking As,_1,0 adequately,
we can annihilate b3 ., .. For r = 2s—2 (where the indices n(r + 1),

*

w1y = 0 assuming as™ # 0, and the

2s —r —2+n(r+1) agree), we can do b
second transformation is not necessary.

e Assuming agn’l # 0, we can achieve bZ’EH_l) = bZ(H_l) =0 for r # 25 — 2.
Analogously, if a?”fLO # 0, we can vanish a:jQJrn(TH).

Item (a-3), and the remaining case of (a-2), are obtained by applying consecu-
tively Lemmas 25, 22; and then selecting As,—1,0, A2n,1 in order to achieve the
corresponding simplifications. The reasoning to prove item (b) is the same, but ap-
plying now Lemmas 23, 24 and taking Aay, 0, A2n+1,1 in a convenient way. Similar
comments hold for items (b-3), (b-4).

Finally, it is necessary to remark that each step in the procedure do not affect
to the terms we have annihilated in previous steps. |

4.1.2.  Subcase 1.2: r < s.

The analysis of the remaining cases can be accomplished following a parallel
scheme to the above one. The results presented below can be greatly proved
analogously to the above ones, so that we only include in some cases the main
differences with the case I.1.
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In the case 1.2, we consider that ao =+ =a,_1 =0, a, #0, by =--- =bs_1 =
0, bs # 0, with r < s.

The analysis of how the arbitrary constants Ay, ; affect the transformed vector
field is carried out in next items. Their proofs are similar to the above subcase.
For this reason, we do not include them.

(A) Role of Agy 1, n > 1.

LEMMA 27. Let n € N. Then, the vector field (21) is C*°—conjugate to (22),
where

(a)If nr +n < s, then

aj = ag, for k=2,...,2n+ 2nr — 2,
by, = by, for k=2,....nr+n—1,

* 27’7,,1
bnr+n = bn?“+ﬂ +A2"»1a2

In this case, the arbitrary constant Asy, 1 appears for the first time in the expres-
sion of a5, | 9,._1 i a nonlinear way.
(W)If nr+n>s+1, then

aj = ag, for k=2,...,n+nr+s—2,

* 2n,1
Opipris—1 — Ontnrds—1 + A2n,1a1 5
by = by, for k=2,...,nr+n—1,
* 2n,1
bnrJrn = bnT+n + A2n,1a2 .
2n,1 2n,1

The constants a]'", a5 '~ are given in (23), (24), respectively.

(B) Role of Az, 0 € R, n > 1.

LEMMA 28. Let n € N. Then, the vector field (21) is C*°—conjugate to (22),
where

*

A = Ok fO?” k‘:27,_.)n+n7«+r_2)

* 27’7,,0
Opinrgr—1 = OGninr4r—1 T Aoppay,
by = by, for k=2,....n+nr+s—2,
* 2’!1,0
bn+nr+571 = bn+nr+571 + A2n,0a2 y

where the expressions of a;™°, a3™° are given in (25), (26).
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(C) Role of Asp111 € R, n > 1.

LEMMA 29. Let n € N. Then, the vector field (21) is C*°—conjugate to (22),
where

ay = ag, for k=2,...,n+nr+r—1,

2n+1,1
a:H_»m«J,_r = Qp4nr+r +A2n+1,1a1 5
by, = by, for k=2,....n4+nr+s—1,

2n+1,1
b;+nr+s = bpinrts + A2nt1,105 )

where a3 a2 appear in (27), (28).

(D) Role of Ag—10 €R, n > 2.

LEMMA 30. Let n € N. Then, the vector field (21) is C*°—conjugate to (22),
where

(a)If nr +n —1<s, then

a; = ag, for k=2,...,n+nr+s—3,

* 2n—1,0
Uptnr+s—2 — Ontnr4s—2 +A2n—1,0a1 s

by, = by, for k=2,....2n+2nr —r+s—4.

Here, the arbitrary constant Ag,_1,0 appears for the first time in b3, 5., 1o 3,
but in a monlinear way.

(W)Ifnr+n—12>s+1, then

*

a, = ag, for k=2,...,n+nr+s-—3,

* 2n—1,0
Upyprts—2 — Oninrds—2 + A2n71,0a1 )
by = by, for k=2,....n4+nr—r+2s—3,
* 2n—1,0
n4+nr—r+2s—2 — bn+nr—r+25—2 + A2n—1,0a2 .

The constants a2, a2" "0 are given in (29), (30).
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(E) Statement of the main results.

To obtain the results by applying these lemmas, it is necessary to distinguish
different cases, depending on the relation between r and s.

THEOREM 31. Assume that s —r #Z 1,2 (mod r + 1).
Letm =min{j € N: j(r + 1) > s}. Then, the vector field (21) is C*°—conjugate
to (22), where

(Z) an:ak,fOTk:Q’...72r_1’
ob; =y, fork=2,... m(r+1)—1.
(it)For n > m, we can achieve b}, ) = 0 whenever a2t £ 0.

*

(iii)Forn > 1, we can get o (1) 4r—1

0 whenever a3™° # 0.
(iv)Forn > 1, we can obtain a;kl(
0 whenever agn'H’l # 0.

(v)For n > 2, we can obtain @ i1yse g =0 whenever ai"*LO £0.

_ 2n,0 * —
= 0 wheneverai" # 0, or D (ra1)rs—1 =

2n+1,1
= 0 whenevera;" ™" £ 0, orb*

r+1)+r n(r+1)+s =

THEOREM 32. Assume that s —r = 1(mod r + 1), that is, s=r+1+j(r+1).
Then, the vector field (21) is C*°—conjugate to (22), where

(i) saf=ay fork=2,...,2r—1,

oy =by fork=2,...,(j+1)(r+1)—-2.
(it)For n = j + 1, we can achieve b}, ;) =0 whenever a2l £ 0.

2n+1,1
= 0 whenevera>" """ £ 0, or b

(iti)Forn > 1, we can get ay, (1) (r41) =

0 whenever a%”“’l £ 0.
(iv)For n = 1,...,2j5 + 1, we can obtain a;(r+1)+r71 =0 i af”’o # 0, or
Ot jse1)(ri1)—1 = O whenever as™? £0.
(v)Forn > j+2, we can obtain Ot ) (r+ 1) r—1 =
D0, 2010 2(n4).0 2010

r+1)+r

b’{n+2j)(T+1)+T = 0, whenever

0. If this expression vanishes, there are two
2(n+7),0 -
= 0 whenever a>™ ™ % 0 or >0 £ 0; or

2(n+4),0
2(”"!‘]) 7& 0.

possibilities: af, |
b

r+1)4r—1

* _
() (r+1)+s—1 = 0 whenever a

THEOREM 33. Assume that s —r =2(mod r+ 1), that is s =r+2+ j(r +1).
Then, the vector field (21) is C*°—conjugate to (22), where

(i) o af =ay, fork=2,...,2r—1,
obp =bi, fork=2,...,(j+2)(r+1)—2.
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(ii)For n > j + 2, we can achieve b} (1) = 0 whenever a2l £,

(iii)Forn > 1, we can get a:( = 0, whenever a?"’o #0, orb?

r41)+r—1 (n+i+1)(r+1) —
0 whenever a2™° # 0.
(iv)For n = 1,...,2j + 1, we can obtain a;‘;(THHT =0 if a?n+171 £ 0, or
bt ji1)(ri1y1 = 0 whenever az" £ 0.
(v)Forn > j+2, we can obtain ot ) (1) = Olnt2j41)(ri1y41 = 05 whenever

2(nt5)+1,1_2n—1,0 _ _2(n+j)+1,1_2n—1,0 - - -
al(nﬂ)+ ay" — aQ(Hﬂ)Jr a" # 0. If this expression vanishes, there are

two possibilities: a?n+j)(7‘+1)+7’ = 0 whenever af("ﬂ)ﬂ’l #0 or a%”flp #0; or

>(kn+j)(r+1)+s = 0 whenever a;(n+j)+1,1 #0.

4.2. CaseIl: r =2s — 1.

In the situation we analyze now, the first nonzero normal form coefficients are
a2s—1, bs. Next lemmas show how the arbitrary constants appear in the normal
form. An outline of its proofs appears in Appendix A.2.

(A) Role of A2n,17 n Z 1.

LEMMA 34. Let n € N. Then, the vector field (21) is C™—conjugate to (22),
where

aj = ag, for k=2,...,2ns+s— 2,

* 2n,1
Uopsts—1 — A2nsts—1 + A2n,1a1 P
by = by, for k=2,...,2ns—1,
* 2n,1
b2ns = bops + A2n,1a2 s
where
2n,1 ra
a = H1 E f2n,n;1,n/7 (31)

neZ;,n’~n
nj:s—l,n;:s;nj:2s—2;n;:2s
2n+|n|=2ns+s—1,1+|n’|=2ns+s+1

a3 = I > Projc,, , fonmw- (32)

neZ;,n’~n
nj:s—l,n;:s;nj:2s—2;n;:25
2n+|n|=2ns,1+|n’|=2ns+1
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(B) Role of Az, 0 € R, n > 1.

LEMMA 35. Let n € N. Then, the vector field (21) is C*°—conjugate to (22),

where
ay = ag, for k=2,...,2ns+2s—3,
* 2n,0
Aops42s—2 — A2ns+2s—2 + A2n,0a1 s
by = by, for k=2,...,2ns+s—2,
* 2n,0
b2ns+s—1 = b2ns+s—1 + A2n,0a2 )
where
2n,0 ra
ay = Hl E f2n,n;0,n/>
n€Z;,n’~n
nj:s—l,n;:s;nj:25—2;n;:23
2n+|n|=2ns+2s—2,|n’|=2ns+2s
2n,0 __ . ~
ay = Il > Proje,, ..., fonnon-

neZ;,n’~n
nj:s—l,n;:s;nj:28—2;n;:23
2n+|n|=2ns+s—1,|n'|=2ns+s

(C) Role of Agpi11 € R, n> 1.

(33)

LEMMA 36. Let n € N. Then, the vector field (21) is C™—conjugate to (22),

where
ay = ag, for k=2,...,2ns+2s — 2,
* 2n+1,1
Aons+2s—1 = A2ns+2s—1 +A2n+1,1a1 s
by, = by, for k=2,....2ns+s—1,
* 2n+1,1
2ns+s b2"8+s +A2n+1,1ag s
where
2n+1,1 ~
ay = 1L E f2n+1,n;1,n’7 (35)
n€Z;,n’~n
nj:Sfl,n;:s;nj:2572;n;:2s
2n+1+|n|=2ns+2s—1,1+|n’|=2ns+2s+1
2n+1,1 . ~
@2 = I > Proje,, ... fon+iman.  (36)

ncZ;n'~n
nj=s—1,nj=sin;=25—2;n’=2s
2n+1+|n|=2ns+s,1+|n’|=2ns+s+1
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(D) Role of Agp—10 € R, n > 2.

LEMMA 37. Let n € N. Then, the vector field (21) is C*°—conjugate to (22),
where

*

ay = ak, for k=2,...,2(n+1)s+s—3,

* _ 2n+1,0
a2(n+1)s+572 = A2(n+1)s+s—2 +A2n+1,0a1 s
by = by, for k=2,...,2(n+1)s—2,
2n+1,0
Sntl)s—1 = ba(n+1)s—1 + A2nt1,005 ,
where
2n+1,0 ~
a = H1 Z f2n+1,n;0,n’; (37)

neZ;,n’~n
nj:sfl,n;:s;nj:2572;n;:2s
2n+1+|n|=2(n+1)s+s—2,|n’|=2(n+1)s+s

2n+1,0 __ . ~
ay = Il E Proje, .1y, fant1inom - (38)

n€Z;,n’~n
nj=s—1,n}=sn;=25—2;n’=2s
2n+1+|n|=2(n+1)s—1,|n’|=2(n+1)s

(E) Statement of the main result.

The above information yields the following result.

THEOREM 38. Let us consider the vector field (21), with ag = -+ = ags—2 =0,
a2s—1 # 0, bg = --- =bs_1 =0, bsg # 0. Then, the quoted vector field is C*—
conjugate to (22), where

(i) eai=ay fork=2,...,3s —2.
o =by fork=2,...,2s — 1.
(ii)For n > 1, we can achieve

* — 2n,1 * _ 2n,1
ob5, . = 0 whenever a3 # 0, or a3, . =0 whenever a” # 0.

* _ 2n,0 * _ 2n,0
ob} i1 = 0 whenever ay " # 0, or a3, o, 5 =0 whenever ay’"" # 0.

2n41,1 2n41,1
ob5, . = 0 whenever ay" ™ £ 0, or ab,, 0,1 = 0 whenever a;" ! £ 0.

2n+1,0 2n+1,0
005, 0s_1 = 0 whenever a3" ™" £ 0, or ab, 5,5 =0 whenever ai" " #
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The constants a?’i are defined in (31), (32), (33), (34), (35), (36), (37), (38).

Proof. It is enough to apply successively Lemmas 34, 35, 36, 37, for each
n>1. |

4.3. Case IIl: r > 2s — 1.

The last case corresponds to the situation when the first nonzero normal form
coefficients are a,., bs, with r > 2s — 1. Next, we show how an arbitrary constant
Apo appears in the transformed vector field. The proofs appears in Appendix A.3.

(A) Role of Ap 9, h > 1.

LEMMA 39. Let h € N, h > 2. Then, the vector field (21) is C®—conjugate to
(22), where

a, = ag, for k=2,... hs+2r —2s—1,

" h,0
ahs+2r—25 = ah5+2T—23+Ah,0a1 )

by, = by, for k=2,...,hs+r—s—1,

;kLs+rfs = bherr—s"‘14}7,’()0,2’07
where
h,0 h—2
ay” = IWP(N;—tMNy— 1M Ls—y -~ MLs—1fn0), (39)
. h—1
a’ZMO — HQPrOJchsﬂ;sP(Nr_lMLs_l MLs_lth)' (40)

(B) Role of Ap 1, h > 1.

LeEmMA 40.
Let h € N, h > 2. Then, the vector field (21) is C> —congjugate to (22), where

*

a, = ag, for k=2,...,hs+r—s—1,
h,1
a;ﬁzs+rfs = ahS+T*S+Ah,1a1 y
by = by, for k=2,...,hs—1,

* h,1
he = bns +Ap1ay,
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where

h—1
a' = ILP(N, 1MLy 1 “-- MLy 1fna), (41)
. h—1
1 = M,Proje, (LHMLS,1 MLS,lfh,l). (42)

N> >

(E) Statement of the main results.

In this case, we must distinguish two cases, depending on the r and s.

THEOREM 41. Assume that r — s is not a multiple of s (r — s # ms, for any
m > 1). Then, the vector field (21) is C*° —conjugate to (22), where

(i) eaf =ay, fork=2,...,r+s—1.

b, =by, fork=2,...,2s - 1.
(ii)For each h > 2, we can obtain

* — h,1 * h,1
eay .., = 0 whenever a;”” # 0, or b}, = 0 whenever ay”™ # 0,

* = h,0 * _ h,0
°ay oo, = 0 whenever ay” #0, or by ., =0 whenever ay™ # 0.

The constants a?’i are defined in (39), (40), (41), (42).

Proof. We can write r = s + ms + m, with m > 1 and 0 < m < s. We apply
successively Lemma 40 for h = 2,...,m + 1. Each time we apply the lemma,
we take Ap 1 in order to annihilate azls_w_s if ai"l # 0, or b; if a;”l # 0. This
procedure does not alter the terms annihilated in previous steps.

Next, we apply also Lemma 40 with A = m + 2 and choose A,,;21 so that
aa(km+2)s+rfs = 0 or bz:j+2)s
annihilate a3, or by, , selecting adequately As .

Later, we apply Lemma 40 with h = m + 3 and Lemma 39 with h = 3, and so
on. In this way, we fulfill the proof. |

= 0. Using now Lemma 39 with h = 2, we can

The remaining case, considered in the next theorem, can be proved analogously.

THEOREM 42. Assume that v — s is a multiple of s: r = s 4+ ms, for some
m > 1. Then, the vector field (21) is C*°—conjugate to (22), where
(i) eai =ay, fork=2,...,(2+m)s— 1.
oby = by, fork=2,...,25s —1.
(ii)For each h =2,...,m+1, we can obtain ajy, . = 0 whenever a}f’l #0, or
by, = 0 whenever ag’l # 0.
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, « _ _ h,0_ht+m,1_
(iii)For each h > 2, we can achieve bihtmys = ntam)s = O whenever ay™a,

h,0 h+m,1 . . . N TS o
ay’ a; # 0. If this expression vanishes, we have two possibilities: Ulptom)s = 0

h4+m,1 h,0 . * _ h+m,1 h,0
whenever ay #0oray™ #0; orbfy, ) = 0 whenever ay #0oray” #0.

The constants a?’i are defined in (39), (40), (41), (42).

5. RECURSIVE COMPUTATION OF THE CONSTANTS A%/

The constants a?’i that appear in the hypothesis of the theorems in the previous
section can be explicitly computed using recursive procedures.

Up to the order we have been able to compute, we have found a?’i #%0or ag’i #£0
(although we have not proved it, we conjecture that this is always true). So, we
have used each arbitrary constant Ay, ; to annihilate one normal form coefficient,
and we can assure that the normal forms obtained are the simplest ones.

To determine the structure of the hypernormal form, it is not necessary to
compute such constants, but only to know if they vanish or not. Nevertheless,
for the computation of the hypernormal form for a given vector field, we require
to know the values of these constants. For details, see the next section where we
present some examples.

We will focus in the computation of some constants in the hypothesis of theorems
of the above section. The remaining cases can be handled analogously.

LEMMA 43, Let a2 (p) = I (Pr0j62n+nprMNp " MN, fzn,l.), with n >
1. Then:
a2 (p) = apy1 (=20 — (n — )p+ 1)A, — 2B,,),
where Ay, B, satisfy the recursive algorithm.:
A =1, B =1,
Agi1 = ap ((pk 4+ 2k)(—2n+ 2k — 1)+ (p+ 1)) Ax + (=2n + 2k — 2)By) ,
Bri1 = o ((pk+ 2k + 1) (p+ 1) Ay, + (pk + 2k + 1)(—2n + 2k — 2)By)

Gp+1
(pk + 2k)(pk + 2k + 1)

and oy = fork=1....n—1.

Proof. For k =0,...,n—1, let up11 = MN, k. MN, fon1 = (é:ﬂ) €

H2n+kp;2n—1—2k . As

3" (p) = T (Proic, ., N(p,1) oun) =

ap411lo (Pfojcz,L+1Lp ( (p+ 1)_Af}lnf 2B, )) ’
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we get a3 (p) = ap1 ((—2n — (n — 1)p+1)A,, — 2B,).
It is enough to note that u,, can be computed recursively by:

U1 Z(i) ups1 = M(k(p+2)) o N(p,2n — 1 —2(k — 1)) o uy,

to derive the algorithm that appears in the statement of the lemma. |

Remark: The constant agn’l that appears in the statement of Theorems 26,

Theorems 31, 32, 33, is just a3 (r — 1) computed in the above lemma. Also, the

constant a3™"' of Theorem 38 agrees with a3 (2s — 2).

Next lemma can be proved as the above one:
Lemua 44, Let a2 (p) = 1T, (NpMNp " MN, fznﬂ,l), withn > 1. Then:

@ ) = 4 (0 + 1) A — Bosa),

where An41, Bni1 are given by the recursive algorithm:

A =1, By =1,
Aryr1 = ap ((pk +2k)(=2n +2k —2) + (p+ 1)) A + (=2n + 2k — 3)By) ,
Bii1 = arp ((pk+2k+1)(p+ 1) A + (pk + 2k + 1)(—2n + 2k — 3)By) ,

. ap+1
being oy, = ax ork=1,...,n.
90 = T )kt 2k 1) )
Remark: In this case, the constant a?”“’l of the statement of Theorems 26, 31,

32, 33, corresponds with """ (r —1). Moreover, a2"""! (2s — 2) agrees with the

constant a%”“’l of Theorem 38.

LEMMA 45, Let a2 70(p, q) = IP(LyMN, "7 MN, foniio), with n > 1.
Then:

ai" 0 (p,q) = Ao + A+ + Ap + A,
with:
(a)An41 = qu+1A£Ll4)_l, where A534)-1 is given by the recursive algorithm:
AV = —@n+1 B =(p+1 43
1 ( n+ )ap+17 1 (p+ )ap+17 ( )

AN = o) ((pk 42k —1)(—2n + 2k — VAW + (—2n + 2k — 1)B,§”) :
B, = o ((pk+2k - 1)(p+ 1A +
+(p+ 1+ (pk + 2k)(—2n + 2k — 2))B),
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1 _ Gp+1

k (pk + 2k — 1)(pk + 2k)
(b)For each j =0, ...,n, we have A; = Bf_&l, where B,(f_al is obtained from the

recursive algorithm:

being a

fork=1,...,n.

AP = bya(-20+2j = DAY, BP = by (pAP + (-2n+2j - 1)BY),
2 = ol (o + 2k + (=20 + 20)A7 + (<20 + 20) B ) | (44)
BY, = aP((pk+2k+q)(p+1)AP +

+(p+ 1+ (pk+ 2k + g+ 1)(=2n+ 2k — 1)) BP),

ith (2) _ ap+1 E—=i . n:and A(,?’) B(3) .
with oy (pk + 2k + q + 1)(pk + 2k + q) for Jyeesmyana Az, i Sa
isfy:
A,(ﬁgl = az(cg)(((p(k +1)4+2k+1)(—2n+2k—1)+p+ 1)A§€3) n
+(=2n + 2k — 2)BY),
BY, = o ((pk+ 1)+ 2k +2)(p+ 1)AP +
+(p(k + 1) + 2k + 2)(—2n + 2k — 2) BP),
where ;) = T fork=0,...,j—1.

(plk+1)+2k+1)(p(k+1)+2k+2)
Proof. Observe that

n+1

n+1 n—j+1 i
P(LgMN, """ MN, fon10) = > NyM """ NyMLoMN, -2 MN, fani1,0.
§=0
So, taking A; = Iy (N,M "~/  NyML,MN, - MN, fons10) for j =0,... n+

1, we can write a?"“’o(p, q)=Ao+ -+ Api1.

To compute A;, we deal separately with the cases j =n+1 and j #n+1 (see
item (3) of Lemma 4).

(a) If j =n+ 1, then
Anir =T (LeMProjr, 0 NpMNy " MNy fans10)

Denote

M) k-1 ALY
uy, " = NpMNy -+ MNpfony1,0 = B?I) € Hont1+kpi2n—2(k—1)s
k
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for k=1,...,n+ 1. Then,

—(2 1
u) = app (@AY, (46)

)y = N(p,2n+1 - 2k) o M(k(p+2) — 1) o ull.
To derive the algorithm (43), it is enough to observe that

Aver = 10 (Llg, 1) o M(2n+ 1+ (n + Dp) o Proj, . ull),) =

1
- _bq+1A£H)-17

where ASJ)rl are obtained from (46).
(b) To obtain A; (j =0,...,n), we define

3) b A(3)
u? = MN, - MN, fan 110 = Bl&) € Hont14kpi2nt1—2k>
k

for k=0,...,j. Once we have u§-3), we build u;z) = Lqugg)7 and then

k—7j A(Z)
u](f) = N,M oY NpMu§.2) — < Bl&) ) € Hont1+kp+q;2n+1—2k;
k

for k=7+1,...,n+4 1. Notice that A4; = Hluﬁ)rl = Bfi)l. Moreover:

(1) u(()3) = ((1)), and “1(321 =M{(k+1)(p+2)—1)oN2n+1-2k) ou,(f’),
for k=0,...,7 — 1. These relations provide the algorithm (45).
—2n+2j — 1)A®)
@ =b o A
pA;” + (=2n+2j — 1)B;
M(k(p+2)+q)o u,(f), for k = j,...,n. The algorithm (44) is derived from these
relations.

>, and u,(izl = N(p,2n —2k) o

Remark: Taking p = r — 1 and ¢ = s — 1 in the above lemma, we obtain the
constant a?"“’o of Theorems 26, 31, 32, 33. Also, with p=2s—2andg=s—1
we get the constant ainﬂ’o of Theorem 38.

In the same way, we can obtain recursive algorithms to compute the constants
that appear in the hypothesis of the remaining theorems of the above section.
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6. EXAMPLES

In this last section, we will obtain some hypernormal forms. The reason for
including this section is not only to describe the structure of the hypernormal
form in some specific cases. The main objective is to show how our approach is
useful to compute the expressions for the hypernormal form coefficients.

We will assume that the system (1) has been put previously in normal form.
Then, we deal with the vector field (4), and our conditions will be given on the
normal form coefficients a,,, b,. The recursive computation of these coefficients is
addressed in Gamero et al. [7].

Example 1: Case L.1.

Consider the vector field (4), with as = a3 = a4 = a5 =0, ag # 0, by = b3 =0,
by # 0. Among the possibilities presented in Theorem 26 we will consider here one
obtained by using items (a-2), (b-1) Different hypernormal forms can be obtained
using other items.

We have computed the constants a?’i (which appear in the items (a-2), (b-1) of
Theorem 26) for h = 1,...,20, and they are nonzero. Then, a hypernormal form
up to order 146 is

146 146
v* = yd, + | aja® + Z arx”™ + Z bia"ly | 9. (47)
n=>6 n=4
n#Tk+2 n#Tk,n#Tk+3 n#7k+4

Moreover, the expressions for the coefficients up to order 11, are:

by = ba, b =105, b ="0bs, ai=as, as=ar,

af = as, by =bs— (10azb; + b3br) / (10as),

ay = ag, by = by — (bagbr + bsbsb7) /base,
aly = aio — (bab7) /30, a3, = a11 — (arbadr) / (15a6) ,

The expressions for the coefficients of order greater than 11 are omitted for the
sake of brevity.

We summarize below the procedure used in this example (see Section 4):

First, we compute the generator which depends only on Aj ;. We denote U,Lj }
the part of the k-degree homogeneous terms of this generator depending on the
power j of A 1. Obviously, UNL = > j>2 U,Lj].

The expressions for UF (see (16) with A ; = 0, h # 2, i # 1) are:

Ul =0, Uf =As1fon, Uf =Uf=0.
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In the following, we will denote with fo,1 = A2 1fo1 € Ha,. With this notation,
Ui = MLy foa, U§=MLafea, Uf =(MN5+MLs)fz.
Taking UNL =0 for k= 1,...,7, we have J"v* = J v + ¥7, where
U7 = Projg, N5 fo,1 = —3agA213°y0,.

In the sequel, we denote E N the operators associated to the vector field v.

One can see that, if dif ([[v;, U;], Ux]) < 0 (i. e., its projection onto the co-range
may be nonzero), then its order is at least 11. Consequently, A%l appears in b];
and in the higher order terms of v*. In the same way, looking at the triple Lie
products, we can show that A%ﬁl appears in b}, and in the higher order terms of
v*. Also, Aé’l appears in the terms of v* of order greater than 18, and so on.

As we are interested in the transformed vector field up to order 11, we neglect
the terms of order greater than 2 in As ;. So, we do not consider the Lie products
involving more than 2 functions, neither U,Lj I with J > 2 in the generator.

Taking Ug = U + UEEQ], with Uéz] = %Mz(;fg;l, we find v§ = vg + vs, where
Vg = PI‘Ojcs(N(,' + L3ML3)f2;1 = (—3(17 - %bZ)A271$7yay.

The terms of order 9 in the generator are Uy = UL + UEEQ] + O(3), where UEEZ] =
LMLz fay. So, we have v = vy + B, with @9 = Proje, (N7 + P(LsMLy)) fo1,
and then v§ = vg + (—3ag — gb4b5)A2’1x8y8y.

The terms of order 10 in the generator are Ujp = Uy + U1[20] + O(3), with
Ul[%] = %Mzgfg;l. Then, vj, = v19 + V10, Where

’1\)/10 = ’P(Ng,MLg)fg;l —+ PI'Ojclo (Ng —+ P(LgML5) —+ L4ML4) fg;l,
and consequently
’UTO =010 + (_Tloa6b4A2)1fL'10 + (—3&9 — %541)6 — %bg)Amazgy) 8y

Reasoning analogously, we get Uy, = U +U1[21] +0(3), and vi; = v11+011 +§£21}
(51[5] denotes the part of v5, depending on the square ofAs 1), with

11 = P(N¢ML3)fa1 + Proje,, (Ng +P(LsMLg) + P(LsMLs)) fo.1,

~ 1 . ~ ~
UE] §Pr0qu (Ng + P(L?)MLe)) S
After some computations, we get

vl = v+ ((—%a7b4A271)a:11 +

+((=3a10 — 51bsbs — £i5babr) Az 1 + 52 agba A3 1)z %y)d,.
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In summary, the transformed vector field up to order 11 is

11
v* = y0, + Z(aZm" + 052" 1y)0,, (48)
n=2
with a} = a, forn=2,...,9,b; =0, forn=2,...,6, and

b; = b7 - 3a6A2,1, bg = bg - (3(17 - %bZ)Agyl,
by = bg + (—3as — 2bybs)A21, ajy = aio — j5a6bs A1,
bio = bio + (—3ag — Zbabs — £b2)As1,  ajy = a1 — LarbsAay,

bil = bll + (—3&10 - %b5b6 - %b4b7)A271 + %QGZMA%J.

Now, we consider a generator depending only on As . As before, we obtain
another transformed vector field v**, which agrees with v* up to order 9, and

vig = vig + Proje, P(NsML3) fa0,
UTT = UTI +Pr0jcll (P(N5ML4) ‘i’liD(]\/vﬁj\/[L3))fQ;O7

where fo,0 = A2,0f2,0. The coeflicients of v** satisfy a}* = a) forn =2,...,11,
by* =0 forn=2,...,9, and

kk 1k 10  * 7%

10 = bio— 7a6b4A2,07

kk * 11  *x7% 11 7%

11 = bj + (—Fazby — Haghs)Azp.

Finally, we consider a generator depending only on A3 ;. The transformed vector
field v*** agrees with v** up to order 10, and vi{* = vi] + Proje,, P(NsM L3) f3;1,
where f3.1 = As1fs1. So, its coefficients satisfy a
by** =br* forn=2,...,10, and

Hokok

ot =¥ forn = 2,...,11,

kkk _ pokk 37 kkpkx
11 =011 + 7506701 Az

Taking As 1, A2, As1 adequately, we obtain the hypernormal form (47) up to
order 11.

In the remaining cases considered in this last section, one can proceed analo-
gously, but for the sake of brevity we only present the hypernormal form as well
as the expressions for the first coefficients.
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Example 2: Case [.2.

We will assume now that the second order normal form coefficients are nonzero
(az, bg 7& 0)

We plain to apply Theorem 31. We have computed the constants a;“i, ag " for
h=2,...,60, and they are nonzero. Then, the vector field (21) is C**—conjugate,
up to order 93, to

30
Y0, + | a3a® + byxy + aja® + Z(b§j+1x?’jy + b§j+2:z:3j+1y) Oy
=1
where the first coefficients are:
ay = az, by=0by, a}=as,

b = by — (b3bs + dasbs + 5asbs) / (5az),
b = bs — (10a2asbs + 8lagasbs + Yazbibs — 35aza5b2) / (10a3) .

Also, we have computed the expressions for the coefficients up to order 14, but
they are not included here for the sake of brevity.
Example 3: Case II.

We will consider now that the coefficients of the vector field (4) satisfy az = 0,
as # 0, by # 0. In the present case, we can show that the constants that appear
in the hypothesis of Theorem 38 have an special structure (they are polynomials
in as, b2)2

(1) 2n1

ba(cu nal + agynag_lbg 4+ 4 oznmagbg"_z). The first ones are

ot =0,

ay' = ba(37a3 + 203),

' = by(—Ba — 134202 4 3agbd),

ay't = ba (1335603 — 33r76 ng_ Tersoa3b3 + 55a3b5).

(2) a;" 10 = ba(0n,n0f + oz nal b3 +

(3) 2n 1,0 al’nag7

In the three items above, we have proved that, for each n =2,...,

212n—4
4 a1 pa3bs" o).
1 -1 2(n—1
b2 + asnay b3 4 -+ o1 nash; (=),

10, there exists

j such that o;, # 0. Consequently, we find that the inequalities a?"’l # 0,

2n 10#0

77710 £ 0 are true generically for n = 2,.. .,

10, and each arbitrary

constant can be used to annihilate one normal form coefficient.

2n,0
(4) a;"° = arnai™ + aznafbs +
(5) a 2n+1 Y=o nayt!

272n—2
-+ oy pazhs”t ol

-1
+ gnal” b3 + - + apy1 nasb3”.
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(6) ag’%l = ay 03 + agmag—lb% R an+1,nb%n.

(7) ag”ﬂ = by(a1,nal + a2,nagflb% S an’nbgn72).

(8) a3”+1,1 = ba(a1,na% + Oézmag_lb% R O‘n+1,nb§n).
In the items (4)-(8), we have found that for each n = 1,..., 10, there exists j such
that a;, # 0. Consequently, the inequalities a3™® # 0, a3" """ 0, a3™' # 0,
agn,o, agn+1,1 # 0, hold generically for n =1,...,10.

To apply Theorem 38, we will assume that a3’ # 0; a7 # 0 and 7"~ "% £ 0
for n = 2,...,10; a>™° # 0 and a>" "' £ 0 for n = 1,...,10. Then, we obtain
the following hypernormal form up to order 43:

43
vt =y0, + | a2 + ajat +afa® + Z bix" 1ty | 9,
n=2,n#4

Moreover,

* * * * *
2 = b27 as = as, b3:b37 a, = a4, az = as,

bi = bs — (20a3bobsby + Hagh3 + 45aza6bs —
—5asb3bs + 63azasbs)/ (9a3 + azb3) .

We remark that there is one possibility of Theorem 38 which can not be used,
because a%l = 0 (i. e., the normal form coefficient af can not be annihilated).
Instead, we have used the arbitrary constant As; to annihilate b}.

Anyway, we can get different hypernormal forms by applying different items of
Theorem 38. For instance, assuming the generic conditions a%”’o # 0, agn’l #0
forn=1,...,10, and also agnﬂ’o £ 0, a%”“’l #0forn=1,...,9, we obtain the

following hypernormal form up to order 41:
41
vt = yd, + (b;xy b5ty ++ ) a;;x"> dy.
n=3

This hypernormal form, up to order 12, is considered in Yuan & Yu [13].
Example 4: Case III.

Finally, we will consider as = a3 = a4 = 0, a5 # 0, by # 0. We have computed
the constants that appear in the hypothesis of Theorem 41. They satisfy: a:f’l =0,
a?’l #0for h=2,...,20, h # 3 and a}f’o,ag’l,ag’o # 0 for h =2,...,20. Hence,
a hypernormal form up to order 43 is:

43
0" =y0, + <b’2‘xy + bia?y + bixty + Z aZm”) Oy,

n=>5
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and the expressions for the first coefficients are:

b; = b27 b; = b37 a; = as,
bg = b5 — 5b3b4/ (2b2), ag = Qg,
a’? = a7 — 2a5b4/b2, a§ = ag — (6a6b2b4 + a5b3b4)/ (25%) .

7. FURTHER SIMPLIFICATIONS BY REPARAMETRIZING TIME
In this last section, we will show the improvements that can be achieved if we
use C*°-equivalence.
Our goal is to show how the field (21) can be transformed into (22) by using not
only coordinate transformations, but also reparametrizing the time. The effect of

such reparametrization is to multiply the vector by a local nonzero function of the
state variables.

We will present without proofs two particular cases (corresponding to examples
2,3 in the previous section) to show the refinements that one can achieve.

Notice that we present several possibilities in each case for the simplified normal
form under C*°-equivalence. One of them agrees with the one obtained by Loray
[9], Strézyna & Zoladek [10].

Case I: ay # 0, by # 0.

THEOREM 46. Assume as # 0, by # 0. Then, (21) is C*°—equivalent to (22),
where

l.ay =ai = bf = ag = bg = 0.

2.We can choose one of the following statements:
(2-a) b5 =a; =0,
(2-¢c) by =a} =0.

3.For all n > 3, we can obtain
(3-a) if Ap, #0, or B, # 0, then af,, = b5, =0,
(3-b) if A, = B, =0, then a},, =0 or b}, =0.

4.For allm > 2, we can obtain
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(4-a) if Cn # 0, then a3, 1y = 3,1 =0,

(4-b) if Cp, =0, then az, ; =0 or bz, ., =0.
5.For allm > 2, we can obtain

(5-&) lf D, 7é 0, then a§n+2 = b§n+2 =0,

(5-b) if Dy, =0, then a3, o =0 or b3, ., =0,

where
A, = agagn’l,
B, = (3n+1)agay" "° — 3nbya""°,
Cn = (3n+2)agay™® — (3n + 1)ba’™”,
D, = (3n+3)aga2™™ — (3n 4 2)bya® !,

and the constants a?’i agree with those computed in Section & (recall that they

only depend on ag, b ).

Remark: Using the symbolic program MapleV, we have checked that A, # 0,
for 3<n<30;C, =0, for 2<n <30; and D,, # 0, for 2 < n < 30. Then, a
93th-order hypernormal form using C*°—equivalence,assuming as, by # 0, is given

by
T =y,
30
y = ayx? + biry + bty + Z bgj_i_lxs]y.
j=2
There are different possibilities, for instance
T =y,
30
y = ajx® +byry + Z b§j+1m37y.
j=1

Moreover, our approach allows us to provide the expressions for the hypernormal
form coefficients. For instance, in this last system, they are given by:

ay = as,
by = ba,
bz (—40&2@3[)3 — 32asa4bs + 35&32b2 - 8a2b22b3 + 6@3()23 + 40&22b4) /40&22.
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Case II: g = 0, as 7é 0, bQ 7é 0.

THEOREM 47. Assume ag = 0, as # 0, by # 0. Then, (21) is C*°—equivalent
to (22), where

l.a5 =0, b5 = ba, a3 = as,
2.b5 =0 ora; =0,
3.forn > 1, we can get:
(3-a) if A, #0, then b}, = a3, =0,
(3-b) if Ay, =0, then by, =0 oraj, ., =0,
4.for n > 1, we can get:
(4_0’) Zf Bn 7& 07 then bZn-‘rl = aZn-i-Q = 07
(4-b) if B, =0, then b}, ., =0 oraj, . =0,
5.forn > 1, we can get:
(5-&) lf Ch 7& 0, then bZn+2 = azn+3 =0,
(5-b) if Cp, = 0, then by, .o =0 oraj,, 3 =0,
6.for n > 1, we can get:
(6'0’) Zf Dn 7é 07 then bjln+3 = aZn+4 = 07
(6-0) if D, =0, then b, .3 =0 oraj, ., =0.

Here,
A, = (4n+ 2)a3a§”’1 — 4nb2a?"’1,
B, (4n + 3)azaz™® — (4n + 1)bya>™?,
Cn = (4n+4Daga3"™M" — (4n + 2)bya" T,
D, = (4n+ 5)azas™ ™0 — (4n 4 3)bya "t

where the constants a?’i, h>21i=0,1,j =1,2 are those defined in Theorem 38.

Remark: In generic conditions for ag, ba, we have checked that A, # 0, C,, # 0,
B, =D, =0, for 1 <n < 30. Then, a 123th-order hypernormal form using
C*°—equivalence is

& =y,
61

y = bixy+ aja® +Zb§j+1m27y.
j=1
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APPENDIX

A.1. PROOFS OF CASE I: R < 25 — 1.

We will focus here mainly on the case I.1: s < r < 2s — 1. In fact, the case 1.2
is almost identical.

Recall that, as the first nonzero normal form coefficients are a,, bs, we have
Nl :"‘:NT_QZO, Nr—l 7£0and L1 :"':LS_QZO, Ls—l #0

(A) Role of Agp 1 € R, n > 1.

We start analyzing how the arbitrary constant Ay, 1, n > 1, appears in v*.
We will transform (21) using a generator U = ), .., Uy, which depends only on
Agn 1 € R. As we will see below, this generator is given, degree by degree, as:

o U1="':U2n71 =0.

o Uy, = A2n,1f2n,1~

e Uy is given in (16), taking Ay ; =0for h #2n,i# 1, for k =2n+1,...,2n+
n(r+1) —2.

e U, depends nonlinearly on Asy, 1 for k > 2n +n(r+1) — 1.

AsNy=---=N,_ o=0,L1 =---=Ls o =0, in the sum defining Uy, the
nonzero summands are those corresponding to n; > s — 1. Also, n; =n;+1
whenever s —1 < n; < r — 2. Then, applying Theorem 13, we obtain v, =
Proje, [v,U] = 0for k =2,...,n(r+1)—1. So, in this case, taking A = n(r+1)—1,
we have J*[v,U] = 0.

From the structure of U, it is easily obtained that Projg, [v,U] = 0 for k =
A+1,...,A+2n—1. Then, taking § = A+ 2n = 2n+n(r+1) — 1, we obtain that
Uy = Proje, [v,U] = [v, U]y is given in (20) for k = A +1,...,0 — 1. In particular,

~ . n—1
Uat1 = Ao Projo, , Ny 1 MN.—q -+ MN,_1fon1 € Hay10.  (AD)
Moreover, we obtain from (20) that II1oyy1 = -+ = II1Ux45—1 = 0. Also,
Ungs = Aon 1 P(Let MN,_y -*- MN,_1fan1) € Hyyo1[ |Coats (A2)

Notice that As, 1 appears linearly in the generator and in the transformed vector
field, up to order § — 1. So, UNL =0 for k=1,...,6 — 1.

In the d-order terms of the generator, As,; can appear nomlinearly: Us =
UE + UNE| where

[v1, U] = —Projgz, ([7}27 Ufq)+- o+ [UéthzL]) =
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§
= —Prosz Z(NmflUéL—m-s-l + melU(SL—m+1)a

m=s

, 1, .
[o1, U] = —Projg, | D =T} (v) | = —Projg, 3[lv, U, U] =
j>27"

= *%Projné [Un41,Uan).
Consequently

8
UtiL =M Z (Nm—lUéL—m-i-l + Lm—lUéL—m-i-l) € H;;—l’

m=s

1 . ~
Ut = §A2n71M(L)\f2n,1 + Nafan1),

where z)\, Ny correspond to the vector field U y1, defined in (A.1). As they depend
linearly on Ag, 1, we find that U, g\’ L depends quadratically on Agy.1. Moreover,
]V)\ = 0 because 110541 = 0.

In summary,

1 -
UMt = §A2n,1ML)\f2n,1 € Hson—2- (A.3)

For k > §, we can write Uy = UL + UNL, where UL, UNT are obtained from
(8), (9), respectively. In this way, UL are given in Theorem 12 (taking A,; = 0
for h # 2n, i # 1). Hence UF € Hj,_y for k> 6, because Hj , = Hj. 4 for j <0.

Next lemma summarizes all the concerning with the linear appearance of the
arbitrary constant in both, the generator and the transformed vector field.

LEMMA 48. Let us consider the generator U = Zkzl Uy given before. Denote
A=n(r+1l)—1,6=2n+n(r+1)—-1, pu=02n—-1)(r+1)+s—1. Then:
(a) UF =0, fork=1,...,2n— 1.

Consider ¢ > 0, and let a, 8 € Ny such that ¢ = a(fr — 1)+ B(s = 1)+, 0 <
Bls=1)+y<r—1,0<y<s—1. ThenUs,,, € 5.\ 000 1 205"
(b) UYL =0, fork=1,...,6 — 1.

Consider ¢ > 0, and let o, B € Ny as in item (a).
Then Uﬁ_g € Hiigon—2-20-p-

(¢) Proje, {[v2,U,§V}1] + ot o, UPE 4 Y ﬁTg(w} =0, fork=2,...,p
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Proof. For each ¢ > 0, « is the quotient of the division d T Then, we can

apply at the most a times the operator N,_; to fs,,1 in order to get terms of
order 2n + ¢ (in other words, applying N,_; more than « times, we will get terms
of order greater than 2n + ¢). If we denote & to the rest of the above division, we
find ¢ = a(r — 1) + &@. Note that 0 < & <r —1.

Analogously, 3, v are, respectively, the quotient and rest of the division

So, # denotes how many times we must apply Ls_1. Moreover, 0 <y < s—1 and
g=ar—1)+a=a(r—1)+F(s—1)+~. As we are assuming r — 1 < 2(s — 1)
and then §=0or §=1.

(a) Applying Theorem 12, we get Uf;, = Agp1fon,1. Also, we find U, €
Hontq2ntq—1—|n’| for ¢ > 1, because fon n;1n’ € Hontinjs2nt|nj—1—|n’|» f2nmn;in €
Hon+infs2n+n|—|n’|> and

L
Uspg = A2n1 E fonni,n+

1>0,n€Z;,n'~n
In|=q,|n"|<2n+q

+ : M(2n+Q) oProj'RgnJrqun,n;l,n/
I1>0,n€Z;,n’~n
In|=g,|n"|=2n+q

As we must take |n| =¢g=a(r—1)+ (s — 1)+, we get |n| — |n’| > —2a — 3,
because n; > s — 1 and n; = n; + 1 whenever s —1 < n; < r — 2. Then,

L *
U2n+q € H2n+q§2n—1—2a—ﬁ .

(b) We will use induction.

e The result for ¢ = 0 follows from (A.3).

e Assume that the result is also true for each ¢ < q. As dif(Uy) = dif (UF), we get
dif (UF) < dif(UNE) for k > 1. Hence dif (T (v)) = dif (Tyz (v)). Moreover,

. 1 .
[v1, UNE] = —Projr,,  { [o2, UNE T4+ + [ossg-1, U8 1+ ﬁT(J](v)
i>2

Take x = 0 + ¢q. Then:

1
dif (UNF) > dif | oo, UNE] 4+ + [oa-1, UNF 4+ e 0 Y =

j>27"

Thw) ¢ | —1>
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>min{dif([UQ,UéVLl]+...+[UH1’U2 dlf( (Z —T9 (v ))}

On the one hand,

dif ([’02, UéVL] st [U—1, UQNL]) =minj—,, . g+1dif([v;, U,ﬁLjH]) =
min {dif([vS’Un s+1]) dif([vh UK, r+1])}

In the last equality, we have used the following properties (see Lemmas 17, 19):
dif ([v, U]) > dif(v) 4+ dif(U); dif(vs) = 0; dif(vg) > 0 for k = s+ 1,...,r = 1;
dif (v,) = —1; dif (vz) > —1 for k > r; and dif (U}) < dif(U}) for k > j.

From the hypothesis of induction, we find:

dlf(Un s+1)
dlf(Uﬁ r+1)

dif (UNs_y1) = 2n— 20— B —1,
dif (U35 1) > 2n — 200 — B.

So, dif ([vs, UN% . 1]) > 2n — 20 — 3 — 1, and then
dif ([v2, UNH] + -+ + [0—1, Us H]]) > 20— 20— B — 1.

On the other hand, as dif(Uy) < dif(U;) for & > j, and dif(J, T} (v))
dif (7, T (v)) for n > 2, we get

1 .
dif | 7 Y =Th(v) | = dif jﬁz ST
i>2 i>2

Also, we have [v,Ul] = Txy1 + -+ + Ungs + -+, where dif(v,) > 0 for k =
A+1,...,A+s—1, and dif(v;) > —1 for k > A+ s. Then,

%

dif ([[v,U*],U"],) .

dif(J.T5. (v) = min {dif([Oa41, U"]e); dif ([Orgs, U"]e) } =
= min {dif ([Ox+1, U y]); dif ([Oass, UH_SH])} :

From item (a), we obtain dif(U%_,) = dif(U3;,,,) > 2n — 1 — 2a — 3. Then,
dif ([ox41,UL,]) = 2n—1—2a— 3. Moreover, as dif (UL, _ . |) > 2n—1—2a—4,

K—

we get dif ([Uags, UL, _,11]) > 2n—2—2a— 3 and consequently, dif (7, T3, (v)) >

2n —1—2a — (.
From (A.4), we get dif(Ug\_[‘_Ia) > 2n—2—2a—p, and then Us4 € H§+q;2n_2_2a_5.
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(c) It is enough to observe that

1 .
1< dif | oo, UMA]+ -+ [0, U 1+ Tu D 5TH(0) ¢ | <
g2
: 1,
< dif [ [og, A+ -+ [on-1, U3 ]+ T S D> =T () ¢ |

j>2 7"
for k =2,...,u (in the second inequality, we have used item (b)). |

Item (c) of the above lemma shows that the constant As, 1 € R appears linearly
in the transformed vector field v* up to order u. This transformed vector field can
be expressed as

vt = o vgt et oat (ae1 ) F oo (U HT) Y vh(AB)
k>p+1

where v, U, € Cr. From this expression, we get

LEMMA 49. Let A=n(r+1)—1, p= (2n—1)(r+1)+s—1. Then, the vector
field (21) is C*°—conjugate to (22), where

ay = ag, fork=2,..., A +s—1,

by, = by, fork=2,... ),

ap = ak—f—(l)in’l(Agn’l), fork=X+s,...,u
bp = b+ (Aonn), fork=A+1,...,1,

where ¢7" (Agp 1) = Tk, ™" (Agn1) = Maby.

There are several possibilities of which normal form coefficient can be annihilated
by selecting adequately Ag, 1 (note that functions qﬁi"’l, wi"’l are linear).
Among these, we will use it to annihilate the normal form coefficients a3 | , b3, 1,

where Ag, 1 appears for the first time. From (A.1), (A.2), we get the Lemma 22

(B) Role of A3, 0 € R, n > 1.

In this case, we will perform a transformation on the normal form (21), using
a generator U = ), ., Uy, which depends only on Ay, o € R. This generator is
given, degree by degree, as:

.U1:..~:U2n7120.
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o Usp = Aon o fon.0-

eFork=2n+1,...,2n+n(r+ 1) + s — 3, we take Uy as in (16), but with
Ap; =0, for each h # 2n, i # 0.

o U depends nonlinearly on Ay, o for k > 2n+n(r+1)+s—2.

In the sum defining Uy, we must take n; > s —1, and also n; = n; +1 whenever
s—1<n; <r—2. Also Uy = Proje, [v,U] =0, fork =2,...,n(r+1)+s—2. So, we
deduce that the vector field remains unalterated up to order n(r+1)+s—2. Using
the nomenclature of the end of Section 2, we have A = n(r + 1) + s — 2. On the
other hand, Projg, [v,U] =0 for k = A+1,...,A4+2n—1. Then, ¥}, = Proj, [v,U]
is given in (20) for k=A+1,..., A+ 2n — 1. From (20) we also get

Ung1 = Azn0Proje, \ P(LsotMN,_1 "+ MN,_i fan ). (A.6)
Moreover, I110x41 = -+ = 1 Ux4r—s = 0, and
Ungr—st1 = AonoNp—1 M N1 e MN,_1 fonp. (A7)

Notice that UNL = 0 for k = 1,...,A+ 2n — 1. So, up to this order, Az, o
appears linearly. This arbitrary constant can appear nonlinearly in the terms of
order § =2n+ A =2n+n(r + 1) + s — 2 in the generator. The d-order terms are
Us = U(;L + UéVL, where

[Ula U(SL] = _PrOjRg ([UZ’ U(SLfl] + 4+ [Ué—la U2L]) )

1 .~
[v1, Ui E] = —§PT0JR5 [Ox+1, Uznl,

that is, U(;L is given in (16), and UéVL = %AQ,L’QME)\‘]CQ”’O € Hson—1 (which
depends quadratically on Ay, o).
The proof of next lemma is analogous to the one of Lemma 48.

LEMMA 50. Consider the generator U = ), -, Uy given before. Denote X =
nr+1)+s—2,=2n+n(r+1)+s—2, u=2n(r+1)+s—3. Then:

(a) UF =0, fork=1,...,2n — 1.
Consider ¢ > 0 and let o, B € Ny determined by the relations ¢ = a(r — 1)+ B(s —

D47, 0<8(s-1)+y<r—1,and 0 <y <s—1. ThenUs;,, € H5,\ 0on 2a_p-
(b) UNL =0, fork=1,...,6 — 1.

Ug\_’é €H5 i jon1, forj=0,....,r—s—1.

Consider ¢ > 0 and let o, € Ny as indicated in item (a). Then Uﬁe_sﬂ €

*
H5+T—s+Q;2n—2—2a—B'
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(¢) Proje, {[v2, U]+ + [op1, U] 4+ 50y AT (0)} =0, fork =2,

The above lemma assures that Asg, ¢ appears linearly in the transformed vector
field v* up to order p. In fact, this transformed vector field can be expressed as
in (A.5), but now the values of A, p are different. In this case, we conclude:

LEMMA 51. Let A=n(r+1)+s—2, p=2n(r+1)+ s —3. Then, the vector
field (21) is C*—conjugate to (22), with

ay = ag, fork=2,..., A+r—s,

by = bg, fork=2,... ),

ap = ap+ ¢ " (Asnp), fork=A+r—s5+1,...,p,
bi = be 4+ 02" (Agno), fork=A+1,....4,

where ¢ (Aan o) = IOk, p™° (Azn,0) = Maby.

Using (A.6), (A.7), we are able to determine how Asy, o appears for the first time
in the expressions of the normal form coefficients. This is just the case presented
in Lemma 23.

(C) Role of Agp111 €R, n > 1.

Following the same procedure of items (A), (B), we consider a generator U =
>_k>1 Uk such that

e Uy =---=Uy, =0.

° U2n+1 = A2n+1,1f2n+1,1~

eFork=2n+2,....2n+n(r +1) +s — 1, we take Uy as in (16), but with
Ap; =0, foreach h #2n+1,i# 1.

e U, depends nonlinearly on Agy 411 for k> 2n+n(r+1) + s.

Reasoning as above, we take A = n(r+1)+s—1, 6 = A+2n+1 = 2n+n(r+1)+s.
One can prove that the vector field does not change up to order A. Moreover,
Projp, [v,U] = 0, and then v}, = Proj¢, [v,U], for k = A+ 1,..., A+ 2n. From
their expressions (which are given in (20), taking Ay ; =0 for h # 2n + 1, i # 1),
we obtain

Uat1 = Azpt1,1Proje,  P(Ls—1MN,—y S MN,_ifong11),  (AS8)
Urir—st1 = Aoni11Neo 1t MNy_q -7 MN,_1 fons1,1- (A.9)

We remark that I110yy1 = -+ - = I[10p1—s = 0.
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As in previous items, we get UM = 0 for k = 1,...,6 — 1. Moreover, the
following lemma holds:

LEMMA 52, Let U =}, Uy the generator defined before. Denote A = n(r +
D+s—1,0=2n+n(r+1)+s, p=2n(r+1)+s—1. Then:

(a) UE =0, fork=1,...,2n.
Consider ¢ > 0, and let a, 8 € Ny such that ¢ = a(r — 1)+ B(s — 1)+, 0 <
Bls=1)+y<r—1,0<y<s—1. ThenUs, € H 14 g:2n—20— 5"

(b) UNL =0, fork=1,...,6 — 1.
Uﬁ? € Hiijon—1 forallj=0,...;,r—s—1.
Consider ¢ > 0, and let a, 8 € Ny as indicated in item (a). Then Uﬁ_ﬁ_s_w €
H;+T—s+q;2n—2—2a—ﬁ‘

(c)
Proje, {[vg, UNL 4+ 4 [og—1, UNE] + 2]22 %T[J](v)} =0, fork=2,...,pu.

We have obtained that, using a generator which depends only on Ag, 1,1, the
transformed vector field v* is expressed as in (A.5), with the values of A, y that
appear in the statement of the above lemma. Moreover:

LEMMA 53. Let A\=n(r+1)+s—1, p=2n(r+1)+s—1. Then, the vector
field (21) is C*®—conjugate to (22), where

ay = ag, fork=2,... A+r—s,
by = bg, fork=2,... ),
a; = ak+¢in+17l(A2n+1’1)7 fork=X+1+7r—35,..., 1

b;:; = b+ ¢]€n+111(142n+1,1)3 fOT’ k=X+ 1,... y s

on+1,1 ~ ont11 _
where ¢3! (Agpin 1) = vy, 97" (Agng11) = Maby.

In particular, using (A.8), (A.9), we determine how the arbitrary constant can
appear for the first time in the normal form coefficients, that corresponds to the
situation of Lemma 24.

(D) Role of A2n—1,0 S R, n > 2.

Here, we consider the generator U = ), - Uy, with

° U1:"':U2n72:O'
o U1 = Aon—1,0f2n-1,0-
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e Fork=2n,....2n+ (n—1)(r + 1) + 25 — 4, we take Uy, as in (16), but with
Ap; =0, foreach h #2n -1, #0.

o U, depends nonlinearly on Ag,_10 for k> 2n+(n—1)(r+1) +2s—3.

In this last case, we take A = (n — 1)(r+1)+2s—2, = A+2n—-1 =
n+nm—1)(r+1)+2s—3.

From Lemma 6, we have Proje, Np MNp, , --- MNy, for-10 =0, for n €
7;, and we can deduce easily that J*[v,U] = 0. Also, Projg, [v,U] = 0, and
consequently vy = Proje, [v, U] for k = A41,...,6 — 1. The last ones are given in
(20), taking Ay ; =0 for h # 2n — 1, i # 0. From these expressions, we get:

~ . n—1
Ur41 = AQn—l,OPrOJC)\+1P(Ls—lMLs—lMNr—l MNr—lf2n—1,0)- (A~10)
Moreover, II;v 41 = -+ = [1Uy4r—s = 0, and
Unpr—st1 = Aozn_1,0P(Ls—1 MN,_ - MN,_1 fon—1,0)- (A.11)

Also, UMt =0 for k=1,...,5 — 1. In this case, we have:

Lemma 54. Let U = 37, Uy the generator defined before. Denote A = (n —
Dir+)+2s—2,0=2n+n—-1)(r+1)+2s=3, p=2n—-1)(r+1)+r+s—2.
Then:

(a) UF =0, fork=1,...,2n — 2.
Consider ¢ > 0, and let o, € Ny such that ¢ = a(r — 1)+ (s — 1)+, 0 <
Bls—1)+y<r—1,0<y<s—1. ThenUs, |, , € Hon—1tg2n—1-20-5-

(b) UYL =0, fork=1,...,6 — 1.
Ust+j € H3ijion—g: for j=0,...,r —s—1.
Consider ¢ > 0, and let o, 8 € Ny as indicated in item (a). Then Usyr_siq €
H§+r75+q;2n7372a7ﬁ'

(c) Proje, {[vg,UéV_Ll] +o At o, UNE] + dj>a %T{](v)} =0, fork=2,...,pu.

The transformed vector field is given in (A.5) with the values of A, u that appear
in the statement of the lemma. In the present case, we find:

LEMMA 55. Let A= (n—1)(r+1)+2s—2, p=2(n—1)(r+1)+2s+r—s—2.
Then, the vector field (21) is C*°—conjugate to (22), with

ap = ag, fork=2,... ., A+r—s,
by = bg, fork=2,... )
ap = ak—|—¢i"_1’0(A2n_170), fork=X4+r—s+1,...,pu,

bz - bk: + win_l)o(AZ'nfl,O% fO’I" k = )‘ + 17 ceey My
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where ;"0 (Agn_10) = LTk, 7" " (Agn_1,0) = Moy

As a particular case, from (A.10), (A.11), we obtain Lemma 25.

The proofs of Lemmas 27, 28, 29 of the case 1.2 are analogous to the ones of
Lemmas 22, 23, 24 of the case I.1. Only, the proof of Lemma 30 is slightly different
to those of the Lemma 25 in the above subcase, because we must now use Lemma
6. We do not include them for the sake of brevity.

A.2. PROOFS OF CASE II: R =25 —1.

In the situation we analyze now, the first nonzero normal form coefficients
are ags—1, bs. In this case, we must pay attention to operators M N, o and
ML, 1ML, 1, because both decrease the difference in 2 unities and increase the
order in 2s — 2 unities.

Notice that we must use indices n and n’ ~ n with n; > s —1; and n}; = n; + 1
whenever s —1 <n; <2s—3.

Next, we present the Proof of Lemma 34.

Proof.  Consider a generator U =, -, Uy such that

e U= =Uzp-1=0,

o Uz = Aon 1 fon1-

e For k > 2n, we take Uy, = UF + UNE, where UL, UNL satisfy (8), (9).
Moreover, we take these functions depending only on Ay, ;.

It can be proved that Proje, {[WQ,U]?LLI] 4o gy, UNE] + Siso %T{](v)} =
0, for k = 2,...,4ns — s — 1. Moreover, UL and v}, = Proje, [v, U] (with k <
4dns — s — 1) are given in (16) and (20), taking Ap; =0 for h # 2n, i # 1.

Consequently, v = -+ = Ugps_1 = 0 and IIyv, = 0 for k = 2ns,...,2ns+s— 2.
Also,

Vans+s—1 = A2n,1 § f2n,n;1,n’7

neZ;,n’~n
nj:s—l,n;:s;nj:2s—2;n;-:2s
2n+|n|=2ns+s—1,1+|n’|=2ns+s+1

,’52715 = A2n,1 PrOjC ,an,n;l,n’-
2ns

ne€Z;,n’~n
nj:sfl,n;:s;nj:2572;n;:25
2n+|n|=2ns,1+|n'|=2ns+1
To finish th f, it is sufficient to take a}™' = 1-II,%; ot =
o finis e proof, it is sufficient to take aj = o7 02nets-1, a3 =

1 ~
A2n71H2’U2ns~ I
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Lemmas 35, 36, 37 can be proved in a similar way.

A.3. PROOFS OF CASE III: R > 2S5 — 1.

The last case corresponds to the situation when the first nonzero normal form
coefficients are a,, bs, with » > 2s — 1. Now, we will focus into the use of
ML, {ML,_q instead MN,._1.

Moreover, we must use indices n and n’ ~ n with n; > s — 1, and nj = n; + 1
whenever s —1 <n; <r—2.

Next, we show the proof of Lemma 39.

Proof. Take a generator U =, ., Uy, such that

o Uj=---=Up_1 =0,

o Uy = Anofno € Hnn-

e For k > h, we take Uy = Ul + UNE, where U} y UNL satisfy (8), (9), and
they only depend on Ay, .

As in the above cases, we can show that ¥, = Proje, [v,U] (k= 2,...,2hs+r—s-2)
are given in (20), taking A; , = 0 for h # h,i # 0. Moreover, applying Lemmas 8,
10, we get Uy = -+ = Upsar_s—1 = 0, and II1v, = 0, for k < hs + 2r — 2s. Also,

the expressions for the constants are just those appearing in the statement of the
lemma. Moreover, we can prove that A o appears nonlinearly in the normal form
coefficients of order 2hs + 2r — 3s + 1 and upper. |

The proof of Lemma 40 is analogous to those of Lemma 39. The only difference
is that we must use now the Lemma 11.
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