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e K.S. Sibirsky, N. I. Vulpe and other Moldavian
mathematicians in 1960-80th.
- K. S. Sibirsky. Introduction to the Algebraic Theory of
Invariants of Differential Equations. Nonlinear Science:
Theory and Applications. Manchester: Manchester University
Press, 1988.

@ A generalization to complex systems:
- Chapter 5 of V. R. and D. S. Shafer, The Center and

Cyclicity Problems: A Computational Algebra Approach,
Birkhtser, Boston, 2009.

@ Some contributions in:
Liu Yi Rong and Li Ji Bin (Theory of values of singular point
in complex autonomous differential systems. Sci. China Ser.
A, 1989)
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Definition

Let k be a field, G be a group of n x n matrices with elements in
k, A€ G and x € k". A polynomial f € k[x1,...,xp] is invariant
under G if f(x) = f(A-x) for every A € G. An invariant is
irreducible if it does not factor as a product of polynomials that are
themselves invariants.

Example. B= (973), B2=(39). G4 ={E,B,B% B3} isa
group under multiplication. For f(x) = f(x1,x2) = %(Xl2 + x2)

f(x) = f(B-x), f(x) = f(B?-x), and f(x) = f(B3 - x).

When k =R, B is the group of rotations by multiples of 7 radians
(mod 27) about the origin in R?, and f is an invariant because its
level sets are circles centered at the origin, which are unchanged by

such rotations.
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dx
o = Ax:
X1 =aix1 + axe
X2 =ax1X1 + axnx2
Let @ = GL2(R) be the group of all linear invertible
transformations of R?:

Cx,

y:
a b
<c d> det C # 0.
Then,

dy b1 b2 ~1 1 di1  di2

dt Y ( bo1 by det C \ do1 da2 )’
where

d11 = ad311 + bd321 — acaip — bC322

di» = abai1 — b2a21 + 32312 + abaso,
do1 = cdayy + d?ax; — c?ayp — cdap,

Valery Romanovski Invarlants and time-reversibility in polynomial systems of ODE



Therefore,

dy b1 b1
Y _ gy B=
dt v ( bo1 b2

1 1 1 1

b1 = d b = d- b1 = d. = dors.

S 12 = op ¢ 9 S by det C (222)
d11 = ad311 + bd821 — acaip — bC322
dip = abay; — b%ap; + a%a1p + abayy,
d21 = Cdau + d2821 — C2312 — Cdagz,
d22 = —bcall — bd321 + acaip + ad322.
We look for a homogeneous invariant of degree one:

(@) = kiai1 + koaio + ksao1 + kaano. (3)

It should be /(b) = I(a), that is,
kibi1 + kobio + k3boy + kabxy = kiair + koaio + kzani + kaa.
From (3) and (2)

bk
k3=?27 ks = ki +

Thus, ko = k3 =0 kg = k; and ll(a) = aj1 + axn = trA.
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@ Each invariant of degree 2 is of the form:
I(a) = kl(afl + a§2 + 2a11a2) + ko(a11a2 — a12a21) =

ki tr’ A + ky det A.

@ Any invariant of degree 3 and higher is a polynomial of tr A
and det A.
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Invariants of the rotation group

Consider polynomial systems on C? in the form

k= = ) apxPy?=P(x,y),

(p.9)ES
; +1 (4)
y= Y bepxIyPT = Q(x,y),

(p.q)€S

e S C N_; x Ny is a finite set and each of its elements (p, q)
satisfies p+ g > 0. N

e / is the cardinality of the set S

e (a,b) = (ap1,q1> po,ga> - - - + pp.qes Dappes - - -+ Pgo,pas bgr,pr) 1S the
ordered vector of coefficients of system (4),

e Cla, b] denotes the polynomial ring in the variables apq and bgp.
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Consider the group of rotations
X' =e%x, y =e%y (5)
of the phase space C? of (4). In (x’,y’) coordinates
X = Z 3(90)pqxlp+1 9y Z b(e X,qy,erl»
(p.q)€S (p,q)€S

where the coefficients of the transformed system are

a(0)pyq; = aquje,‘(pj*qj)% b(©)gp; = bqujei(qﬁpj)so’ (6)

for j=1,...,L. For any fixed ¢ the equations in (6) determine an
invertible linear mapping U, of the space E(a, b) of parameters of
(4) onto itself, which we will represent as the block diagonal

20 x 2¢ matrix

U — Ul o
7~ \lo u)

Uc(pa) and Us(ab) are diagonal matrices that act on the coordinates a
and b respectively.
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Example.
X = —dooX — ad—11y — \320)(37 )/ — bl,flx + booy + b02y3 (7)
S is the ordered set {(0,0),(—1,1),(2,0)}, and equation (6) gives
2¢ = 6 equations
a(p)oo = a00e @V a(p) 11 = a_1 TV a(p)an = anpe 0%
b(2)oo = booe ® ¢ b))y 1 = by, 1’ 37EE p(p)gy = bppe’©2¢

so that
ug o
U . a’ b = ¥ . a’ b T —
b (a,b) < 0 U&b)) (a, b)

1 0 0 0 0 0 a00 ago

0 67’290 O 0 0 0 a_1 3—116_ i2¢
0 0 6'2"0 0 0 0 a0 _ 3206'2.39
0 0 0 e*l2<p 0 0 b02 o bozei'?go
0 0 0 0 e* 0 by 1 by,_1e'%?
0 0 0 0 0 1 boo boo
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The set U = {U, : ¢ € R} is a group, a subgroup of the group of
invertible 2¢ x 2¢ matrices with entries in C. In the context of U
the group operation corresponds to following one rotation with
another.

Definition

The group U = {U,, : ¢ € R} is called the rotation group of family
(4). A polynomial invariant of the group U is termed an invariant
of the rotation group, or more simply an invariant.
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e We wish to identify all polynomial invariants of U.
f € Cla, b] is an invariant of U <= each of its terms is an
invariant = it suffices to find the invariant monomials.

= - Z apgxPyT = P(x,y), y= Z bapxyPTt = Q(x,y),
(p.a)€S (P.a)es
L(v) = <P1> vi+---+ <p€> Ve + <qg> S e <q1> vae-
a1 qe pe p1
X = —agox — a_11y — axx>, Y = by, _1x+ booy + booy>
L) = (D)ot (oot (2)wst (D) vaer( F Yost (7
o/ 1 )2t g) sty ) 1)\ g)"0
I/:(V17V27"'7V2£717V2Z)7 l,):(V2€7I/2‘€717'"71/271/1)7
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Proposition

(a, b)” & apla At g, bacpy -+ bR, s an invariant & Ly(v) = Ly(v).
20 k
M={reNy: :Lv)= (k> for some k € No}. (8)

(a, b)” is invariant under U if and only if v € M. For

.. Vel Ve
(a b) P1¢71 aPeQe bqe;e bQ1P1 € C[a’ b]
its conjugate is
Y — 2 . l/g+1 vy . V1
(a’ b)u - apffh Péqz quPtz bCl1P1 € (C[a’ b]

Since, for any v € N3¢, L1(v) — Lo(v) = —(Li(?) — L2( ), = (a, b)" is
invariant under U if and only if its conjugate (a b)¥ i

Definition

The ideal Is = ((a, b)” — (a, b)”|v € M) is called the Sibirsky ideal.

@ To find a basis of irreducible invariants it is sufficient to find a basis
of the Sibirsky ideal.
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An algorithm for computing a generating set of invariants

(A. Jarrah, R. Laubenbacher, V.R. J. Symb. Comp. 2003)

X= - Z aqup+1yq = P(X7Y)7
(p.9)ES

y = Z bapxTyPt = Q(x,),
(p,q)€s

1= () = () (s (e ()

e Problem: find a generating set for the Sibirski ideal

Is = <(a7 b)y - (av b)y‘y S M>
& a basis for

k
M={veNg: L) = (k) for some k € Np}.
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Algorithm

Input: Two sequences of integers pi,...,ps (pi > —1) and
gi,---,q¢ (gi >0). (These are the coefficient labels for our
system.)

Output: A finite set of generators for /s (equivalently, the Hilbert
basis of M).

1. Compute a reduced Grobner basis G for the ideal

T = (apq — Yit{'t3 b, — yit!'t3' [ i =1,....0)
C Cla, b, y1,---,y, ta, to]

with respect to any elimination ordering for which

{t17 t2} > {Y1a cee 7)@} > {aP1q17 ) bq1p1}-
2. Is = (G NCla,b]).
3. The Hilbert basis of C[M] is formed by the monomials of /s
and monomials of the form ajx by;
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The idea of the proof:

@ Show that /s is the kernel of the ring homomorphism
¢ : Cla,b] — Cla, b, y1, ...,y t1, t2]
defined by
apq — Yitl'ty, bgp = yity By i =1,....¢

@ Compute the kernel using known algorithm of computational
algebra

@ Show that the exponents of the generators of Is and vectors
(1,0,...,0,1), (0,1,0,...,0,1,0), (0,...,0,1,1,0,...,0)
form a Hilbert basis of M.
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o 2 2 . 2 2
X =X —apx" —anxy —a-1ny°, Yy =—y+ boxy+ bory” + bz _1x".
i=(al0- vyl tl, a0l- y2t2, al2- y3 t1A(-1) t2A2, b21-y3 t1A2t2A (-1),

bl0-y2tl, b0l - ¥1t2)})
£22y3 t1? y3

LHI
£l £2

{alD—clyl,aDl—tZyz, al2 - , b10-£1y2, b01-t2yl

GroebnerBasis[i, {tl, t2, ¥l1, ¥2, y3, bl0, b01, al0, a0l, al2, b21}]

{—a103 al2 + b01¥ b21, al0% al2 b10 - a0l b01? b21, -a0l a1l - b0l blo,

all al2 b10% - a01? b01 b21, a12bl0® - a01® b21, a0l b21 y2 - bl0? ¥3,

al0 al2 y2 - 201 b01 y3, b01 b21 y2 - al0 b10 ¥3, al2 b10 y2 - a01% y3,

al2 b21 y2% - a01bl0 ¥3?, a0l y1 - b01 ¥2, al0 al2 y1 -b01? y3, b01 b21 ¥l - al0? ¥3,
b10yl-ally2, al2 b21 y1 ¥2 - a0l all ¥3%, al2b21 y1® - al0 b01 y3?,

~al2b10 + 201 £2¥3, -b01%b21 + a10% £2 y3, -210 al2 + b01 £2 ¥3,
-a0lb01b21+al0bl0t2y3, -a01®b21 +b10% 2 v3, -al2 b21 v1 + ald t2 y3?,
~al2b21 y2 +b10t2 y3?, -all +t2 ¥2, -b01 +t2 y1, -al12? b21 + 27 y3?,

al2” b2l a0l all al2 b01 al2 bl

t2?y3?, == _ya, 200 _po1y3d, = -yl, = _adlv3,
t2 Y tz Y t2 ¥ ey Y 2 e
104 y3 10 b10 ¥3 b10? ¥3 12b21y2
T Tl L S e e G R PR S Gl L SRR RPN
t2 2 2 £z
12 b21 y1
% ~al0y3%, al2tl-t2%y3, a01tl - bl0t2, b01tl - allt2,
12 b21
~p01b21+all £l y3, -a0l b2l +b10tl v3, aT ct1y3?, bl0.tly2,
p21 tlyl ald b10 12 3
AL el YD, <hLlt2 s tityd, oo XS BT gy DO =2F
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The polynomials that do not depend on ty, t:
fi = a31bo,—1 — a_12b3y, f = a0a01 — bo1b1o, 5 = ajga_12 — ba,_1b3;,
fa = ar0a_12b3y — a1 bo,—1bo1, fs = a3pa_12b1o — a1 b2, —1b3;.
Thus,
ls=T=(f,. .. f.

Basis of the invariants:

a3 b1, a_12b3y, a10a01, bo1bio, adpa—12, ba_1b3,

atoa_12b%y, a3, b2, _1bo1, a3ga_12b10, a01b2,—1b3;,

aiobo1, ao1bio, a—12b2 1.

Basis of M:

(Oa 3,0,1,0, 0)’ (07 0,1,0,3, 0)7 (13 1,0,0,0, 0)3 (07 0,0,0,1, 1)’ EER)
(0,1,0,0,1,0), (0,0,1,1,0,0).
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Time-reversible systems

dz _
dt
F:Q— T is a vector field and Q is a manifold.

F(z) (z€Q), 9)

Definition
A time-reversible symmetry of (9) is an invertible map R : Q — Q,
such that d(Rz)
z
= —F(Rz). 1
"2 F(Re) (10)
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Example

i = v+ vf(u,v?), v=—u+g(u,v?), (11)
The transformation v — u, v — —v, t — —t leaves the system
unchanged = the u—axis is a line of symmetry for the orbits = no
trajectory in a neighbourhood of (0,0) can be a spiral = the origin
is a center.
Here
R:uru, vies —v. (12)

Valery Romanovski Invariants and time-reversibility in polynomial systems of ODE



Complexification

v=V(uv) x=u+iv

o u=U(u,v),
X=i+iv="U+iV=P(x,x) (13)
e Add to (13) its complex conjugate to obtain the system
x = P(x,%), X = P(x,X). (14)

@ The condition of time-reversibility with respect to Ou = Im x:

P(x,x) = —P(x,X).
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o= U(u,v), v=V(uv)
is time-reversibility with respect to y = tan ¢ x if:
e*?P(x,X) = —P(e*?x, e %%x). (15)

Consider x as a new variable y and allow the parameters of the second
equation of (14) to be arbitrary.

@ The complex system
x=P(x,y), y=Qxy)
is time—reversible with respect to
R:x— 7y, vy~ 1x
if and only if for some ~

YR(vy;x/v) = =P(x,y), vQ(x,y) = —P(vy,x/v).  (16)

In the particular case when v = e?ie, y=X,and Q = P the equality
(16) is equivalent to the reflection with respect a line and the reversion of

time.
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X= x- Z(p,q)es anXp+1yq = P(X’y)v
V= =yt Ypaes baxTyPTH = Qx,y),
where S is the set
S={(pj,q)|pj+q >0,j=1,...,0} C ({~1} UNg) x Ny, and
Np denotes the set of nonnegative integers. The parameters
apqis bgp, U =1,...,0) are from C or R.
(a,b) = (ap1q1s-- > Apsqss Paupy - - - » bgrpy ) is the ordered vector of
coefficients of system (17),
k[a, b] the polynomial ring in the variables apq, bgp over the field k.

(17)
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The condition of time-reversibility

YRy, x/v) = —P(x,y), vQ(x,y) = —P(yy,x/7).

yields that system (17) is time—reversible if and only if

bgp =P apq, apg = bgp P (18)
0
apeq = tk,  bgp, = VPRt (19)
for k =1,...,£. (19) define a surface in the affine space
C3¢tl = (3prars- -+ 3paes Paspys - - - s Barprs ths - - -5 o, ).

@ The set of all time-reversible systems is the projection of this
surface onto C?).

e To find this set we have to eliminate t, and v from (19)
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Definition

Let / be an ideal in k[x1,...,x,] (with the implicit ordering of the
variables x; > -+ > x,) and fix £ € {0,1,...,n—1}.The
{—elimination ideal of I is the ideal I = I N k[x¢41,...,Xxn]. Any
point (ast1,...,an) € V(l¢) is called a partial solution of the
system {f =0:f € [/}

Elimination Theorem (e.g. Cox, Little, O'Shea, Ideals, Varieties,

Algorithms)

Fix the lexicographic term order on the ring k[xi, ..., x,] with
X1 > Xp > -+ > x, and let G be a Grobner basis for an ideal/ of
k[xi,...,xn] with respect to this order. Then for every /,
0</¢<n—1, the set

G =GN k[Xg+1,...,X,,]

is a Grobner basis for the /—th elimination ideal /,.
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Elimination — projection of the variety on the subspace xp41, ..., Xp.

The variety of V(I;) is the Zariski closure of the projection of V(/).

It is not always possible to extend a partial solution to a solution of the
original system.

Example. xy =1, xz = 1. The reduced Grobner basis of

I = (xy — 1, xz — 1) with respect to lex with x >y > zis {xz— 1,y — z}.
h ={y —z). V(h) is the line y = z in the (y, z)-plane. Partial solutions
corresponding to / are {(a,a) : a € C}. Any partial solution (a, a) for
which a # 0 can be extended to the solution (1/a, a, a), except of (0, 0).

|« the plane y =z
<l -
N ks
« the solutions
¢ the partial
 solutions
| the arrows 1.1
| indicate the
| projection 7
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H = (ap,q — tks bgp, — 77 Tt | k=1,...,0), (20)

Let R be the set of all time-reversible systems in the family (17).

Theorem (V. R., 2008)

R = V(Zr) where Zr = C[a, b] N H, that is, the Zariski closure of the
set R of all time-reversible systems is the variety of the ideal Zg.

Every time-reversible system (a, b) € E(a, b) belongs to V(Zg). The
converse is false.

Theorem 1 (V.R. 2008)

Let R C E(a, b) be the set of all time—reversible systems in the family
(4), then

(a) R C V(IR),'

(b) V(ZR) \ R = {(a,b) | A(p,q) € S such that a,qbgp =

0 but apq + bgp # 0}.

(b) means that if in a time-reversible system (4) apq # 0 then by, # 0 as
well. (b) = the inclusion in (a) is strict, that is R & V(Zg).
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An algorithm for computing the set of all time-reversible systems

Let
H = (ap,q — tks bgp, — Y Ttk | k=1,....4).

@ Compute a Groebner basis Gy for H with respect to any
elimination order with
{w, v, &} > {apege bawp | k=1, 4}

o the set B = Gy N k|a, b] is a set of binomials;
V((B)) = V(ZR) is the Zariski closure of set of all
time-reversible systems.

Invariants and time-reversibility in polynomial systems of ODE

Valery Romanovski



X = x—a10x> — aoxy —a_12y>, ¥ = —y+bioxy + bory? + by _1x°.

H = (1-w~* ajo—t1, bor—7t1, d01—ta, Ybio—t2,a_12—t3, 7> bo_1—1t3)

GroebnerBasis[{al0 - t1, b0l - w tl1l, all-t2,  bl0-tZ2,
al2 -t3, A3IDb21- t3, 1-w ywn4ay,
{w, v, t1, t2, t3, b10, b01l, al0, all, al2, b21l}]

{-a10® 212 +b01° b21, al0? al2 bl0 - a01 b01% b21, -a01 alld + b01 b10,
al0 al2 b10? - a01? b01 b21, al2 bl0® - a01? b21, -al2 + t3,

a0l +t2, -al0 +tl, -al2bl0?+a01? b21 v, -b01 + all v,

~al0 al2 bl0 + a0l b01 b21 v, -al0%al2 + b01% b2l v, -a0l + bl0 v+,
~al2 bl0 + a0l b21 v?, -al0 al2 + b01 b21 ¥?, -al2 + b2l + 7,

al2? w-b21% v?, -b10 b21 + a0l al2 w, -b10* + a01* w,

~al0 b2l +al2b0lw, -al0bl0® +a01 b0l w, -a10? b10? + a01? b01% w,
~al0? bl0 + a01b01% w, -2l10° +b01* w, -b21 + al2w v,

-b10? a0l  wvy, -al0bl10? + a01? kB0l wv, -al0? b1l0 + a0l b01? w +,
~al0? s b0l  wvy, -b10? + a01% w+?, -al0 b10 + a0l b0l w 2,
~al0? s b01? w+?, -bl0+allwy, -all+b0lwy>, -1sw*]
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The polynomials that do not depend on w,~, t1, to, t3:
ad1bo—1 — a_12b3y, o = ar0a01 — bo1b1o,

adpa_12 — bp_1b3;, fa = a10a_12b% — a3 b2 —1bo1,
a%oa,lgblo — dag1 b27,1 b(2)1. Thus,

fi
f3
fs

g = (f, .

Valery Romanovski

o f5).
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The
fi=
fz =

polynomials that do not depend on w,~, t1, to, t3:
ad1bo—1 — a_12b3y, o = ar0a01 — bo1b1o,

adpa_12 — bp_1b3;, fa = a10a_12b% — a3 b2 —1bo1,
a%oa,lgblo — dag1 b27,1 b(2)1. Thus,

g = (f, .

o f5).

V((fi,...,fs)) is the Zariski closure of the set of all
time-reversible systems inside of the family

Valery Romanovski
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The polynomials that do not depend on w,~, t1, to, t3:
fi = ad b2, —1 — a_12b3), f» = a10a01 — bo1bio,

f3 = adga_12 — bo,_1b3;, fa = a10a_12b% — a3 b2 —1bo1,
f5 = a%oa,lgblo — 301b27,1b(2)1. Thus,

Ir = (f1,...,f5).

e V((fi,...,fs)) is the Zariski closure of the set of all
time-reversible systems inside of the family

@ We have seen that Is = (f1,...,fs) and the monomials of f;
together with ajgbo1, ap1bio, a—12b2 1 generate the
subalgebra C[M] for invariants of U, and the exponents of
the monomials form the Hilbert basis of the monoid M.
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Theorem 2 (V.R., 2008)

Is =Zr and both ideals are prime.
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Applications of invariants

1) Classifications of phase portraits (Sibirski, Vulpe and others)
2) Integrability:

X = (x— Z 3pgxP Ty ) =P, y = —(y - Z_: bgpxTyP*) = Q (21)

pt+aq=1 p+g=1

Look for a series ®(x, y; a10, bio,...) = xy + D ocs j:o Vjs_jxlysI

such that 90 90
TP = 2 4. 22
Vi 8yQ g1 (xy)" +g(xy)’ + -, (22)
811,822, - .. are polynomials in apq, bgp (focus quantities).

8ss(a, b) € C[M] and have the form g = > 4 g™ ((a, b)” — (?,b\)”)

= every time-reversible system is integrable.
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Applications for studying critical periods and small limit cycle
bifurcations:

- V. Levandovskyy, V. G. Romanovski, D. S. Shafer (2009) The
cyclicity of a cubic system with nonradical Bautin ideal, Journal of
Differential Equations, 246 1274-1287.

- M. Han, V. G. Romanovski (2010) Estimating the number of
limit cycles in polynomials systems Journal of Mathematical
Analysis and Applications, 368, 491-497.

- B. Fertec, V. Levandovskyy, V. Romanovski, D. Shafer.
Bifurcation of critical periods of polynomial systems. Journal of
Differential Equations, 2015, vol. 259, 3825-3853
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The idea: use the invariants to simplify the focus and period

quantities
X = (x—a_12y’—ax>—apexy®) y = —(y—ba,—1x*—boox’y—bp2y?)
(23)
The algorithm yields
azpao2 — boobo2, 32;1232013%0 - a§2b§ boz, a% ,a30b20 —
a02b3 1 b3y, —agpb3 g — a2 15b3, a2 15330 — b5 _1 b,
Irreducible invariants:
c1 = a_12by 1, ¢ = axobo2, 3 = ap2b2o, c4 = baobg2, c5 =
a52b3 1, €6 = agyb3 _1bo2, 7 = ao2b3 1 b5y, g =
bi_leg, Co = a0a02, Cio = a°1,b3, 11 = a%1,a0b3%, c12 =
a? 1pasobao, €13 = a% 1,33
The focus quantities of (23) belong to the subalgebra
(C[Cl, ceey C13]:
gk = 8rk(c1, ..., c13) (24)

E(a,b) = A2 = C°® — AP = CP°.

Valery Romanovski
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g22 = — i(a20a02 — b2obo2),
gas = — (2160233, + 5760a3,byal, + 2160a20b3ya3, — 1440b3a%,
+ 144023, b3, — 2160a2,bo2b3; — 5760ag, b3, b3, — 2160b3,b3,)
gss = — i(—340200a3baoad,bo; — 226800a00b3yas, by + 113400b3ya3, boy
— 113400a3,a12b3; + 226800a3, bp2a12b3; + 340200202 b3,a12b3;)
866 = — (10206000043, b3, bo2a%, -+ 68040000a20 b3, boaas, — 34020000b5, boaaiy
+ 3402000023, bag boo b3, — 6804000042, bao b, b3, — 10206000002 bog b, b:
gh =0 gh=-i(-3a+3c) g;=0
ghn = —i(1440cs — 2160cs — 5760c; — 2160cg — 1440c1g + 2160c11 + 576017
+ 2160¢3)
&ss = —1(—113400c; ¢5 + 226800¢; cs + 340200¢; ¢7 + 113400¢; €10
— 226800c; 11 — 340200¢; ¢12)
g&s = —i(34020000¢,c5 — 68040000csc6 — 102060000c4¢c; — 34020000¢4¢1o
+ 68040000¢4¢1; + 102060000¢4¢12).
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The Bautin ideal is not radical in the ring
Cla-12, a20, @02, b20, bo2, b2, —1]
however it is radical in
(C[Cl, ey C13]

= the upper bound for cyclicity is 4.
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Time-reversibility in higher dimensional systems

@ Problem: Find conditions for complete local integrability
(existence of two independent analytic local first integrals in a
neighbourhood of the origin) of

).<1 — Pl(X17X27X3)
X2 = xo+4 Pa(x1,x2,x3) (25)
X0 = —x3 + P3(x1, X2, X3)

on C3, where P;, j € {1,2,3}, is an analytic function on a
neighborhood of the origin.

The system can have integrals of the form
— i J K
o Y1(x1,x2,x3) = x1 + Zi+j+k22 PijkX1 X5

o 1/}2()(17 X27 X3) - X2X3 + Z;+j+k23 kUSX]I_XéXfl’:J
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By Llibre, Pantazi and Walcher (Bull. Sci. Math., 136, 342-359,
2012) if a system (25) is time-reversible with respect to a linear
invertible transformation which permutes x» and x3 then it is

integrable.
We write (25) as

X1 = Z ajk/x{xzkxé, X0 = X Z bm,,px{"xznxg, X3 = X3 Z Cq,sxquzrx?f.
(26)
Let u, v, w be the number of parameters of the first, the second
and the third equation, respectively. By (a, b, c) we denote the
(u+ v + w)-tuple of parameters of system (26).
System (26) is time-reversible if there exists an invertible matrix T
such that
TlofoT =—f. (27)
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We look for a transformation T in the form

10 0
T=100 v l. (28)
0 1/y 0

(27) is satisfied for T defined by (28) if and only if
aj =~ aji,  bmnp = —1P""Cmpn- (29)

let k[a, b, c] be the ring of polynomials in parameters of system
(26) with the coefficients in a field k and

H=(1-y~, ajk + 'yl_kaj/k, brmnp + ’Yp_ncmpn>v (30)

where y is a new variable.
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Computation of Z = k[a, b N H

Theorem (Hu, Han, R., 2013)

The Zariski closure of all time-reversible (with respect to (28)) systems
inside the family (26) with coefficients in the field k (k is R or C) is the
variety V(Is) of the ideal

Is = k[a, b,c] N H. (31)

A generating set for /s is obtained by computing a Groebner basis for H
with respect to any elimination order with {y,~} > {a, b, ¢} and
choosing from the output list the polynomials which do not depend on y
and 7.

Corollary

Let /s be ideal (31) of system (26). Then all systems from V(/s) are
integrable.

Follows from a result of [V. R, Y. Xia, X. Zhang. J. Differential
Equations 257 (2014) 3079-3101].
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A generalized time-reversibility

Time-reversibility after some analytic transformations:
@ B. Fertec, J. Giné, V. R., V. Edneral. JMAA, 2016, vol. 434,
issue 1, 894-914 (2-dim systems)
e V. R, D.S. Shafer. Applied Mathematics Letters, 2016, vol.
51, 27-33 (3-dim systems)
Suppose Aj(x,y,z) is a homogeneous polynomial function of
degree m > 0, j € {1,2,3}.
1= xiAi(x1, x2,x3)
Xo = X2(1—|—A2(X1,X2,X3)) (32)
X3 = —X3(]. + A3(X1, X2, X3))
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Lemma

Let F(x,y,z) be a homogeneous polynomial function of degree

m > 0 and for any non-zero constants ki, k», and k3 set
G(x,y,z) = F(kl’ =k X). Define mappings f and g on a
neighborhood of the origin by f =1+ F and g =1— G. Then
there exists a neighborhood N of the origin on which the mapping
& defined by

kix1 kox3 k3xo

F1/m’ Y2 = F1/m’ 3 = F1/m (33)

y1i=

is an analytic change of coordinates (i.e., is one-to-one onto its
image) with analytic inverse ¢ on .7 (N) given by

Y1 L Y2 (3 4)

X1 = ———, Xp = ————, X3 = .
1 klgl/m 2 k3g1/m 3 kzgl/m
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Suppose Aj(x,y,z) is a homogeneous polynomial of degree m > 0,
J €{1,2,3}. There exist a local analytic change of coordinates of
the form (33) in a neighborhood of the origin, with local inverse
(34), and a rescaling of time that transform (32), i.e.

x1 = x1Ai(x1, x2, x3)
x = xo(1+ Ax(x1, x2,x3))
x3 = —x3(1 + Asz(x1, x2, x3))
into
= ybBily,y2y3)
y2 = —y2(L+ h(y1, y2, 3)) (35)
3= y3(1 - h(y1,y2,y3))
The polynomial F of Lemma is F = 1(A, + As3).
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The basis of a computationally efficient way of identifying some
completely integrable systems of the form (32) is the following

Theorem (V.R. & D.S. Shafer, 2016)

Suppose Aj(x,y,z) is a homogeneous polynomial of degree m > 0,
J € {1,2,3} and that system (32) is transformed to system (35) by
the analytic change of coordinates given by Proposition 1. If

Bi(y1,y3,y2) = =Bi(y1,¥2,¥3)  h(y1,y3,¥2) = —h(y1,y2,y3)
(36)
then system (32) has two functionally independent local analytic
first integrals in a neighborhood of the origin.
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X1 = x1(a1x12 + arx1xo + a4x22 + azxyx3 + asxox3 + asxg) = x1A1(x)

X2 = xo(1+ bixi + boxixa + baxg + baxixs + bsxoxs + bex3) =
x2(1 + Ax(x))

x3 = —x3(1 + 1) + cxixe + cax3 + c3x1x3 + Csxox3 + x5 ) =

x3(1 + As(x))
(37)

Theorem (V.R. & D.S. Shafer, 2016)

System (37) admits two analytic local first integrals of the form
V1 (x1,x2,x3) = x1 + -+ and Wa(x1, x2,x3) = xox3 + - - - provided
the parameter string (a, b, ¢) lies in the union of varieties
V(h)UV(hL)UV(h)UV(l) of the ideals:
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Ideal

Generators

h

a1, as, by, by, bs, bs, bs, c1, a, C3, Ca, G5, a3by + 35C6, a3a4 + @536 +

b

di, as, b1, b5, b6, C1, C4, C5, A3 + b3, ay — (o, a6b4 — ayCe + b4C6, 36b3
agby + ascr — 2b4Cp, agbs + b3bg 4+ agcs — bacsz, agbo + agcr + bocg —
bobs + 3b3cr — bocs + coc3, 286C22 + 234C§ + bycrc + 7C22C6, 4b§b4 +
4bsbycs + b3cs + 2bacacs — 3c3cs, Abscs + bice + 6bacacs + 9cics

I

ai, as, by — c1, bs — ¢5, axbs + a3¢o, azbr + a>cz, asbe + agCa, agbs +
babg — cscs, agbﬁ — a§c4, a§a4 + a§a6, aﬁbg + a4c32, a§b4 — a%cﬁ, b§b4 -
becs — bicy asb3 + agcs, bsbg — c3cq, by — b3cs, axbabs + azcsca,
axbscy + asbzcy, azagbs — azascs, azasbs — azasC2, azbsbs + axcacs, a3
agbacr + asbzcs, bobscy — bzczca, bsbaczs — bycocs

la

dai, as, b1, c1, a3 + b3, ar — Cp, a4 + b4, ae — Cp, b5 — Cs, b4b6 — C4Cp,
2b2b5 — 3b3C5 — C3C5 + 2b2C6, b664 — C52 + b4C6 + 2C4C5, 2b4C3 + 2C3C4
2bgcy + bscs — ¢35 + 2¢2¢6, bobs + 3bsco — bacs + cac3, 2b3by + 2bsc
b4C§ — b£C6 — 2b4C4C6 — CECG, 2C3C4C5 — b2C52 — 3C2C§ + b2b4C6 + 3b4C
2bscacs — b2c52 + C2c52 + bybgycg — bacrcg + bacace — CrcyCo, 4c32c:4 — 2|
6Coc3Cs + b3cg + 6bycace + 9c3cs, dbscscy — 2bycacs + 2cacscs + bacs
4b§C4 + 8b3C2C5 — 2b2C3C5 + 2C2C3C5 + b%ij — 2b2C2C6 + C22C6
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Sketch of the proof. By Proposition 1 and its proof introduce:
A 2 R)=AY),
f =1+ F and F = 1[A, + A;3] is homogeneous of degree m,
def Of .
Uj(X) :X_]aixj(x)a J 6{15253} u(ﬁ’{zaﬁ) U(y)

[01A;1 + To(g + Az) — Ts(g + As)]=S.
Bi=Ai— 1S and h=-L(A,—A3)+1Ls.

@ Write down the system

Bi(y1,y3,y2) = =Bi(y1,¥2,¥3)  h(y1,y3.y2) = —h(y1, y2,y3)
(38)
@ Equal coefficients of similar terms in the above equations, to
obtain the system
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2a1= 2a5= by — c1= by — c5= al(bl + C1): C4k22 — b6k2: bg + 2bg by
boko — 3cpko + 3b3ks — c3ks= b5b4k22 — C5C4/<22 + b6b5k3? — C6C5k3%: 4;
c3ks = 234/(22 — b4/<22 — C4/<22 + 286/(33 + bﬁkg + C6k§: arbz + azby + bz
—c30p + 2a5c1 — bscy — csc1= 2a4b2k23 + 3b4b2k23 + b2C4k§ + 234c2k§

3b6b3k§’ + b3C6k§’ + 236C3k§’ —b6C3k3‘? — 3C6C3/<§: 2a1boky + darbrko +
+4arcrko — bocrko — cocrko + 2a1b3ks + 4azbi ks + bsbi ks + 2a1c3ks
232b2k22 + b%kzz + 4a4b1k§ + 2b4b1k22 + 2b1C4k22 + 232C2k22 — C22k22 + 4
+2a3b3k? + b3kZ + dagh1 k3 + 2bgb1 k2 + 2byck3 + 2azcski — cakz +

2a4b3ky + 3bgbsko + 2a5boky + 3bsboky + bacska + bacako + 2asc3ko -
—bscoko — 3cscoko + 2asbzks + 3bsbsks + 2agbo k3 + 3bgbo ks + bycgks
—3csc3ks + 2agcoks — becoks — 3cgcrk3=0
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@ Let S be the set of parameters (a, b, ¢) and ki, kz, and k3 for
which system (37) can be transformed to a time-reversible
system (35) by a transformation (33)

@ Then, such (a, b, c) and ki, ko, k3 should satisfy the above
algebraic system, that is, S is the variety of the ideal / with
generators listed above intersected with
K = {(k1, ko, k3) : kikoks # 0}.

Invariants and time-reversibility in polynomial systems of ODE

Valery Romanovski



The point (a, b, ¢, ki, ka2, k3) is in the set S if
1-ku=0,1—kv=0,1—kw=0,f=0 Vfel. (39)

Let

J={(I,1—kiu,1— kov,1 — ksw) C Cla, b, c, k1, ko, k3, u, v, w].
Then the set of solutions of (39) is the variety of the ideal J. The
Zariski closure of the projection of the variety V(J) onto the space
of parameters (a, b, ¢) is the variety of the six elimination ideal of
J, the ideal J(®). By the Elimination Theorem to find J(®) one can
compute a Grobner basis of J with respect to the lex order with
{ki, ko, ks, u,v,w} > {a, b, c} and take from the output
polynomials that depend only on a, b, and ¢, obtaining a basis of
J©) The variety V = V(J(©®)) is the Zariski closure of m6(V(J)).
Although not all systems corresponding to points of V are
time-reversible, all of them admit two analytic first integrals of the
form w1(X1,X2,X3) =xy+--- and \U2(X1,X2,X3) = XoXx3+ -,
since the set of systems admitting two integrals W1 and W5 is an
algebraic set [V.R., Y. Xia, X. Zhang, 2014].
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e Elimination in Mathematica: Eliminate[l,{k1,k2,k3,u,v,w}]

e Elimination in Singular: eliminate(l,k1*k2*¥k3*u*v*w)
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Singular output:

J6[1]1=b5-c5

J6[2]=b1-c1

J6[3]=ab

J6[4]=al

J6[56]=b4*b6-cd*c6

J6[6]=ad*b6+ab*xcd

J6 [7]=a3*b2-3*a2*b3+b2*¥b3-3*a3*xc2+a2*c3-c2*c3
J6[8]=ab*bd*xc5+ad*cb*xc6

J6 [9]=ab*bid*cd+ad*xcld*c6

J6[10] =a2*bb6*c2+b2*b6*c2-2%b6*c2”2+a3*xb3*c4+2*xb3 " 2*xc4-b3*c.
J6[11]=b2*b3*cl-cl*c2*c3
J6[291]=162%a4"~3*xb3*b4"2%c3-144*ad~2xb3*bld "~ 3*c3+
320%ad*xb3*b4d~4*xc3+144*ad~3*xb4d " 2*%c372-136*%ad " 2*xb4d " 3*%c372-
64*xad*b4d"4xc3"2-320%b3*xb4"4*c3*xc4+64*xb4d " 4*c3"2xch+
144%b3*b4 " 3*%c3*%c4"2+136*%b4"3*%c372*%c4"2-162*%b3*xb4 " 2*c3*c4d " 3-
144%b4~2xc372*%c4~3+891*a2*ad "~ 2*¥b3*xb4 " 2*chb-. ..
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@ Use the minAssGTZ command of SINGULAR to obtain the
decomposition of radical of J(®) as an intersection of prime
ideals, which yields the four ideals of the statement of the
theorem, so that V(J©®)) = V(1)U V(L) UV()UV(l).
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