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Introduction

We consider 3D piecewise linear Filippov differential
systems with a separation plane, having a two-fold point
with invisible tangencies, that is, the so-called Teixeira
singularity (TS-point, for short).

For some parameter values this singularity undergoes a
compound bifurcation: there appears a sliding bifurcation
involving a pseudo-equilibrium point and, simultaneously,
a bifurcation associated to the birth of a crossing limit
cycle.

- After determining a generic canonical form, we show
how to characterize such a compound bifurcation.

Our motivation comes from the natural appearance of
TS-points in the control of Boost converters.
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A non-trivial yet manageable example

/N

XiI= F' (X)

X1= F* (x)

[

\

= {x=(x,y,2)! R®:x=0}



A non-trivial yet manageable example
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F=1g=11 Xi= F (x)
X|] = 'y
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T = {(x,y,z)! R®: x=z=0}

A non-trivial yet manageable example

(invisible tangency only fory < 1)
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A non-trivial yet manageable example

| 6ax + z
6asx ! a
 11a2x ! y+1
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T. = {(x,y,2)! R®: x=y=0}
= {(x,y,2)! R°: x=2z=0} X =0



A non-trivial yet manageable example

| 6ax + z
6asx ! a
 11a2x ! y+1
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Yus = {(z,y,2) €eR3: =0, y>0andz > 0}
Y6 = {(z,y,2) €R®: =0, y<0andz < 0}
T ={(z,y,2) €R®: =0, y >0andz < 0} X:O

>t = {(z,y,2) eR®: =0, y<Oandz > 0}
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The sliding dynamics

, X = lo6ax+z
' 3
y ba’x ! a
2 | 11a2x ! y+1
X|] = I y
= 1
I = 12
y
| | - 0 .
e le, FFX)"F (X)) #le, FF (X)'"F*(x) _ 1
F() = le), F* (X) # F' (X)" Y+ z 2# ay 3

#2z+ y(1#y)



The sliding dynamics

0
F(x) = 2! ay
B 2z +y(1! y) ]

Pseudo-equilibrium point at
x(a) =(0,y(a),z(a)) =(0,1—2a,a(l — 2a))




The sliding dynamics

0
F(x) = 2! ay
B 2z +y(1! y) ]

Pseudo-equilibrium point at
x(a) =(0,y(a),z(a)) =(0,1—2a,a(l — 2a))




The sliding dynamics

| Desingularized sliding v.f.

0
FS(x)= + " z! ay $
1 22+ y(1! vy)

1T_ 0

F(x) = 2! ay
YTZ 0224910 y)

Pseudo-equilibrium point at
x(a) =(0,y(a),z(a)) =(0,1—2a,a(l — 2a))

t(y+2z)>0




The sliding dynamics

| Desingularized sliding v.f. |

0
FS(x)= + " z! ay $
1 22+ y(1! V)

1T_ 0

F°(x) = 2! ay
YTZ 0224910 y)

Pseudo-equilibrium point at
x(a) =(0,y(a),z(a)) =(0,1—2a,a(l — 2a))

t(y+2z)>0




The crossing dynamics bifurcation (periodic orbits?)

ne ()L HE+290)/2
"y ()3 =" t+yo
2+ (1) | 2t + 2o
% &
so that Pk o

<0



The crossing dynamics

The integration of the (-) vector Peld is much more involved bul
the choice of stepped eigenvalues allows to express solutions
an algebraic way.

l6a 0 1
Al =" 6 0 089 Spec@ )= {! a,! 2a,! 3a}
1112 !'1 O
et 11 get +9ea $ (1eet)  (e)(iser)
e A 1= 7# 1 6a? (! 1+ed)(! 1+3e™) 2 3! 3™+ e2at 6a (! 1+ et)? ( =

| (! 1+e*)(! 5+3e)
) a

a(l 1+ e)(! 5+27¢¥) | 5+16ex 1 9e?®

1 2| Su+9 $ | (U' 1) 0% | (u'! 3)(“' 1) .
= 2—u3# | 6a%(u! 3)(uw! 1) 2 3u?! 3u+1 6a(u' 1) |
a(u! DGBu! 27) 1 WDOUI 5241641 9

a

O<u=€e¥<1 a>a0



Looking for P, *(y, z) we write

BN | # %! # | #'
X; ~(1) 1 1 0 1 1
" y!! 1(t)$ = = "1 528 + @ A t&" Vo | — "1 532%(
z; 1(t) 0" g4 2% %% 6a
The condition z; *(¢) = 0 gives O<u=¢€3a<1 a>0
(' 1+ w2+ u! 3yp)
= and then
3(! 3+ u)zp ’
(1) = 11! Qu+9u?+ uw3+6(1! 3u)yo
6(! 3+ u)u? ’

(1) = (I 1! 6u+ u®+61yy)20
2u2(2+ uw! 3yo)




Finally, Imposing

" # $ I d

p. Yo _ L 2y - p! 1 Yo _ y!! *(u)
+ . = - i1
Zo | 4yo + Zg - Zo Z, ~(u)

we get

. 1+2u+6u®+2u+ u? nd then
2u(1+10u + u?)

_, (1 1+u)(1+10u+ v?)

YO© U e+ u)(L! du+ u?)

C(P1+u)(! 1+6u+5u?+2ud)

- 6a(l+ u)(1! 4u+ u?)

o

Note that 1 4u 4+ u? = (u! 2)?! 3, so that the above expressions are only
valid for 2! 3 <wu < 1. Also, lim,_,;- a =1/2, lim, , o g+ a=*#.



A periodic orbit exists for 0.5<a< 1, « g
corresponding to a decreasing aifl in the
interval 2! 3 <u< 1. The periodic
orbit i1s born from the TS-point at a = :
0.5 and disappears In a bifurcation a = :
inPnity for a=1. B




A periodic orbit exists for 0.5<a< 1, ¢ g

corresponding to a decreasing afi in the
interval 2! 3 <u< 1. The periodic
orbit Is born from the TS-point at a =

0.5 and disappears in a bifurcation a
iInPnity for a = 1.

U

We can compute in terms of u, the de-
terminant and trace of the derivative
DP(yo,2) = DP-' o DP,(yo, %) to
check the stability of the periodic orbit.
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The stabllity triangle in the (trace,det)-plane

frace

Remark The two roots of the quadratic equation

15 .
C det Neimar-Sacker
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- X% trace& +det=0

are in the interior of the unit disk of the complex
plane if and only if the two inequalities

|det| < 1
|trace| < det+1

hold.



The followed path for 0.5<  a <1 in the (trace,det)-plane

" det

NN Vot

| VoS

| O

: The red path in the (trace,det)-plane starts at the
| L Bogdanov-Takens point (2,1). Note that the Pna
point in the path is over the horizontal axis, namely

(98! 56 3,97! 56 3).

For this example, the crossing periodic orbit whict
IS born from the TS-point is always of stable node

type.



Such a global control of the compound bifurcation for
the Teixeira singularity is rather unusual: in what follows,
we show how it is possible to characterize locally this
bifurcation for discontinuous linear systemes.
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There exist th

The general DPWL case
ree vectorsw—, w', v € R3, with v # 0, two

3 x 3 square matricesA~ and A" and a scalard € R, such that

(@) F(x) = «

F(x)= A x+w—, if vix+ <O

Ff(x)= Atx+ wt, if vix+§>0

(b) A—x+ w~ ¥ ATx+ wT generically, whenv!x+ § =0.

The switching manifold is the plane

Y= {xeR¥: vix+§=0}

X| = F+(X) XI= F (X)

.
R




Hypotheses for having a TS-point

(H1) The tangency lines

T ={xe!l : (v,
TT ={xe! :{v,

~

X
N—"
~——

|

-
W—J

F
F
intersect transversally at a point X.

(H2) At the two-fold point k both tangencies ar
invisible: vIA' F' (k) > 0andv'A*F* (k) < 0.



The canonical form for DPWLS with a TS-point

Proposition. Under hypotheses (H1) and (H2) , it is possible through
an invertible linear change of coordinates and a rescaling of time, to
rewrite the system in the canonical form

. JF(x), ifz <0,
X_{F+(x), if 2 > 0, (1)

with X = (2,9,2) ! R3, where the linear vector fields F* : R % R?3
are

f "1 0] [z] [O f{ 0 11 2]

F*X)= 1|1 9 93| |y|+|1]|, FX)=|91 9 93| |y|+

hy hy Ry [z] [v- hy hy kg |2

for some constants fli, g;_—L, gzi, gf, h;_—L, hzi, hSi and v4.




The canonical form for DPWLS with a TS-point

Proposition.
an invertible linear change of coordinates and a rescaling of time, to

rewrite the system in the canonical form

8

Under hypotheses (H1) and (H2) , it is possible through

F~(x), ifx <0, (1)
F*(x), if x >0,

with X = (2,9,2) ! R3, where the linear vector fields F* : R % R?3

are

F* (x) =

.
go
h;

N
g3

hs _

_|_

f{ 0 1] [=

, F7(X)= 191 92 93| |y|+

hy  hy, hgy| |%

for some constants fli, g;_—L, gzi, gf, h;_—L, hzi, hgjf and v4.

T, = {(x,y,2)! R®: x=y=0}
l = {x=(x,y,2)! R*:x=0}

T = {(x,y,2)! R®: x=
TS-point at the origin!

z=0}



The canonical form for DPWLS with a TS-point

Yas = {(z,y,2) €eR®: =0, y >0andz > 0}
Yrs = {(z,y,2) €R®: =0, y<0andz < 0}
ST ={(z,y,2) €eR®: =0, y>0andz < 0}

&

St = {(z,y,2) eR3: =0, y<0andz > 0}

C




The sliding dynamics bifurcation

The sliding vector beld associated to system (1) Is

F>(0,y,2) =

1

y+ z

|
0

#

Vi y+z+ gzy (g + g3 )yz+ g3 228

y+ Viz+ h,y?+(h) + hy)yz+ hjz?

We work with the desingularized system

XI= F3(0,y, 2) :=

y+ viz+ hyy?+(hy + hy)yz+ hiz?

0
vyt z+ goy+(gs + g3)yz+ g3 2

(2)



The sliding dynamics bifurcation

Pseudo-equilibrium points come from solving the two eguation

my+ z+ [y z]G Y =0,

: N

y+ vy zt [y Z]H

s
]
o

where

_[or 93 _ [hy Ry
G = |74 > and H = < ° .
9o g3z _hz hs_




The sliding dynamics bifurcation

Pseudo-equilibrium points come from solving the two eguation

] vyt 2zt [y Z]Gg =0,
J(0,0) = v!1 ?i — :y:
y+ vzt [y Z]H ’ =0,
where - - T
G= |2 93| and H= |72 3

9o g3 thr hg



The sliding dynamics bifurcation

Pseudo-equilibrium points come from solving the two eguation

] vyt 2zt [y Z]G'Z =0,
J(0,0) = v!1 ?i — :y:
y+ vzt [y Z]H ’ =0,
where - - T
G=12 93| and H= h% h§ .
9o g3 | 10D 3

Apart from the origin, we can have another non-trivial emanating
branch for v, vi = 1 (transcritical bifurcation). We assume all
parameters Pxed excepting

1+

vi = v (1):= y




The sliding dynamics bifurcation

Pseudo-equilibrium points come from solving the two eguation

] vyt 2zt [y Z]Gg =0,
J(0,0) = v!1 ?i — :y:
y+ vzt [y Z]H ’ =0,
where - - T
G=12 93| and H= h% h§
9o g3 | 10D 3

Cny+y 26!l HY Y =0
fv+v,!,#._%y+ y z (vi G! H) , =0,

W & y(
y+viz+ y zHZ:



The sliding dynamics bifurcation

We can use the equivalent system of equations

I 11 #$
ey+ y 2z (v G! H) g =0,

L #S

' Yy
y+uvez+y z H 8 = 0.

Using the implicit function theorem for the second equation at (y,z) = (0,0)
we get that, for z small, solutions must satisfy

L ¥

32’ - _‘1’+ 2+ O(z2). We needv, < O

Substituting this expansion in the brst equation, desingularizing it and assumin

|
# $ V.
Kg = —Vi4 1 (V+G—H) 1 7/0,

we get



The sliding dynamics bifurcation

Proposition (Pseudo-equilibrium transition) Assuming
that the criticality coe! cient
1o, "
/ﬁZS:[! V+ 1}(’U+G| H) 1 =0

the following statements hold.

(@) System (2) undergoes a transcritical bifurcation for € = 0,

(b)

~ ~

so that there exists a branch of equilibria (y(¢), Z(¢)) with
2
(5(0), 2(0)) = (0,0) and (7' (0), Z(0)) = (72, V% ).

For the particular case where v, < 0, the emanating branch
is located at the quadrants with yz > 0. If ks > 0 (ks < 0)
then in passing from € < 0 to € > 0 the origin passes from
being a saddle to a stable node, while the nontrivial equi-
librium passes from being a stable node in the first (third)
quadrant to be a saddle in the third (first) quadrant.




The sliding dynamics bifurcation

Theorem S Assuming v+ < 0, v— < 0 and ks # 0, system (1) has for ¢ = v_vy — 1 with
|| > 0 small, one pseudo-equilibrium point x(¢) = (0, 5(¢), Z(¢)), such that

(#(6), 5(e)) = (— " et o),

Rs RS
and the following statements hold.

(a) (Supercritical case) If ks > 0, then x(g) € Y45 is a stable pseudo-node for € < 0, being
x(g) € Yys a pseudo-saddle for € > 0.

(b) (Subcritical case) If ks < 0, then x(¢) € ¥s is an unstable pseudo-node for ¢ < 0,
being x(¢) € ¥as a pseudo-saddle for € > 0.

-

kg = —vy 1 (v G — H) _;_}Jr

e=vyv —1=0



The crossing dynamics bifurcation (periodic orbits?)




The crossing dynamics bifurcation (periodic orbits?)

Involution property




The crossing dynamics bifurcation (periodic orbits?)
I! 1 y — P! y
] V4 T Z

o\ o] N [y
SERSEICIR

Invariance of the tangency lines
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1

0

The structure of return maps

1 O

JERT

1 2v, 1

!2?)17

11

Z

”yY

+

Z

.Y+ Chzz}
GprY + OpnZ

q11y+ C.Ilzz +
q21y+ (J22Z

Z

it

y + ClLyz+ C132

+ O(4)
C31Y? + CpyzZ + Cyy2?

5

Clly + 612y2+ 6132 + O(4)

CZly T szyz t 0232



The structure of return maps

- <y> _ { 1 o} M {q11y+ %Z} y {¢Eﬁy2 +ClLyz + 9{321 + O(4)

b2vy 1 %Y"' ChoZ CoY? + Hﬂzyz + CpZ”

Q12 =0;
q21 = Vi (O — G5p);
SIS R
013 = 0;
Co = Vi (C1p — 2C53) + Gpp(Chy — Cf1)/ 2
.

p Y = L Y2 oy q11y+ C.Z122 + 5 (3119 + Clzyz"' (313Z + O(4)

2z 0O 1 Z q21y+ q22z 021y + 622y2+ 0232



L

4

0

The structure of return maps

1 0 Y ry q11y+ %Z (tmy

v, 1| |z Hfhy + 0,2 021y

q12 - O; + +

C121 - V4 (qli — Q22J)r; ,

C11 = —V+ Cpp — (Ggq)%;

Ci3 =0;

Cop = Vi (Cpp — 2C53) + Ohy(Gpy — Gip)/ 2
l2n oy Q1Y+ 4 Jzz e y°

11 z+z%y+quz Z%y

Q21 = 0; | |

CII12 = Vi (qzlz ! CI'11I);

C?B =1 v Gyl ()%

G =0

Vi (G ! 2¢17) + (G ! Gy)l 2.

+ cLyz + pgz
¥ Hﬂzyz + Cy32° } oW

Involution property

T WZ?/Z + (31322
+ Yz + (2 "o

Involution property



Looking for non-trivial fixed points

We impose the equality P: (v, z) = P/ *(y, 2), to obtain

0="!2y+2u 2% qi1y°! quyz! quz°+ iy’ + (! )Y’z cLyz’ ! ca2° + O(4),

0="! 20,y +22% Gy’ + Gopyz! 42 + cuy’ + y?z+ (! cp)yz® ! c2° + O(4).

V

Again, we can have a bifurcation atv, v, = 1 so that we do
a new bifurcation analysis by assuming all parameters bxe

excepting v, , and take

1+ 1
Vi

Vi =

Note that, from the second equation and the implicit function
theorem, we can assume the existence of a functiagn(y, ) such

that
We needv, < (O

z=y-ply,e), with p(0,0) = v,.



Looking for non-trivial fixed points

We get z = y - p(y, €) with
_ y
P(y:2) = v = (01— a(E)os) 5+ [-20 + 4Ry — ai)ve

2
- - - - Yy
+ (2e5(e) — 2cy +2c3 — 2q55(€) g1y — QQ2(5)C]§L2) Ui — 2cy5(e)v- (5)?)1} 2 ..

After substituting z in the Prst equation, we can desingularize it to get
| "
0=2!1 o ! (v ly+ P(y?+ ...
with
1 # + | + \2 + + 2"
P()=" >y 260 + 2(011)° 1 200,05, +(0go)” Vet
| -'I- I + + I + I + )
+ I! 2011 (1) +2C,(1) +2¢, 1 265+ gy (H) oy + Go(H) G, Vé +

+ oo (1) 20, (oo (1) + 205 (1)7 VE +2c5(1)VE + O(!)




Looking for non-trivial fixed points

Clearly, it is more convenient to parameterize the emanating branch in terms
of ¥, so that we get the expansion

e=rc -y>+O(y?),

where the criticality coe ! cient Is

! " N 2#
v, 2c3; + 2(07)” — 2077655 + (65s)
AV

#
+ 7200 (0) + 2655(0) + 2¢f; — 2655 + A (0)0 + G () v+
+ 01 (0 ) — 20, (0) 02 (0 )+2q22( )2 V+—|-2C13(())Vi

RKc = V_|_—|—

In short, depending on the sign of ko we have a subcritical or supercritical
bifurcation of non-trivial fixed points with

2(y) = V4 -y +O(y?), B
e(y) = ric - y* + O(y?). .|




Topological type of non-trivial fixed points

Just computing the derivatives of the Poincare half-return maps
and evaluating them at the branch of non-trivial Pxed points,
we getDP (y) = D (P_! P+)(Y,z(y)) and the expansions fo
Its determinant ant trace, namely

detDP (y) = 1+ diy + dpy? + O(y®),
traceDP (y) =2+ t1y + tzy2 + O(ys)-

It turns out that t; = d;. When this common value vanishes, we have a degeneracy that shol
require much more Iong computations. We debné¢ = t; = di, and the computations give

P =1 2%1 + gy 2%2(0)' Q11(O) Vi, ¢
1 # "o :
d2 = 5 6(CI11)2' 5C111 CI22' Gh1 (O)Vs +ZQ22(O)V+ + Gy ! G (0)vs +205,(0)vs i
%

85, + 2(CI11)2 | 30y, Gy + 3( CI22)2 Vi +

tr = |
2|2v+

+ 811(0) + 8¢y, (0) +8cp, ! 855! i1 (0)dy + 10%%50)%1 + 2CI11(0)C|22 Vi
+ 3Q11(O)2 | 401, (0)0,(0) + 4 ¢55(0)% Vi +8cy5(0)V4



Topological type of non-trivial fixed points

We have at the branch of non-trivial bPxed points

detDP(y) =1+ ! y+ doy® + O(1?),
trace DP(y) =2+ ! y+ toy® + O(y°).

and, surprisingly, we get that/d, ! ¢t =8" .



: det Neimar-Sacker

Topological type of non-trivial fixed points

We have at the branch of non-trivial bPxed points

detDP(y) =1+ ! y+ doy® + O(1?),
trace DP(y) =2+ ! y+ toy® + O(y°).

and, surprisingly, we get that/d, ! ¢t =8" .

Recall that we have y < 0 and small in absolute value.

/ Stability requires ! > 0 and "¢ > 0. Furthermore, we
9 7 /o get
5F Stable foci /’// "c < 0-— SADDLE
| M——"';\\ . Ztrace 0< "¢ < '3; » NODE
o Saddle-node s | 2 . FOCTS

32



Theorem C Assume in system (1) thatvy <0, v <O
with v v+ ! 1 = 0 and that the two conditions ! = 0 and
"s =0 hold. By moving v and using the bifurcation
parameter # = v, v+ ! 1, one crossing periodic orbi
bifurcates from the origin for " g - #> 0 small.

The bifurcating periodic orbit is stable whenever! >0
and " s > 0.

The topological type of the corresponding bxed poir
for the Poincare map is saddle, node or focus dependi
on whether"s < 0,0< "s < !4/320r"g > 12/32,
respectively.

e=vyv —1=0



Computing the return maps

To compute the return map P we write
I
F

x(1)= e 'xo+ & (!oyt(gs,

0

where " $ " S "%
fr 11 0 0 0
AT =#glh gf gf% xo=#y, N, vi=#1%,
hy hy hy Z0 Vi
being yy < 0. In practice, we take
& | 2 | 3 | 4

X(1)= Xo+ !l + '?A++ 'E(AJF)2+ '2—4(A+)3 M + O(! °)

whereM = Atxy+ vT and | is the identity matrix of order 3.



From the Prst component we can determine an expression for the tin
'+ = 14 (Yo,Z9) such that x(!+) = 0. The third order polynomial ap-
proximation is given by

| (yo, ZO) = aioYo t+ aZOyg + a11YoZo T aBOyg + a21y820 + alZyOZ(Z)’
with
aio = ! 21
2 .4 + +
ago = é(fl +0; ! 203 Vv+),
a1 = 20;,

axo = g(ff + 0 ! 203 V4),
2 ; +\2 o ot L o+
§(Z(f1 +0) ! 3(f 0! ggh, +97)!

| (5f7 +5g5 +3h3)g; v+ +8(0g;Vv+)?),
aix = ! 2(g3)%,

4 . + + + +
a1 = 303 B v+ ! 171 g ! hy)

d3p = !



The half-return map (y1,21) = P+ (Yo, Zo) satisfies
Y1 =" Yo + di1Y6 + Yo(C11Yo + CioYoZo) + O(4),
21 = 2V4 Yo + 20 + Yo(G1Yo + G5p20) + Yo(Co1Yp + Coo¥oZo + C3325) + O(4),

where

+ + + 2! + + + +"
oy = Va (Cfy ! CI22)Z§ fi +0 ! 203v+ +3hy Vs,

2# L $

Ci=!VaCp! (G)* ="' 5 20y +6;)°+(f7 +0; +3h3)g5ve ! 4(g5v+)"
+ 2! + + + +" +

—> Cp=! S Ty +% +26v+ ! hy g,
+ 2% + + ot + ot # + +\2 + + + .+

—> Gy =!g 3(hy +f7hy ! hohg)+ 2(f; +6)°! 3(f1 0 +01 ! gzhy )+

? + + + $ + + + + 2 +\2 3&.
+6hs (fy +0 +h3) v +50; (f; +0 +3h3)vi +8(gz )7vy
Co = V+ (Clo ! 2C3) + Gp(h ! G11)/ 2 =
2#

h3

3
—> Gy =20 (h3! ggvs) =1 g5 .

+ + + + g+ + + $ +
(fr +g5 +3h3)! 205 (F7 +d3 +5h3)ve +4(gf Vs )2,



Analogously, we can determine the half-return map {5, z2) = P *(vo, 20), getting

Y2 = Yo ! 2v 29+ ZO(Q!llyO + C.l!1220) + 20(0!113/8 T 0!123/020 T C!13Z§) + 0(4)

— ! 2 ! ! 2
20 =1 2o+ Qoo2p T Zo(sz?JoZo + C23730) + 0(4)7

—> q1="'20g ! hhu)

2! !
C]!12— Ui (Q22' C]11)— 5 f1 t h3 ! 2h2v| "‘392 ur -,

2! :
961!22::—3fl"'h3"'hzvI :
—>

ci1 =2hy (g3 ' hyv )= hyqy,

C1p = U (0!22 ! 20!11) + q!11(Q!11 ! q!22)/2 =

2# | | | | | $ | 2
=3 % (fi + hg +3g5)! 2hy (f1 + hy +5g,)v +4(hy v )7,
| 2% | # | | 2 | | | | |
90'1325 3(g; ! f193+9293)' 2(f1 * hy ) +3(hy + hy g3 ! fi hy)+

&
"‘692 (f1 +gp + h3) +5hy (fl +3g, + hy)of ! 8(hy )%}
—> 0!22_'— fi! g2 +2hy v + hy hy,

L .,.2_|2#! 1\2 5 7! ! | | | | )%
i3 =1 v ! (g)° = ! 9 2(f1 + h3)°+ hy (fy +3g; + hg)u ! A(hy v )° .



Examples & Applications



A multi-parametric example

— Iy
= 1
= ay+ bz+ vy

E\ QE\ E\

a< (
b<(

T. = {(x,y,2)! R®: x=y=0}
= {(x,y,2)! R°: x=2z=0}

=
BN S &S

Vi



A multi-parametric example

A
_b _5b Ut
a 8a
_= = 0 v
?}_U_|_ = : .
5 We have for this example
v_vg <1
Saddle )
2 ... S ___% | S — aV_I_ | b,
___________ 1 8 " =1 2Db,
1 5b
U=+ 2 o ba+ bv,,
C — :
3V
a<da@
b<O

Bifurcation set to be completed.
See the preprint by A. Algaba, E. Freire, E. Gamero and C. Garcia,
Bifurcation analysis of planar nilpotent reversible systems.



Electronic converters

¥ Electronic Power converters are Switching-Mode Power
Supplies (SMPS).

¥ Basically, they are built using semiconductor switches
(diodes, transistors) and energy storage elements
(inductors, capacitors)

¥ Examples: Rectifiers AC-DC, inverters DC-AC, DC-DC
converters (buck, boost, buck-boost)

¥ Their mathematical models commonly lead to non-
smooth dynamical systems



DC-DC converters

V
|
— e Y Y
S L ﬂ]
DKTVD C= R IVO

Buck (step-d

own)

Buck-Boost (step-
up or step-down)

A

_{?ﬂj'\__»_
L L

-

— q._l::

q
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The BOOST converter

il

*IThe value of g stands for a controlled switch

elwhen 41 is turned ON ! current in L increases and energy is stored in it

*lwhen q1 is turned OFF ! the stored energy in L is dropped and the polarity
of the L voltage changes so that it adds to the input voltage

The goal is to get V,,+ > E




The BOOST converter

The model of the system Is given by

5
L% = V., rrip! wav,

' (Vin — E)
C’dvc = wair ! e

dt YR

where v. > 0 Is the capacitor voltage, i;, > 0 Is the Iinductor current and
u " {0,1} is the control action. Input voltage is assigned asV;,,, r; Is the
equivalent series resistance of the inductorR is the resistive load,C and L are
the capacitor and inductor, respectively.



The BOOST converter

To analyze the model, the system is normalized

| " #
C _
(iL,ve)= Vo Z2,Vny and t=1 LC;
and new parameters are taken, namely
C 1 L
b = TL z and a = E 6,

so that the boost converter model in dimensionless normal form is

V4

xr=1" bx" uway
y=uazr" ay,

for x,y >0, u={0,1}, b# 0, and a > 0.



The strategy at the BOOST converter

E0 2 E1

#k=1$bxS$y x=1-bx
Eo n _ l?1 .
| y=x$ay {

-Frequency variable Control
-Frequency constant Control
using PWM (Pulse-Width Modulation)



Control of the Boost converter

We want to regulate the output voltage to a desired value y =
V./V;, =Y, > 1, ensuring robustness under parameter variation
of a, produced by load changes in R.

A washout filter is used: the inductor current X can be filtered
to get a new signal X p by means of a washout filter given by the
transter function

B XF(S) B S W

=1

Gr(s) X(s) s+w = s4+w

where W is the reciprocal of the filter constant and Xg is the
filter output.

A di! erential equation is added, Z = W(X — Z), where Z is a new
state satistying the output equation Xp = X — Z.



Control of the Boost converter

m
0 >
O, = & =—
A |
, I"#$%&' ()*+ V.
! [y #),+).1-0 _O_Qﬂ:



Control of the Boost converter

The SMC strategy consists in the choice of
Y= {x=(2,5,2) ER*1h(x)= y—y + k(z —2)=0}

as the switching boundary, where we want tQ, be located th
pseudo-equilibrium point.

We use the vector Pelds debPned by

1—bx—vy 1— bx
F'(x) = r — ay and F' (x)= —ay ,
w(x —2) w(r — z)

for h(x) > 0 and h(x) < 0, respectively.

In what follows, we assume for simplicity b = O (ideal induc-
tance), w =1 and y,. = 2 (doubling the voltage).



Control of the Boost converter

Therefore, we work with

Y={x=(z,y,2) ER®:h(x) =y — 2+ k(z — 2) = 0}

and _ _ _ >
1y 1
F'(x)= |z —ay| and F' (x)= | —ay |,
for h(x) > 0 and h(x) < 0, respectively.

We need to compute! h-F* on X, and look for £,,, namely

1" y_
| h- F”(x)\I =[k,1," k] [x" ay| = k(1" y)+ x" ay" k(x" z) = x+(1" a" k)y+k" 2< 0,
| X"z
and
1

L h-F' (x)|, =[k, 1" K] |"ay | = k" ay" k(x" z)= (1" a)y+k" 2> O.




TS-point in a DC-DC Boost converter

I'he tangency lines are

T, ={x!!: (1" ay+k" 2=0},
T, ={x! ! :x+(1" a" kl)y+k" 2=0}.

The double tangency point occurs where the tangency lines in-
tersect transversally, i.e., at the point X = (ky,y, 2), with

k"2 1y

y = a" 1’ |
2\¢y 1

7 — (1 + kk)y 2 ZGJST+

M

where we assume a # 1.

To have ¥y > 0, we will consider sign(k" 2) =sign(a" 1).



TS-point in a DC-DC Boost converter




TS-point in a DC-DC Boost converter

The pseudo-equilibrium point is at (X, Y, Z) = (44, 2,4a) to be in
Y..s only if K > 2a. Thus, we must expect to have the compound
bifurcation for k = 2a.

First, we need to check the conditions (H2) to have a T'S-point.
Computations lead to the two conditions

k— 34+ /17 — 34k + 37k2 — 20k3 + 4k*
2(k — 2) |

k>2 1<a<

Assuming these inequalities, we put the system In the canonic
form and compute the critical codficients.



We obtain for the new coeflicients

1-a?(k—2)—a(3—3k+k?)  (a—k)(k—2)
== (a— 1)1 .1 _ A U
along with
_ _ _ _ 1 _
_ a’k+a(l —k+E%) -1 _ a .
93 = (a —1)k! 4 ’ i3 - f1 =
. K4+ (a—2)k+1 . K2+ (a—Dk+1
T k212 | 2= kL. "=
. K+ (e—-2k+2—-a)_ ,  a—1 .
ST (a—1)12 e = s =

where the two conditions

(k—=12+ (k—3)a— (k—2)a?

12 =q(k—2) >0, !2=

are guaranteed from Hypothesis (H2).

a—1

> 0,

1
-,
k—1
T
a— 1
kI,
k—1




TS-point in a DC-DC Boost converter

The bifurcation curve in the (@, k)-plane of parameters turns

out to be
vive ! 1=(2a! k)y=0,

l.e.,
kK = 2a.
Moreover, we have
! ! 2 2
2a(1! a) (1! a)° + Ha
I _ ! _
Vi ‘K=2a |1, <0 and Vi k=D a | I <0

- + - -+ - |

for all @ > 1. The sliding bifurcation is supercritical, since

|
2
11 l
S'y_n. — > (.
PR (11 @) +5a?)?




TS-point in a DC-DC Boost converter

Regarding the crossing bifurcation, we obtain

. ~ 2(5! 4a+16a’+24a%) N

| 0,
k=22 3(1! 2a+6a2)2

and
2

C T 311 a2+5a2)2

so that the bifurcating periodic orbit for k < 2a is of stable
node type.

O,




Simulation results




Simulation results




Simulation results

2.5=k< 2a=3



Undesirable oscillation observed in laboratory
due to the TS-point in the DC-DC Boost converter




Conclusions

The TS compound bifurcation has been characterized for piecewise
linear systems, and a procedure for computing the essential
coefficients has been provided.

Several examples have been shown, and in particular the bifurcation
is detected in DC-DC converters under SMC strategy with a
washout filter.

A codimension-two unfolding is still needed, gaining information on
secondary bifurcation curves.

A question to solve: Can this study with linear pieces serve as a
normal form for nonlinear vector fields!?

Thank you for your attention!



